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Abstract: The great computational burden caused by complicated and unknown analysis restricts the use of simulation-based
optimization. In order to mitigate this challenge, surrogate-based global optimization methods have gained popularity for their
capability in handling computationally expensive functions. This paper surveys the fundamental issues that arise in
Surrogate-based Global Optimization (SBGO) from a practitioner’s perspective, including highlighting concepts, methods,
techniques as well as engineering applications. To provide a comprehensive discussion on the issues involved, recent advances in
design of experiments, surrogate modeling techniques, infill criteria and design space reduction are investigated. This review
screens out nearly 130 references containing a lot of historical reviews on related research fields from about 500 publications in
various subjects. Future challenges and research is also analyzed and discussed.

Keywords: Global Optimization, Surrogate Models, Review, Computationally Expensive Functions, Future Challenges

optimization = methods  solve the  aforementioned
computation-intensive optimization problems through the
random generation of feasible points. Rios and Sahinidis [2]
present a review of many widely used derivative-free global
optimization methods. Thereinto, the popularity of traditional
derivative-free global optimization methods including Genetic
Algorithm (GA), Simulated Annealing (SA) and Particle
Swarm Optimization (PSO) lies in the ease of implementation
and flexible way [3, 4].

Many of today’s optimization designs involve multiple
disciplines, multiple objectives and the computationally
expensive analysis and simulations. Despite the fact that the
capacity of computers keeps increasing in power and speed,
the complexity of computer simulation and analysis software
like Finite Element Analysis (FEA), Computational Fluid
Dynamics (CFD), etc. seems to keep pace with the computing
advances [5]. In fact, the conventional derivative-free global
optimization methods that require thousands of expensive
black-box function evaluations to identify the global optimum
are not suitable to deal with the computationally expensive
black-box problems. The huge cost and time of engineering

1. Introduction

With the globalization of trade, all industrial companies are
faced with the worldwide competition and strive to produce
cheaper and better products faster. These processes and
products can be optimized with various objectives like quality,
cost and time, etc. In many fields such as aircraft design, the
complex systems encompass the extensive activities whose
goal is to determine the optimum characteristics of a product
before it is manufactured. Thus, it accelerates the
advancement of global optimization approaches. Generally,
global optimization methods can be classified into two main
categories: deterministic and stochastic [1]. Deterministic
global optimization methods will gradually converge to the
global optimum through generating a deterministic sequence
of points. It can only solve the optimization problems which
have certain mathematical characteristics like gradient
information though the global optima may be found rapidly. In
practice, the special mathematical characteristics perhaps not
exist in most simulation assisted global optimization problems.
Moreover, the stochastic or called derivative-free global
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optimization is in direct proportion to the number of function
evaluations. An intuitive way to relieve this difficulty within
limited computational budgets is to use surrogate models to
replace the expensive black-box analysis, termed as
surrogate-based global optimization. SBGO methods have
been extensively employed for handling the computationally
expensive unknown problems such as aerospace, vehicle, and
power system designs. Younis et al. [6] use a novel space
exploration and wunimodal region elimination global
optimization algorithm to solve a highly nonlinear and
complex real-life  engineering design  optimization
problem-the optimal design of automotive
magnetorheological brake. Sun et al. [7] adopt Kriging (KRG)
model to replace expensive CFD code for calculating the
hydrodynamic performance of the underwater glider. Lee et al.
[8] develop a surrogate-based design optimiztion framework
to maximize the thrust coefficient of multiple wing sails.
Mainini and Willcox [9] propose an offline/online strategy for
the data-to-decision problem of onboard structural assessment.
Peherstorfer et al. [10] present a multi-fidelity method to
importance sampling that leverages multiple surrogate models
for speeding up the construction of a biasing distribution and
that uses the high-fidelity model to derive an unbiased
estimate of the failure probability.

SBGO is an excellent technique and possesses several
advantages compared to the traditional optimization method [11,
12]. The distinct advantages of SBGO are given as follows:

It requires fewer resource and time due to the
approximation process;

It can better utilize the information collected from the
available samples;

It contributes to provide insights into the expensive
black-box problems by studying the sensitivity of design
variables;

It is easier to filter the noise intrinsic to numerical and
experimental data;

It supports parallel computation.

Problem setup: objective functions,
design variables, design spaces

Design of experiments:
generate initial points

@xpensive simulation and calculatiorD

Construct surrogate mod Is Y
C gate models )«

( Infill criteria: generate new points )

Design space reduction:
refine range and dimension

(Expensive simulation and calculatiorD Y

Is termination
criterion satisfied?

Figure 1. General framework of SBGO.
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The basic framework for most SBGO is illustrated in Figure
1. It can be found that four key components including Design
of Experiments (DOE), surrogate modeling techniques, infill
criteria and design space reduction are the key issues which
arise in surrogate-based global optimization. This
optimization process starts with generating an initial sample
set through using a certain design of experiments method. The
obtained sample data are employed to construct the first
surrogate model. It’s no doubt that the accuracy of surrogate
models is directly affected by the performance of sample
points. In recent decades, various DOE has been developed for
experiments design. The classical DOE contains factorial
designs, Central Composite Designs (CCD) and Orthogonal
Designs (OD) [13-15]. Moreover, space-filling DOE
including Uniform Designs (UD), Latin Hypercube Designs
(LHD), Optimal Latin Hypercube Designs (OLHD) are
widely used in surrogate-based global optimization [16-19].
Different criteria towards space-filling including Minimax and
Maximin designs, Kullback-Leibler designs, Audze-Eglais
designs, maximum entropy designs [20]. The optimal
space-filling DOE which integrates regular DOE with above
design criteria is seeking to obtain the better space-filling and
projective property. Among the optimal DOE, optimal LHD is
most frequently studied. Jin et al. [21] present an optimal LHD
using an Enhanced Stochastic Evolutionary (ESE) algorithm.
It is efficient and flexible in terms of the computation time, the
number of exchanges needed for generating new designs and
the various design criteria. Viana et al. [22] use the
translational propagation algorithm to obtain near optimal
LHD without going through the expensive optimization
process, whereas the performance of the sample points is not
suitable for high dimensions. The aim in this step is to
generate better initial sample points to construct more accurate
initial surrogate model. A review on design of experiments is
presented in Section 2.

The performance of SBGO is essentially influenced by the
accuracy of the surrogate model used. Improper surrogate
models may lead to a local optimum or even coarse solution.
In consequence, much research has been conducted to explore
the inherent property of various surrogate models. Commonly
used surrogate models contain Polynomial Response Surfaces
(PRS), Radial Basis Functions (RBF) and Kriging, etc. PRS
builds a polynomial model using least square fitting to make
predictions that is suitable for low-order nonlinear problems
[23]. RBF is more appropriate to handle the high-order
nonlinear problems as a linear combination of a certain basis
functions [19]. KRG is found to be efficient in managing the
nonlinear problems [17]. Many researchers have contributed
to the sustainable developments of SBGO approaches. Jin [24]
provides a brief overview of recent advances in
surrogate-assisted applications and suggests a few challenging
issues that remain to be resolved in the future. Dong et al. [25]
present a multi-surrogate based differential evolution with
multi-start exploration method for computationally expensive
optimization. Han et al. [26] propose an efficient global
optimization based on surrogate models to address the
aerodynamic  shape  optimization of a  swept
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natural-laminar-flow wing in the transonic regime. Wang et al.
[27] introduce a mode-pursing sampling method that can
systematically generates more sample points in the
neighborhood of the function mode. The sampling and
detection process will iterate until the global optima are found.
Holmstrom [28] presents a novel adaptive radial basis
function method to overcome the difficulty that RBF
interpolation is sensitive to the static choice of target values
and initial sample points. Zhao et al. [29] propose a new
method named dynamic KRG to solve the computationally
intensive engineering application problems.

As is known to all, a variety of surrogate modeling
techniques are developed along with the extensively
employed for expensive black-box design optimization.
Different surrogate models adopted have their own
advantages and disadvantages which are suitable for
different applications. There is no conclusion on which
model is predicatively superior to the others so far. In
practice, most researchers usually choose the specific
surrogate models in view of the past experience from dealing
with the similar real-world applications. However, it will
produce the uncertainties in predictions and extra expensive
computation owing to the improper choice of surrogate
modeling techniques. As a weighted combination of multiple
surrogate models, ensemble of surrogates is developed to
relieve this conflict. This strategy is very attractive in
engineering design optimization since it can gain as much
information on the black-box problems as possible. It acts
like an insurance policy against poorly approximate models
which can eliminate the negative impact and enhance the
overall prediction performance. Zerpa et al. [30] propose the
use of a weighted average surrogate model for the
alkali-surfactant-polymer flooding process optimization.
They recommend that ensemble of surrogates performs
better modeling capabilities than single surrogate models.
Goel et al. [31] explore various ensemble strategies where
the weights are determined using the global cross-validation
error measure. Acar and Rais-Rohani [32] determine the
weight factors by minimizing the Root Mean Square Error
(RMSE) and Generalized Mean Square Cross-validation
Error (GMSE), separately. The selection of weights is treated
as an optimization problem for minimizing the specific error
metric. The trouble in this step as well as the interest is the
question what surrogate models should be used. An
introduction on this problem is discussed in Section 3.

For improving the prediction accuracy of surrogate model,
new sample points are required. The strategies for deciding the
next promising samples is termed infill criteria also called
adaptive sampling design method. The infill criteria can well
guide the selection of new sample points depending on the
information from the optimization process which will be
sufficiently utilized. Infill criteria can be roughly classified as
exploitation, exploration, combined exploitation and
exploration. One side, the exploitation methods intuitively
focus on the regions that locate in a neighborhood of the best
point that has been found so far, which may not even be a
stationary point of the true function. It will lead to a local

approximation and may fall into the local optimum. On the
other side, the exploration methods generally explore the
sparse regions or regions with high uncertainty. However, only
using the exploration strategy may result in a waste of
computational resource to blindly improve the global
approximation accuracy. The high accuracy is mainly required
in the potentially promising regions. Therefore, it’s suggested
to combine exploitation and exploration to balance the
competing targets between the less cost and the more accurate
optimal solution [33]. Various infill criteria have been
developed for choosing the new sample points in recent years.
The expected improvement [34, 35] and its modified versions
including weighted expected improvement [36] augmented
expected improvement [37] and probability expected
improvement [38] are widely used as infill criteria. This step
to select further designs that offer improvement is iterative till
a certain convergence criterion or termination criterion is
reached. The detail of infill criteria playing an important role
in SBGO is given in Section 4.

Regardless of the abovementioned optimization tools used
to handle a specific problem, it’s found that the optimization
efficiency and prediction accuracy are related to the scale of
the design space. The difficulty that the computational
demand increases exponentially while the number of design
variables increases is known as the curse of dimensionality.
Reducing the design space is an active and better way to
overcome this difficulty. Wang and Simpson [39] use the
Fuzzy C-Means (FCM) clustering approach to systematically
capture the promising design space and efficiently identify the
global minimum in the reduced design space. Meanwhile,
FCM is also employed to determine an attractive reduced
design space [40, 41]. Shyy et al. [11] discuss the fundamental
issues that arise in surrogate-based modeling and dimension
reduction methods for multi-scale mechanics problems.
Galbally et al. [42] present an application of nonlinear model
reduction to an inverse problem solution in a Bayesian
inference setting. The inherent multiple-query context of the
Bayesian approach makes model reduction an attractive
option for large-scale problems. Shan and Wang [43] provide
a review on modeling and optimization methods for solving
the high-dimensional problems. A discussion on design space
reduction methods in SBGO is offered in Section 5.

This review is expected to provide an overall picture of
recent advances and future challenges in surrogate-based
global optimization for expensive black-box problems. Four
research issues containing design of experiments, surrogate
modeling techniques, infill criteria and design space reduction
are discussed in this paper,. The remainder of the paper is
organized as follows. The advancement of DOE is introduced
in Section 2 and afterwards an overview of surrogate
modeling techniques commonly used in the literatures is
presented in Section 3. The infill criteria and design space
reduction strategies treated as two key tools for the success of
SBGO are respectively discussed in Section 4 and Section 5.
Section 6 provides few promising yet challenging research
topics. Eventually, conclusions are drawn in Section 7.
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2. Design of Experiments

The first step for a successful application of SBGO is the
planning of the initial sample points for evaluation. The
information at these points is usually limited for black-box
problems. Good choices of experimental designs contribute to
improve the accuracy of approximate models as well as to
avoid exceeding the computational budget [22, 44]. In the
early days of experiment designs, DOE methods are mainly
applied to physical experiments. With the advancement of the
computer, many DOE approaches are developed for computer
experiments. The design of physical experiments and
computer experiments methods are introduced in this section.
The design of physical experiments methods are firstly
discussed as below.

2.1. Design of Physical Experiments

Design of physical experiments methods are focusing on
the planning experiments such that the damage of the random
error in physical experiments can be minimized. Popularly
used physical experimental designs including factorial designs,
central composite designs, orthogonal designs are described.

2.1.1. Factorial Designs

Factorial designs method classified into full factorial
designs and fractional factorial designs is a simple and
straightforward way to generate sample points in the uniform
manner [45]. Thereinto, full factorial designs divide each
dimension of the entire design space (k factors) into equal
intervals (m levels) and the number of points is m*. For
example, the commonly used full factorial designs are 2* or 3*
with k factors at 2 and 3 levels that are used to evaluate main
effects and interactions or quadratic effects and interactions
separately [46]. Figure 2 shows a 3° full factorial design.

The size of full factorial designs increases exponentially
with the number of input variables. Therefore, it’s notoriously
inefficient as not a few factors are involved. This drawback
prohibits the use of full factorial designs for expensive
high-dimensional problems. In practice, only a fraction of
points specified by full factorial designs are used that are
defined as fractional factorial designs. A 3° fractional factorial
design is illustrated in Figure 3. Mukerjee and Wu [47] present
a detailed discussion of factorial designs.

Figure 2. 3° full factorial design.
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Figure 3. 3’ fractional factorial design.

2.1.2. Central Composite Designs

CCD is firstly developed by Box and Wilson [48], which is
the most popular family of second-order response surface
designs. CCD is a two level factorial design (2) that is
augmented by ¢, center points and 2k axial points positioned at
a distance of a from the center. For a three factors design, the
total amount of points is 14 + ¢, which ¢, is a replication
number of center points. It’s noticeable that the parameters ¢
and o need to be predefined for CCD. A CCD for three
variables is shown in Figure 4.

m Center point
® Factorial points

A Axial points

Figure 4. Central composite design.

The central composite designs can extract almost as much
information as a multilevel full factorial designs which require
fewer experiments and also have been certified to be sufficient
to describe the majority of steady-state process responses [49].
This method allows researchers to visualize the interaction
among independent factors under different experimental
conditions. The central composite designs have been partly
used despite the fact that the amount of points still increases
exponentially with the number of design variables as well as
the factorial designs [50, 51].

2.1.3. Orthogonal Designs

Orthogonal designs contain a number of orthogonal runs
which can be generated by orthogonal array. Promotion of the
application of orthogonal designs is greatly owing to the work
of Taguchi [52, 53] in quality engineering. The general form
of orthogonal designs is L , (4”|, where L is the symbol of
OD, a is the amount of le\(;els, b is the amount of factors, u
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indicates the integer series, a" represents the total amount of
experiment runs. The relation between these parameters can
be formulated as b= (a"-1)/(a—1). For instance, an orthogonal
design with 9 trails, 3 levels and 4 factors expressed as Lo (3%)
is exhibited in Table 1. Orthogonal designs treat all regions
equally and can reduce the number of design points. Moreover,
it may limit factors moving to narrower ranges. However, it is
unable to know a priori which factors are crucial. Orthogonal
designs also may result in replication of points and lack of
flexibility. Detail introduction on orthogonal designs can refer
to these publications [54-56]. Hou et al. [57] employ factorial
designs to screen active parameters for optimizing a new
thin-walled cellular configuration. Wang et al. [58] propose an
adaptive response surface method that creates a quadratic
polynomial approximation model to deal with the expensive
back-box problems in a reduced space obtained by using
central composite designs. Gong et al. [59] incorporate the
orthogonal designs into differential evolution for accelerating
its convergence rate. Recent studies on the design of physical
experiments are developed [60-62].

Table 1. Orthogonal design of Ly (3°).

a supplemental uniformity property to minimize the
discrepancy. If the experimental domain is continuous and
finite, UD is similar to LHD. The distinction between these
two experimental designs is that points are produced from
random cells with LHD, whereas points are produced from the
center of cells with uniform designs [65]. The form of uniform
designs is formulated as U, (m") like orthogonal designs,
where U is the symbol of uniform designs, m is the amount of
levels, n is the amount of factors and k indicates the amount of
experiment trails. For example, a uniform design involving 9
trails, 9 levels and 4 factors is denoted as U, (9*) which is
given in Table 2.

Uniform designs are firstly employed in the field of
numerical integration [66]. Further applications in statistics
are developed by Fang et al. [67] and Fang et al. [68]. Uniform
designs have been employed for Multidisciplinary Design
Optimization (MDO), Multi-Objective Optimization (MOO),
probabilistic optimization in recent decades [69-71].

Table 2. Uniform design of Uy (9°).

Factor

Trial

O 0 NN L AW —

W W W NN N = |-
W — WK — WM —|N
N = W= WD WD — (W
— 0NN = W W A

. Factor
Trial 1 2 3 4
1 1 3 7 9
2 2 6 4 8
3 3 9 1 7
4 4 2 8 6
5 5 5 5 5
6 6 8 2 4
7 7 1 9 3
8 8 4 6 2
9 9 7 3 1

2.2. Design of Computer Experiments

The random error will occur during physical experiments.
As a result, the designs of physical experiments prefer to
distribute the points around the boundaries of design space for
reducing the random error through reduplicative tests at the
same settings. However, the computer experiments mainly
involve systematic error rather than the random error and
mostly spread the points to fill the whole space which are also
called space-filling designs. It’s different from the physical
experiments. Simpson et al. [63] confirm that the conventional
physical experimental designs are inefficient or even improper
for computer experiments. In order to extract more
information of the expensive black-box functions with least
number of samples, a large amount of computer experimental
designs are developed to meet the space-filling property.
Several designs of computer experiments strategies including
uniform designs, Latin hypercube designs and optimal Latin
hypercube designs are introduced as below.

2.2.1. Uniform Designs

Uniform designs have been widely used since Fang [64]
introduced them to experimental design terminology. It treats
all regions equally and offer uniformly scatter points in the
design space. UD is a type of optimal design incorporated with

2.2.2. Latin Hypercube Designs

Latin hypercube designs are the most popular space-filling
and non-collapsing designs [72]. A LHD with N points in d
dimensions is built by dividing each input variable into N
equal intervals. In order to ensure there are no two points with
the same coordinate in any dimension, only one point is
allowed to locate at each interval. Assume that one point is

indicated as an element in {1, 2, ...,n}d . For each variable,

_ d . .
j D{l, 2, ,n} , the set {x1j> Xy s e xnj} 1s a permutation

of {1, 2, ., n} . It is noted that the coordinate of points should
be unequal in rows and columns. Figure 5(a) shows a regular
LHD with 10 points in 2 dimensions.

Latin hypercube designs meet both the space-filling
condition and the non-collapsing requirement. It plays an
important role in SBGO. Ye and Pan [19] use LHD to produce
initial sample points for constructing surrogate models. Viana
et al. [73] present a multiple surrogate efficient global
optimization algorithm with the help of LHD. The tutorials
and reviews on LHD are provided in the literatures [74-76].

2.2.3. Optimal Latin Hypercube Designs

A LHD has good projective property on any dimension.
However, it can’t guarantee the good space-filling property.
Meanwhile, it may even result in poor space-filling as the
permutation of LHD is random selected. The extreme case
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shown in Figure 5(b) performs the poor space-filling where all
points are distributed along the main diagonal. An
experimental design with poor space-filling will lead to
redundant sample points as well as increasing the
computational expense. To extract as more information from
the unknown expensive function with minimum number of
experimental trails as possible, the promising optimal Latin
hypercube designs have been developed depending on a
certain optimal criterion like Maximin criterion, i.e. the
evaluation points are chosen in such a way that the minimal
separation distance among any pair of points is maximized.
Other optimal criteria such as Minimax criterion, Entropy
criterion, Centered L, discrepancy criterion are also popularly

A Review on Surrogate-Based Global Optimization Methods for Computationally Expensive Functions

used [20]. Obviously, a maximin LHD illustrated in Figure 5(c)
is significantly superior than that in Figure 5(a) and Figure
5(b).

OLHD has been widely studied and employed in SBGO.
Zhu et al. [77] propose a novel maximin Latin hypercube
design using successive local enumeration method.
Afterwards, Zhu et al. [40] develop an efficient heuristic
surrogate-based global optimization method combining
successive local enumeration method and adaptive RBF.
Gilkeson et al. [78] present an optimization study of the design
of small livestock trailers depending on an optimal LHD. [79]
Dong et al. [17] use ESE algorithm to generate optimal
experimental points over the entire design space in MSSR.
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Figure 5. Latin hypercube designs with 10 points in 2 dimensions.

3. Surrogate Modeling Techniques

After determining a suitable design of experiments method
and executing the necessary numerical simulations, the next
step is to construct a surrogate model to replace the
computationally intensive simulations and analyses model. It
can provide a better insight into the expensive black-box
optimization problems through visualizing the interactions
among objective functions, constraints and design variables as
a fast analysis tool. For all surrogate modeling techniques, the
relationship between the real response y and the prediction

response j is

y(x)=7(x)*e(x) (1)

where x indicates the design variable, € is the approximate
eITOor.

Various surrogate modeling techniques have been
developed for handling the expensive black-box optimization

UOREADICAPWILILADIERI W WAL

i j>i

IBODﬂ[5/8[j9ﬂ[[5/8[jk5'"5ﬂ[’[’_"’[ are the

coefficients, d indicates the order of model. The performance
of PRS is largely relying on the value of order d. The high
order PRS may probably yield more accurate approximation
by allowing more degrees of freedom, but also suffer from the
danger of over fitting any noise [11, 81]. In practice, the low
order PRS including the first and second order polynomials
formulated in Eq. (3) and (4) are commonly used as the

where unknown

problems. However, these approaches are appropriate to deal
with the different unknown problems due to the different
characteristic such as accuracy, efficiency, simplicity,
robustness and transparency [23]. An overview of several
popularly used surrogate modeling techniques including
single surrogate models and ensemble of surrogates is offered.

3.1. Single Surrogate Models

Many alternative single surrogate models exist, here three
well-known methods including PRS, RBF and KRG are
introduced in this section.

3.1.1. Polynomial Response Surfaces

PRS also called Response Surface Methods (RSM) have
been widely used in engineering over several decades. It’s first
introduced and further applied by Box and Draper [80]. The
general form of PRS model is a polynomial of degree d:

d
E lgi,i,...,ixi (2)
i j>ik>j

approximate models

+Zn:18ixi A3)
i=1
Z Z XX, (4)

i=l j=i+l

=AY B Y Bl +
i=1 i=1
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where n indicates the number of design variables, the
unknown coefficients in Eq. (2), (3) and (4) can be determined
by least squares estimation.

Polynomial response surfaces can be simply built, and its
smoothing capability allows fast convergence of noisy
functions during the search. But, it’s unsuitable for solving the
highly nonlinear, high-dimensional or multi-modal problems.
Wang [82] presents a global optimization approach combing
PRS and inherited LHD to solve the computation-intensive
design problems. Vafaeesefat [83] adopt an adaptive PRS to
optimize composite pressure vessels with metallic liners. Ye et
al. [84] propose a novel surrogate-based optimization method
combing PRS and Maxwell finite element for the inductive
angle sensor design. Recent advances and applications on PRS
are developed in the research [85, 86].

3.1.2. Radial Basis Functions

RBF is originally developed by Hardy [87] for the
interpolation of the scattered multivariate data. It has been
widely tested and improved since then, meanwhile many
significant properties have been obtained. Mullur and Messac
[88] propose a more flexible and efficient approximate model:
extended radial basis functions combing radial and nonradial
basis functions. Gutmann [89] introduces a radial basis
functions method to find the global minimum of a continuous
nonconvex function. Regis and Shoemaker [90] propose a
stochastic radial basis function method for the global
optimization of expensive functions. Yao et al. [91] present a
novel surrogate-based global optimization approach which
integrates a linear interpolation based RBF and a new hybrid
infill strategy.

RBF is a linear combinations of a radially symmetric
function depending on the Euclidean distance between the
sample point and predicted point. Given N points and their real
response, the RBF model is formulated as:

N

7(x) = 2 Ag(fe-x) ©)

i=l
where x; is the vector of design variables at the ith point, 4, is the
coefficients of linear combinations, ||x -X; || indicates the
Euclidean distances, ¢ is a basis function. The most commonly
used basis functions include Gaussian, Multiquadric and Cubic,

etc. More discussions on RBF can be found in the research by
Kitayama et al. [92] and Yao et al. [91].

3.1.3. Kriging
The use of kriging in the context of the modeling and

optimization starts with the excellent work by Sacks et al. [93].

It estimates the response values as a combination of a
polynomial model plus departures of the form

m

F(x) =284 (x)+2(x) ©)

i=1

where f; is the unknown coefficients, f; (x) represents the
known polynomial function that is simply considered to be a

constant in many cases. Z(x) is supposed to be a realization of
a random process with mean zero and a nonzero covariance
which can be expressed by

Cov[Z(xi),Z(xj)J =o’R, )

where o> is the process variance and R; is the correlation
¥4

between the ith and jth data points and the relevant correlation
function is specified by the user. The introduction of common
correlation functions can be found in the paper [94]. The
popular Gaussian correlation is formulated as

2

R(xi,xj)IRij:exp —i@k(x,i—x,{) (8)
k=1

where 6; indicate the unknown correlation parameters that can
be achieved by maximizing the likelihood of the observed data.

More details on KRG can be found in these researches
[95-97]. KRG is flexible in capturing nonlinear behaviors due
to the correlation functions which can be statistically tuned by
the sample data. Moreover, it’s able to provide the estimation
of the prediction error. Younis and Dong [98] develop a new
SBGO approach called space exploration and unimodal region
elimination to speed up the search by using KRG. Moreover,
the newly proposed optimization algorithm MSSR utilizes the
KRG model to increase search efficiency [17].

3.2. Ensemble of Surrogates

Ensemble of surrogates that combines multiple surrogates
via a specific weighting scheme is developed for reducing the
prediction uncertainties. The ensemble model is expressed as

7. (x)= iw (x)7 (x) ©)

i=1

where m is the number of individual surrogates, je(x)
indicates the predicted response by the ensemble of surrogates,
j,i(x) and ag(x) denote the predicted response and the

corresponding weight factor of the ith surrogate, separately.

Generally, the weights are smaller as the corresponding
surrogates are less accurate and vice versa. For improving the
overall accuracy, a variety of wise methods allocating
different weights to different single surrogates have attracted
plenty of attention. In this section, several noteworthy
ensemble of surrogates about weights selection procedures
proposed by various researchers are introduced in the order of
their publications.

3.2.1. Heuristic Computation of the Weights

Goel et al. [31] consider that there are two issues related to
the determination of weights: a) weights should reflect the
confidence in the surrogates, b) weights should filter out
adverse effects of the surrogates that represent the sample data
well, but perform poorly in unexplored regions. To satisfy
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these two issues, Goel et al. [31] propose a heuristic approach
to calculate the weights using Prediction Sum of Squares

@w=w iwj a),*:(E,.+aE)B, E:iiEi, a<l <0
=t m3

where E; indicates the PRESS of the ith surrogate computed
from

N 2

B o 2 (6 (x) 5 (x,)

k=1

(11)

where N is the amount of training points, x; is the kth sample
point, y (x;) indicates the actual response value at x; and

ek . .
yi( )(Xk) represents the predicted response of the ith

surrogate model built using N-1 training points without the kth
point at x; (i.e., leave one out cross validation strategy). This
parameters a and S are defined to separately control the
importance of averaging and individual surrogate. Large
values of a and small negative values of f represent the high
confidence in the averaging scheme, while small values of a
and large negative values of f reflect high weights to the best
surrogate model.

Goel etal. [31] suggest that a = 0.05 and S = -1 are better for
most cases in their research. Nevertheless, the fixed values of
these two parameters can not be available for all problems. On
the contrary, the freedom of determining the parameters o and
p provides the weighting selection method more flexibility.
Acar and Rais-Rohani [32] recommend that two parameters o
and S can be optimized for minimizing a certain global error
metric of the ensemble. Motivated by this idea, the selection of
weights is also treated as an optimization problem to minimize
PRESS with a strict constraint by Ye and Pan [19].

3.2.2. Weights Selection Based on Local Error Metric

Sanchez et al. [99] consider that using a local error metric
may obtain more accurate predictions by allowing flexible
weights over the whole design space than the use of a global
error measure. A new ensemble of kernel-based surrogates
under the alternative loss functions with weights based on the
empirically estimated prediction variances is presented. The
prediction variance is used as the local error metric.
Meanwhile, the value of weight factor for individual surrogate
model is set to be inversely proportional to an estimation of
the prediction variance as

1

p
@ (x) =#X1 (12)

2 ()

where x indicates the prediction point, m is the amount of
surrogate models, 2 (x) represents the prediction variance
1

of the ith surrogate model which are calculated from the v
nearest neighbors of the prediction point x. This empirical
formula is given as
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(PRESS), which is formulated as follows:
(10)

\4

o7 (X)ZﬁZ(y(Sh )=5i(s))

h=1

(13)

where sy, $,,..., 5, mean the v nearest neighbors of the point x
whose relevant real response and predicted response values of

the ith surrogate model are y (s,), y (5,),..., ¥ (s,) and J; (Sl),

P (S2)5 P (Sv) , respectively. Here, v =3 is advised by
Sanchez et al. [99].

3.2.3. Weights Selection Based on Minimizing MSE

Motivated by the work of Bishop [100], Acar and
Rais-Rohani [32], Viana et al. [101] develop a new weights
selection method by using minimizing Mean Square Error
(MSE) as

1

MSEen=;J. ¢, (x)dx = o' Co (14)
Vv

where e, (x) = y(x) -Jon (x) means the prediction error of

ensemble of surrogates. The integral taken over the domain of
interest allows the computation of the elements in C

¢y =%J‘V e (x)ej (x)dx (15)
where e; (x) and e; (x) represent the prediction errors of the ith
and jth surrogate models, separately.

The matrix C in Eq. (14) plays the same role as the
covariance matrix in Bishop’s formulation. Here, it’s
approximated by the use of the vectors of cross validation
errors €. Thus, the formulation of Eq. (15) will be modified
as

T, (16)

Given matrix C, the optimal values of weights can be
achieved by minimizing MSE as

min MSE,, = o' Co
© (17)

s.t. Tw=1

The weight factors can be obtained by utilizing Lagrange
multipliers as
®= Lll (18)
1"c™M
where 1 is the identity matrix. It’s noticed that the values of
weights may be smaller than zero as well as larger than one
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whose meaning is unable to explain in real-world applications.
Viana et al. [101] consider that this disadvantage will amplify
the errors generating from the approximation of elements in
matrix C and advise to solve Eq. (18) using only the diagonal
elements in matrix C which are more accurate than the
off-diagonal terms.

4. Infill Criteria

In general, SBGO can be categorized as one-stage and
two-stage methods [81]. In the one-stage method, sample points
are generated all at once, and then the interpolation of the
response surface as well as the determination of the global
optimum are completed in the same calculations. As no a priori
knowledge about the black-box problem is available, it mainly
leads to a waste of computational resources. Furthermore, it’s
hard for researchers to determine the appropriate sample size
beforehand. Different from the one-stage method, the two-stage
method is more significant, tractable and attractive. The
surrogate models are first built with the initial training points
generated by DOE. Afterwards, new points are obtained over
the design space using the infill criteria also named as adaptive
designs or sequential designs [35]. The procedure is repeated
until a convergence criterion or a termination criterion like the
maximum number of function evaluations allowed is reached.
The new points which are used to sequentially update the
surrogate models and increase the probability of identifying the
global minimum are evaluated from the expensive models, not
that from the cheap surrogate models. One hand, this two-stage
method can extract useful information from the approximate
models and speed up the optimization process. On the other
hand, it allows designers to stop the optimization process as
soon as the satisfactory optimal solution is achieved [102]. The
adaptive designs have gained popularity in recent years
compared to the one-stage method. In this section, infill criteria
are discussed.

Infill criteria guide how new points are generated to support
the surrogate modeling, design optimization and applications.
The candidate points are obtained by sufficiently utilizing the
information from the current optimization process. These
supplementary points can offer much more information on the
expensive black-box problem, and the more points we own,

0!

where y,.;, indicates the best point found so far, j}(x) means

the predicated response at point x, ¢ and ¢ represent the
cumulative distribution and probability density function,
separately. s” (x) indicates the estimated MSE of the surrogate
model, which is formulated as

(1—1’?‘&02

)= Iy e

(20)

E[1(x)]= (Ymin —f(x))@(ym%s(x)}s(x)w{%j(x)} if5>0

the more we know about the black-box problem. Infill criteria
are generally employed for both surrogate modeling and
surrogate-based global optimization. For surrogate modeling,
it concentrates on continuously improving the accuracy of
surrogate models. Moreover, it focuses on searching the global
optimum for surrogate-based global optimization.

Infill criteria can be also classified as exploitation and
exploration as same as SBGO. The exploitation strategy
directly takes the surrogate model replace the actual model as
the objective function and considers the current optimal points
as the new supplementary points. This pure exploitation
strategy will rapidly converge to an optimal solution of the
surrogate surface whereas it can’t be guaranteed to find the
actual global optimum. In fact, only the sequential augment of
optimal points may lead to the local optimum due to the lack
of exploration [103]. On the contrary, the pure exploration
strategy explores the unvisited or sparse regions for enhancing
the global approximation and avoiding falling into the local
optimum. However, it will be a waste of computational time to
blindly enhance the global accuracy while the global optimum
itself is just required. Only high accuracy in the potentially
promising regions is required for SBGO.

There are two requirements for surrogate-based global
optimization that have to be satisfied: exploitation of the
promising candidates and exploration of the sparse regions.
The target is to identify the near global optimum and avoid
missing the true global optimum within an affordable
computational cost. In practice, infill criteria have a
significant influence on efficiently and accurately locating the
global optimum. Therefore, the infill criteria which combine
exploitation and exploration strategy to balance their
competing goals have been widely studied and advanced [91,
92, 104]. Next, some representative infill criteria intended to
promote exploration and exploitation are reviewed

Jones et al. [34] develop a famous infill criterion named
Expected Improvement (EI) which has been manipulated by
many researchers for Gaussian process based global
optimization. Additional points which have either high
uncertainty or low objective function values are selected by EI.
It can balance the requirements to exploit the approximate
model with the need to improve the global approximation.
This EI criterion is given as below

(19)
ifs=0

where O is the covariance, ¥ indicates the vector of
correlation between the prediction data and observed data, ¥
represents the correlation matrix for all observed data
provided by KRG correlation function.

In EI criterion, the term Ymin =V (X) indicates the amount
of possible improvement which is responsible for local
accuracy of the surrogate model. Moreover, the term s (x) is
related to the unvisited regions which is helpful for global
exploration. In many situations, EI is confirmed to be a great
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infill criterion for seeking the global optimum from a number
of publications. Many modified EI including generalized
expected improvement [105], weighted expected
improvement [36] and quantile-based expected improvement
[106] have shown well generality and performance for various
engineering applications. Further studies have adapted EI to
generate multiple update points, not a single point.
Ginsbourger et al. [107] propose a multi-points expected
improvement to take advantage of parallel computation
facilities. Viana et al. select multi points at each iteration with
the aid of expected improvement. Generating multiple points
per optimization cycle and allowing distribution of the
expensive function evaluations on several processors provides
a large potential to accelerate the search process.

Kitayama et al. [92] consider that it is important to
simultaneously add the new sample points around: a) the
optimum of the response surface and, b) the sparse region in
the design space. Thus, they propose a new infill criterion that
adding the optimal point of response surface in each cycle as
the new sample point to meet the first objective and taking the
global optimum of the density function as another additional
point to satisfy the second objective. The aim of the density
function is to discover a sparse region. It is expected that the
addition of new sample points in the sparse region will lead to
global approximation. The density function is applied to
improve the accuracy of surrogates by Kitayama et al. [103]
and Ye et al. [108]. Gu et al. [104] develop a new and adaptive
sampling mechanism which selects new sample data
adaptively based on the values evaluated by three well-known
surrogate modeling techniques concurrently to improve the
overall accuracy of the hybrid model and the efficiency of the
global search. This infill criterion is widely adopted for SBGO
[19, 109]. In addition, other heuristic infill criteria have also
been investigated. Wang et al. [39] introduce a novel infill
criterion that sample points with low values and high values,
but have a non-zero probability are both preferred. Villanueva
et al. [110] choose new points in the mall subspace which are
partitioned by clustering method. Meanwhile, some optimal
points are also selected to improve the local approximation.
Dong et al. [17] take local optima of response surfaces for
exploitation and use the estimated MSE to explore the

unknown areas using KRG and design space reduction method.

Miiller and Shoemaker [111] introduce a random sampling
strategy and a strategy where the minimum point of the
response surface is used as new sample point for
computationally expensive black-box global optimization
problems. Amine et al. [112] propose a new infill criterion that
incorporates minimizing the surrogate model while also
maximizing the expected improvement criterion for
high-dimensional constrained problems.

P09 = XA+ 2

where 7 is the amount of design parameters, f, indicates the
zeroth order component function which indicates the mean
effect to f(x). Likewise, f; (x:), fi (i, X;) and fi,2,...n (1, X2,..., %)

./)+"'+f1,2,~~,n (x5 2350 %,)
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5. Design Space Reduction

A prominent challenge arises in surrogate-based global
optimization while the expensive black- box system involves a
large amount of design variables and a large size of design
space. Despite the improved optimization algorithms and the
advanced computation power, the continuously increased
calculation burden still becomes a great challenge to the
solution of the large-scale problem. The number of expensive
function evaluations required to explore the design space is
normally exponential to the number of input variables and the
size of input spaces. For instance, considering an engineering
design optimization problem involving 10 input variables
whose bounds are both [0, 1]. If an interval value 0.5 is used
for each variable, a design of experiments with 3'° samples
that means plenty of expensive simulations are needed.
Therefore, as an efficient branch to alleviate this challenge, the
design space reduction method has been widely studied
recently. Generally, two kinds of design space reduction
schemes exist in the correlative literatures. The first strategy
seeks to decrease the dimensionality of the design space
through removing the unimportant variables. Another strategy
is employed to reduce the size of the design space through
identifying the small promising sub-region. Next, these two
design space reduction methods are introduced in detail.

5.1. Dimensionality Reduction Methods

It’s known to all that the curse of dimensionality is a
phenomenon as the design variables are so large that it may
challenges numerical analysis technologies and optimum
seeking technologies. Thus, regular methods are doomed to
failure for solving the high-dimensional problems. An active
method to deal with the high-dimensional spaces is to select
smaller number of variables in place of the real variables
known as dimensionality reduction. Dimensionality reduction
methods have been increasingly employed in the fields of
complex high-dimensional design problems as it can
maximally keep the important features and eliminate the less
significant or insignificant.

As a dimensionality reduction method, global sensitivity
analysis has been popularly applied for engineering design
optimization. It can well compare the relative magnitude of
the impact on each design variable on the output because the
significant input variables possess the larger design sensitivity.
Design variables with smaller sensitivity are identified and
removed to decrease the number of design variables. To
understand the concept, assume a square integrable objective
function approximated by a surrogate model whose values are
scaled between zero and one. It can be decomposed into
summands of increasing dimensionality as [11]

2

represent the first order, second order and nth order effects to f
(x), respectively. Besides, the total variance D and the partial
variances can be estimated as
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The partial variances provide a measure of the contribution
of each individual parameter. Moreover, the total variance is a
sum of partial variances of the independent parameters and
combinations of parameters.

The individual sensitivity index which indicates the impact
of an input variable to a function variability is expressed as

ifP

contain first order and higher order indices

S. . =D

[TV A (7D

(23)
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that offer the effect of individual variable and other possible
mixed influence of various variables [113]. The relative
importance of a certain input variable can also be quantified
by the total sensitivity index except individual sensitivity
index whereas the total sensitivity index for the itk input
variable is defined as the sum of all partial sensitivity indices
involving parameter 7, divided by the total variance as

T —
9,

S, ={(i, i) Dk, 1Sk 5,4, =1}

(24)

The detail introduction can be found in the literature [113].
The individual sensitivity index refers to the fraction of the
total variance, while the total sensitivity index indicates the
contribution of all partial variance.

The relative importance of each design variable can be
observed by comparing either their individual sensitivity
index or total sensitivity index. In addition, the difference
between the individual sensitivity and total sensitivity for each
variable also provides an indication of the degree of
interaction among variables. The design variables with less
importance and interaction can be removed to reduce the
computational cost. Fu et al. [114] investigate the use of global
sensitivity analysis as a screening tool for reducing the
computational burden for rehabilitation of water distribution
systems. Marrel et al. [115] use the global sensitivity analysis
to quantify the effect of uncertain design parameters on the
variability in stochastic computer models with joint
metamodels. Recent advances on various global sensitivity
analysis approaches are provided by looss and Lemaitre [116].

It’s noted that the history of using dimensionality reduction
in design optimization can trace back to several decades ago.
Dimensionality reduction methods like global sensitivity
analysis, Principal Component Analysis (PCA), Analysis of
Variances (ANOVA) and mapping etc., have long been used in
various science and engineering disciplines as a preprocessing
step for handling high-dimensional data. PCA can transform
data to a new coordinate system by data projection so that the
design variables with greatest variances in the projection come
to the principal coordinates. Raghavan et al. [117] use PCA
and diffuse approximation method in place of the

geometry-based variables with the smallest set of variables
originally required for structural shape optimization. ANOVA
is a collection of statistical models applied to analyze the
differences among groups and their associated procedures.
Zhang et al. [118] develop an efficient ANOVA-based
stochastic circuit systems simulator to avoid the curse of
dimensionality. For reducing the amount of dimensions,
mapping transforms a group of correlated parameters into a
smaller group of new uncorrelated parameters for retaining
most of the primary information. Qiu et al. [119] propose a
multi-stage design space reduction method using the fuzzy
clustering strategy and mapping technology to improve the
modeling accuracy and optimization efficiency. Furthermore,
Shan and Wang [43] introduce some strategies for tackling the
difficulties caused by high dimensionality.

5.2. Size Reduction Methods

Despite the dimensionality reduction methods have been
tried to  enhance  capability of SBGO  for
computation-intensive high-dimensional optimization
problems, it’s still rather hard to precisely identify the
insignificant variables, especially for MOO and MDO
problems. Alternatively, more and more researchers turn to
reduce the size of design space while the dimensionality is
difficult to reduce. At the first stage of defining a real-word
application, researchers are used to offer very conservative
upper and lower bounds for design variables due to the lack of
sufficient knowledge on the function behavior and interactions
between the objective and constraint functions. The combined
range of each variable dictates the size of design space and a
broad range of input variables results in a large size of design
space, limiting the application of SBGO, greatly.

Size reduction means shrinking a design space so that the
focus of modeling can be in a small attractive region. A
common size reduction method begins with generating a
smaller amount of points and its response surface values. Then
the size of design space is adaptively changed depending on
the feedback information from these known expensive points.
Thus, the efficiency of finding and quality of the global
optimum will be increased by exploring an interested
subspace. In the context of this kind of design space reduction,
several methods have been reported. Among them, FCM has
been diffusely used in many publications. Given the number
of cluster ¢, the overall dissimilarity between each cluster
center and each data point can be given as

1o (0)=3S () ¢ -

k=1 i=l

. 25)
s.t. Zuik =1, uy D[O,l]
i=l

where U is the fuzzy c-partition matrix of N data points x; (k=
1,2...,N,x € R),v = (v, v,..., Vo), v; is the ith cluster center, 1
<i<c, tis aconstant greater than 1 (typically #=2), uy is the
degree of the membership of the kth data in the ith cluster.
FCM is broadly applied to achieve the promising reduced
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space due to its robustness, convenience and simplicity.
Wang et al. [120] present a surrogate-based optimization
method using multi-level fuzzy clustering space reduction
strategy with KRG interpolation for expensive black-box
optimization problems. Ye and Pan [41] propose an
ensemble of surrogate-based optimization method
integrating with FCM to deal with the computation-intensive,
black-box optimization problems. Shi et al. [121] introduce a
new approximate optimization method that uses RBF to
approximate the expensive simulations in an interesting
subspace obtained by FCM method for improving the
efficiency and convergence.

Many size reduction methods like rough set and trust region
are also frequently used in design optimization, except fuzzy
clustering methods. Rough set theory seeking to synthesize
approximation of concepts from the acquired data is
developed by Pawlak [122] in the early 1980s. Shan and Wang
[123] first introduce the rough set into the mechanical design
area to systematically identify attractive reduced regions. Chu
et al. [124] develop an expert system using rough set theory
and self-organizing maps to guide researchers to partition and
reduce the design space. Trust region is a term used in
mathematical optimization to denote the subset of the region
of the objective function. Farias et al. [125] introduce a trust
region based framework employed to adaptively update the
design space to solve optimization problems of fluid-structure
interaction. Ollar et al. [126] present a novel method to solve
multidisciplinary design optimization problems using
approximations built in subspaces obtained by trust region.
Eason [127] propose a novel trust region filter algorithm for
black box optimization, which is both robust to lack of
derivatives in some constraints while also taking advantage of
equation oriented constraints. Conn et al. [128] address
trust-region methods for unconstrained derivative-free
optimization. These methods maintain linear or quadratic
models which are based only on the objective function values
computed at sample points. Wild and Shoemaker [129]
introduce and analyze the first-order derivative-free
trust-region algorithms based on RBF, which are globally
convergent. Gratton and Vicente [130] present a surrogate
management framework using rigorous trust-region steps.

6. Future Challenges and Research

Though extensive and intensive research on surrogate
modeling and surrogate-based global optimization has been
implemented and achieved considerable advances over the
past decade, some major challenges remain to be addressed.
Challenges of expensive black-box optimization problems
come from several main aspects: (1) large-scale problems,
which imply a huge number of design variables or a large size
of design spaces, (2) unknown function characteristics, that
mean no prior information about the characteristics of the
black-box functions, (3) intelligent sampling designs, that
signify a minimum number of sample points intelligently
generated to describe the black-box function, and (4) various
optimization needs, which contain dynamic optimization,
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combinatorial ~optimization, probabilistic optimization,
multi-objective optimization and so on. Following future
challenges and research directions are discussed to trigger
more promising efforts.

6.1. Large-Scale Problems

It’s basically recognized that the total high computation
expense for large-scale problems makes the SBGO methods
less attractive or even impractical. Much work should be
carried out while large-scale problems have just gotten more
complex. However, there seems to be a lack of research on
large-scale problems and a lot of difficulties or challenges
haven’t been worked out. For instance, which kind of
surrogate models or sampling designs best fit the large-scale
problems. Moreover, what strategies can efficiently facilitate
the optimization process and further increase efficiency. Is the
design space reduction approaches always work? It is
expected that SBGO methods can be expediently adapted to
more complicated large-scale optimization problems and
obtain more benefits in improving computational accuracy
and optimization efficiency.

Although a mass of design space reduction methods
contribute to identify smaller promising regions, a variety of
excellent approaches or techniques are required to face with
this large-scale challenge. For example, surrogate modeling
techniques used at present like PRS, RBF and KRG are all
unsatisfactory for large-scale problems and various model
types are needed, especially for large-scale problems.
Furthermore, parallel computing techniques can also be used
to decompose the main computation task into independent
tasks at each iteration for speeding up the algorithms.

6.2. Unknown Functions Characteristics

In order to precisely approximate the expensive black-box
problems, a deep understanding of the unknown functions is
felt necessary. Nevertheless, the characteristics are unknown
for most of engineering design optimization problems. For
instance, what are the characteristics of a large-scale problem?
Recent researches turn to focus on developing more flexible
and generic SBGO methods. Many types of surrogate
modeling techniques including multi-level, variable fidelity
and ensemble of surrogates etc., have been employed to
increase the overall performance. It offers a more efficient
way for researchers with no need for deep knowledge on
surrogate modeling techniques and sampling designs as well
as the prior information on characteristics of the unknown
functions.

Even if researchers have a priori knowledge on the
expensive black-box problems, how to better categorize,
represent and take advantage of this knowledge. Gradient
information as well as the curvatures information is suggested
to utilize for potentially reducing resource cost and leading to
better accuracy. In addition, suitable convergence criteria are
also necessary to further advance the quality of global optima
and reduce the computational time due to the unknown
characteristics.
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6.3. Intelligent Sampling Designs

Current sampling schemes for SBGO methods concentrate
on the initial sampling designs and adaptive sampling
designs for purpose of achieving certain sample points. On
the one hand, initial sampling designs mainly seek for the
points with both good projective properties and space filling
properties. However, it’s difficult to meet these two
requirements for high-dimensional problems. For example,
LHD suffers from the curse of dimensionality as any other
space-filling DOE that the sample normally creates a
vacuum in the center of design space while uniformity in
each dimension is preserved. Besides, the best initial
sampling size remains to be a mystery that has a large effect

on the efficiency and accuracy of surrogate modeling process.

The distribution of the initial sample points becomes less
important without knowing the best sampling size. On the
other hand, the adaptive sampling designs have gradually
displaced the initial sampling designs in terms of reflecting
the black-box function characteristics. Though there are lots
of approaches on adaptive sampling designs as reported
before, more intelligent sampling designs are required to
further improve the SBGO methods.

6.4. Various Optimization Needs

Various optimization needs including multi-objective
optimization for meeting multiple design objectives,
probabilistic optimization when uncertainties of design
variables are considered, dynamic optimization which is
time-varying, and multidisciplinary design optimization
where coupling between different disciplines is present have
their own challenges, combinatorial optimization where the
discrete variables are considered, stochastic optimization
where the input information into the optimization method may
be contaminated with noise. Therefore, the subtle differences
between each type of optimization needs should deserve
enough attention. There is much work to do in spite of various
SBGO methods have been intensively applied to deal with
various optimization needs involve expensive computation. In
the case of dynamic optimization, the surrogate models must
be updated online. It may be beneficial to introduce
incremental online learning techniques for dynamic
optimization. Therefore, new innovative SBGO methods
should be created to satisfy various optimization needs in the
future.

7. Conclusions

This paper provides an overview of recent advances in
surrogate-based global optimization methods for expensive
black-box problems. Research and advancement in SBGO are
divided into five topics depending on the role of surrogate
modeling techniques in supporting design optimization,
including design of experiments, surrogate modeling
techniques, infill criteria and design space reduction. Future
challenges and research are also discussed. The primary issues
reviewed are summarized as follows:

Design of experiments including three typical designs of
physical experiments methods and three well-known design of
computer experiments methods are introduced.

Surrogate  modeling techniques containing three
representative single surrogate models containing PRS, RBF,
KRG, and three popular ensembles of surrogates are
presented.

Infill criteria which guide to generate new sample points for
continuously improving the accuracy of surrogate models are
discussed.

Design space reduction that can be generally categorized
into two types: dimensionality reduction methods and size
reduction methods are reviewed.

Future challenges and research on four main aspects
including large-scale  problems, unknown function
characteristics, intelligent sampling designs and various
optimization needs are discussed

SBGO is an active area of research and has made substantial
progress in handling engineering design optimization
problems. It’s hoped that this work can help new engineers
and researchers who are just beginning in this field.
Meanwhile, it’s also expected that this work will help
experienced engineers and researchers as a reference or
inspiration for future work.

Conflict of Interests

The authors declare that they have no competing interests.

Funding

This research was funded by the National Natural Science
Foundation of China under Grant No. 61803306, 51709229,
51879220, 51979226, the National Key Research and
Development Project of China under Grant No.
2016YFC0301300, and the Fundamental Research Funds for
the Central Universities under Grant No.
3102019HHZY03009.

References

[1] Younis A, Dong Z (2010) Trends, features, and tests of
common and recently introduced global optimization methods.
Engineering Optimization 42 (8): 1-28.

[2] Rios LM, Sahinidis NV (2013) Derivative-free optimization: a
review of algorithms and comparison of software
implementations. Journal of Global Optimization 56 (3):
1247-1293.

[3] Xiao YY, Zhao QH, Kaku I et al. (2014) Variable
neighbourhood simulated annealing algorithm for capacitated
vehicle routing problems. Engineering Optimization 46 (4):
562-579.

[4] Zhao JH, Wen FS, Dong ZY et al. (2012) Optimal dispatch of
electric vehicles and wind power using enhanced particle
swarm optimization. IEEE Transactions on Industrial
Informatics 8 (4): 889-899.



81

[5]

[6]

[7]

(8]

(9]

[10]

[12]

[13]

[14]

[17]

[18]

[19]

[20]

Pengcheng Ye:

LuL, GaoY, Li Q et al. (2018) Numerical investigations of tip
clearance flow characteristics of a pumpjet propulsor.
International Journal of Naval Architecture and Ocean
Engineering 10 (3): 307-317.

Younis A, Karakoc K, Dong Z et al. (2011) Application of
SEUMRE global optimization algorithm in automotive
magnetorheological ~ brake  design.  Structural  and
Multidisciplinary Optimization 44 (6): 761-772.

Sun C, Song B, Wang P (2015) Parametric geometric model
and shape optimization of an underwater glider with
blended-wing-body.  International Journal of Naval
Architecture and Ocean Engineering 7 (6): 995-1006.

Lee H, Jo Y, Lee DJ et al. (2016) Surrogate model based design
optimization of multiple wing sails considering flow
interaction effect. Ocean Engineering 121: 422-436.

Mainini L, Willcox K (2015) Surrogate modeling approach to
support real-time structural assessment and decision making.
AIAA Journal 53 (6): 1612-1626.

Peherstorfer B, Kramer B, Willcox K (2017) Combining
multiple surrogate models to accelerate failure probability
estimation with expensive high-fidelity models. Journal of
Computational Physics 341: 61-75.

Shyy W, Cho YC, Du W et al. (2011) Surrogate-based
modeling and dimension reduction techniques for multi-scale
mechanics problems. Acta Mechanica Sinica 27 (6): 845-865.

Wang GG, Shan S (2007) Review of metamodeling techniques
in support of engineering design optimization. Journal of
Mechanical design 129 (4): 370-380.

El-Taweel T, Haridy S (2014) An application of fractional
factorial design in wire electrochemical turning process. The
International Journal of Advanced Manufacturing Technology
75 (5-8): 1207-1218.

Kamali H, Aminimoghadamfarouj N, Nematollahi A (2014)
Optimization of pressurized hot water extraction of Lavandin
essential oils via central composite design. Optimization 6 (11):
4853-4861.

Satapathy SC, Naik A, Parvathi K (2013) A teaching learning
based optimization based on orthogonal design for solving
global optimization problems. SpringerPlus 2 (1): 1-12.

Cheng Y, Wu P (2015) Optimisation for suspension system of a
railway vehicle with a new non-linear creep model developed
by uniform design. International Journal of Heavy Vehicle
Systems 22 (2): 157-191.

Dong H, Song B, Dong Z et al. (2016) Multi-start space

reduction (MSSR) surrogate-based global optimization method.

Structural and Multidisciplinary Optimization 54 (4): 907-926.

Martinez SZ, Coello CAC (2013) Combining surrogate models
and local search for dealing with expensive multi-objective
optimization problems. In: IEEE Congress on Evolutionary
Computation, pp 2572-2579.

Ye PC, Pan G (2017) Global optimization method using
adaptive and parallel ensemble of surrogates for engineering
design optimization. Optimization 66 (7): 1135-1155.

Liu H, Ong YS, Cai J (2018) A survey of adaptive sampling for
global metamodeling in support of simulation-based complex
engineering design. Structural and Multidisciplinary

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[32]

[33]

A Review on Surrogate-Based Global Optimization Methods for Computationally Expensive Functions

Optimization 57 (1): 393-416.

Jin R, Chen W, Sudjianto A (2005) An efficient algorithm for
constructing optimal design of computer experiments. Journal
of Statistical Planning and Inference 134 (1): 268-287.

Viana FAC, Venter G, Balabanov V (2010) An algorithm for
fast optimal Latin hypercube design of experiments.
International Journal for Numerical Methods in Engineering 82
(2): 135-156.

Jin R, Chen W, Simpson TW (2001) Comparative studies of
metamodelling techniques under multiple modelling criteria.
Structural and Multidisciplinary Optimization 23 (1): 1-13.

Jin Y (2011) Surrogate-assisted evolutionary computation:
Recent advances and future challenges. Swarm and
Evolutionary Computation 1 (2): 61-70.

Dong H, Li C, Song B et al. (2018) Multi-surrogate-based
differential evolution with multi-start exploration (MDEME)
for computationally expensive optimization. Advances in
Engineering Software 123: 62-76.

Han ZH, Chen J, Zhang KS et al. (2018) Aerodynamic shape
optimization  of  natural-laminar-flow  wing  using
surrogate-based approach. AIAA Journal, 56 (7): 2579-2593.

Wang LQ, Shan SQ, Wang GG (2004) Mode-pursuing
sampling method for global optimization on expensive
black-box functions. Engineering Optimization 36 (4):
419-438.

Holmstrom K (2008) An adaptive radial basis algorithm
(ARBF) for expensive black-box global optimization. Journal
of Global Optimization 41 (3): 447-464.

Zhao L, Choi KK, Lee I (2011) Metamodeling method using
dynamic kriging for design optimization. AIAA Journal 49 (9):
2034-2046.

Zerpa LE, Queipo N, Pintosa S et al. (2005) An optimization
methodology of alkaline-surfactant- polymer flooding
processes using field scale numerical simulation and multiple
surrogates. Journal of Petroleum Science and Engineering 47
(3): 197-208.

Goel T, Haftka RT, Shyy W et al. (2007) Ensemble of
Surrogates. Structural and Multidisciplinary Optimization 33
(3): 199-216.

Acar E, Rais-Rohani M (2009) Ensemble of metamodels with
optimized weight factors. Structural and Multidisciplinary
Optimization 37 (3): 279-294.

Li Z, Ruan SL, Gu JF et al. (2016) Investigation on parallel
algorithms in efficient global optimization based on multiple
points infill criterion and domain decomposition. Structural
and Multidisciplinary Optimization 54 (4): 747-773.

Jones DR, Schonlau M, Welch WJ (1998) Efficient global
optimization of expensive black-box functions. Journal of
Global Optimization 13 (4): 455-492.

Xu Q, Wehrle E, Baier H (2012) Adaptive surrogate-based
design optimization with expected improvement used as infill
criterion. Optimization 61 (6): 661-684.

Sobester A, Leary SJ, Keane AJ (2005) On the design of
optimization strategies based on global response surface
approximation models. Journal of Global Optimization 33 (1):
31-59.



[37]

[38]

[41]

[42]

[43]

[44]

[45]

[46]

[50]

[51]

[52]

[53]

Software Engineering 2019; 7(4): 68-84 82

Huang D, Allen TT, Notz WI et al. (2006) Global optimization
of stochastic black-box systems via sequential kriging
meta-models. Journal of Global Optimization 34 (3): 441-466.

Couckuyt I, Deschrijver D, Dhaene T (2014) Fast calculation of
multiobjective probability of improvement and expected
improvement criteria for Pareto optimization. Journal of Global
Optimization 60 (3): 575-594.

Wang GG, Simpson T (2004) Fuzzy clustering based
hierarchical metamodeling for design space reduction and
optimization. Engineering Optimization 36 (3): 313-335.

Zhu HG, Liu L, Long T et al. (2012) Global optimization

method using SLE and adaptive RBF based on fuzzy clustering.

Chinese Journal of Mechanical Engineering 25 (4): 768-775.

Ye PC, Pan G (2017) Global optimization method using
ensemble of metamodels based on fuzzy clustering for design
space reduction. Engineering with computers 33 (3): 573-585.

Galbally D, Fidkowski K, Willcox K et al. (2010) Non-linear
model reduction for uncertainty quantification in large-scale
inverse problems. International journal for numerical methods
in engineering 81 (12): 1581-1608.

Shan S, Wang GG (2010) Survey of modeling and optimization
strategies to solve high-dimensional design problems with
computationally-expensive black-box functions. Structural and
Multidisciplinary Optimization 41 (2): 219-241.

Pan G, Ye PC, Wang P (2014) A novel Latin hypercube
algorithm via translational propagation. Scientific World
Journal.

Forrester AlJ, Sobester DA, Keane AJ (2008) Engineering
design via surrogate modelling: a practical guide. John Wiley
and Sons.

Simpson TW, Poplinski J, Koch PN et al. (2001) Metamodels

for computer-based engineering design: survey and
recommendations. Engineering with computers 17 (2):
129-150.

Mukerjee R, Wu CFJ (2007) A modern theory of factorial
design. Springer Science and Business Media.

Box GEP, Wilson KB (1992) On the experimental attainment of
optimum conditions. Journal of the Royal Statistical Society,
1951, 13 (1): 1-45.

Obeng D, Morrell S, Napier-Munn T (2005) Application of
central composite rotatable design to modelling the effect of
some operating variables on the performance of the
three-product cyclone. International Journal of Mineral
Processing 76 (3): 181-192.

Ghafari S, Aziz HA, Isa MH et al. (2009) Application of
response surface methodology (RSM) to optimize
coagulation-flocculation ~ treatment of leachate using
poly-aluminum chloride (PAC) and alum. Journal of hazardous
materials 163 (2): 650-656.

Nosrati S, Jayakumar N, Hashim M (2011) Extraction
performance of chromium (VI) with emulsion liquid membrane
by Cyanex 923 as carrier using response surface methodology.
Desalination 266 (1-3): 286-290.

Taguchi G (1986) Introduction to quality engineering:
designing quality into products and processes.

Taguchi G (1987) System of experimental design: engineering

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[63]

[68]

[69]

methods to optimize quality and minimize costs.

Bingham D, Sitter RR, Tang B (2009) Orthogonal and nearly
orthogonal designs for computer experiments. Biometrika 96
(1): 51-65.

Moon H, Dean A, Santner T (2011) Algorithms for generating
maximin Latin hypercube and orthogonal designs. Journal of
Statistical Theory and Practice 5 (1): 81-98.

Vieira H, Sanchez S, Kienitz KH et al. (2011) Generating and
improving orthogonal designs by using mixed integer
programming. European Journal of Operational Research 215
(3): 629-638.

Hou SJ, Zhang ZD, Yang XJ et al. (2014) Crashworthiness
optimization of new thin-walled cellular configurations.
Engineering Computations 31 (5): 879-897.

Wang GG, Dong Z, Aitchison P (2001) Adaptive response
surface method-a  global optimization scheme for
approximation-based  design  problems. Engineering
Optimization 33 (6): 707-733.

Gong WY, Cai ZH, Jiang LX (2008) Enhancing the
performance of differential evolution using orthogonal design
method. Applied Mathematics and Computation 206 (1):
56-69.

Correa A, Grima P, Tort-Martorel 1X (2012) Experimentation
order in factorial designs: new findings. Journal of Applied
Statistics 39 (7): 1577-1591.

Georgiou SD (2011) Orthogonal designs for computer
experiments. Journal of Statistical Planning and Inference 141
(4): 1519-1525.

Gopalakannan S, Senthilvelan T (2014) Optimization of
machining parameters for EDM operations based on central
composite design and desirability approach. Journal of
Mechanical Science and Technology 28 (3): 1045-1053.

Simpson TW, Booker AJ, Ghosh D et al. (2004) Approximation
methods in multidisciplinary analysis and optimization: a panel
discussion. Structural and Multidisciplinary Optimization 27
(5): 302-313.

Fang KT (1980) Experimental design by uniform distribution.
Acta Mathematice Applicatae Sinica 3: 363-372.

Simpson TW, Lin DK, Chen W (2001) Sampling strategies for
computer experiments: design and analysis. International
Journal of Reliability and Applications 2 (3): 209-240.

Fang KT, Wang Y (1993) Number-theoretic methods in
statistics. CRC Press.

Fang KT, Wang Y, Bentler PM (1994) Some applications of
number-theoretic methods in statistics. Statistical Science 9 (2):
416-428.

Fang KT, Lin DKJ, Winker P et al. (2000) Uniform design:
theory and application. Technometrics 42 (3): 237-248.

Chuang C, Yang R, Li G et al. (2008) Multidisciplinary design
optimization on vehicle tailor rolled blank design. Structural
and Multidisciplinary Optimization 35 (6): 551-560.

Li W, Liu L, Gong W (2011) Multi-objective uniform design as
a SVM model selection tool for face recognition. Expert
Systems with Applications 38 (6): 6689-6695.



83

[71]

[72]

[74]

[75]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

(87]

Pengcheng Ye:

Zhu P, Zhang Y, Chen G (2009) Metamodel-based lightweight
design of an automotive front-body structure using robust
optimization. Proceedings of the Institution of Mechanical
Engineers, Part D: Journal of Automobile Engineering 223 (9):
1133-1147.

Mckay M, Bechman R, Conver W (1979) A comparison of
three methods for selecting values of input variables in the
analysis techniques for computer codes. Technometrics 21 (2):
239-245.

Viana FAC, Haftka RT, Watson LT (2013) Efficient global
optimization algorithm assisted by multiple surrogate
techniques. Journal of Global Optimization 56 (2): 669-689.

Husslage BG, Rennen G, Van Dam ER et al. (2011)
Space-filling Latin hypercube designs for computer
experiments. Optimization and Engineering 12 (4): 611-630.

Viana FAC (2013) Things you wanted to know about the Latin
hypercube design and were afraid to ask. In: 10th World
Congress on Structural and Multidisciplinary Optimization, pp
1-9.

Viana FAC (2015) A Tutorial on Latin Hypercube Design of
Experiments. Quality and Reliability Engineering International
32 (5): 1975-1985.

Zhu H, Liu L, Long T et al. (2012) A novel algorithm of
maximin Latin hypercube design using successive local
enumeration. Engineering Optimization 44 (5): 551-564.

Gilkeson CA, Toropov VV, Thompson HM et al. (2013)
Multi-objective aerodynamic shape optimization of small
livestock trailers. Engineering Optimization 45 (11):
1309-1330.

Narayanan A, Toropov V, Wood A et al. (2007) Simultaneous
model building and validation with uniform designs of
experiments. Engineering Optimization 39 (5): 497-512.

Box GEP, Draper NR (1987) Empirical model-building and
response surfaces. Wiley New York.

Forrester AlJ, Keane AJ (2009) Recent advances in
surrogate-based optimization. Progress in Aerospace Sciences
45 (1-3): 50-79.

Wang GG (2003) Adaptive response surface method using
inherited Latin hypercube design points. Journal of Mechanical
Engineering 125 (2): 210-220.

Vafaeesefat A (2011) Optimization of composite pressure
vessels with metal liner by adaptive response surface method.
Journal of Mechanical Science and Technology 25 (11):
2811-2816.

Ye L, Yang M, Xu L et al. (2014) Optimization of inductive
angle sensor using response surface methodology and finite
element method. Measurement 48: 252-262.

Fan CB, Huang YB, Wang QF (2014) Sparsity-promoting
polynomial response surface: A new surrogate model for
response prediction. Advances in Engineering Software 77:
48-65.

Shi L, Yang RJ, Zhu P (2013) An adaptive response surface
method for crashworthiness optimization. Engineering
Optimization 45 (11): 1365-1377.

Hardy R (1971) Multiquadric equations of topography and
other irregular surfaces. Journal of Geophysical Research 76

A Review on Surrogate-Based Global Optimization Methods for Computationally Expensive Functions

(8): 1905-1915.
[88] Mullur AA, Messac A (2005) Extended radial basis functions:
more flexible and effective metamodeling. AIAA Journal 43
(6): 1306-1315.
[89] Gutmann HM (2001) A radial basis function method for global
optimization. Journal of global optimization 19 (3): 201-227.
[90] Regis RG, Shoemaker CA (2007) A stochastic radial basis
function method for the global optimization of expensive
functions. INFORMS Journal on Computing 19 (4): 497-509.
[91] Yao W, Chen X, Huang Y et al. (2014) A surrogate-based
optimization method with RBF neural network enhanced by
linear interpolation and hybrid infill strategy. Optimization
Methods and Software 29 (2): 406-429.
[92] Kitayama S, Arakawa M, Yamazaki K (2011) Sequential
approximate optimization using radial basis function network
for engineering optimization. Optimization and Engineering 12
(4): 535-557.
[93] SacksJ, Welch W, Mitchell T et al. (1989) Design and analysis
of computer experiments. Statistical Science 4 (4): 409-435.
[94] Lophaven SN, Nielsen HB, Sendergaard J (2002) DACE-A
Matlab Kriging toolbox, version 2.0.
[95] Kleijnen JP (2009) Kriging metamodeling in simulation: A
review. European Journal of Operational Research 192 (3):
707-716.
[96] Kleijnen JP (2017) Regression and Kriging metamodels with
their experimental designs in simulation: a review. European
Journal of Operational Research 256 (1): 1-16.
[97] Martin J, Simpson T (2005) Use of kriging models to
approximate deterministic computer models. AIAA Journal 43
(4): 853-863.
[98] Younis A, Dong Z (2010) Metamodelling and search using
space exploration and unimodal region elimination for design
optimization. Engineering Optimization 42 (6): 517-533.
[99] Sanchez E, Pintos S, Queipo NV (2008) Toward an optimal
ensemble of kernel-based approximations with engineering
applications. Structural and Multidisciplinary Optimization 36
(3): 247-261.

[100] Bishop CM (1995) Neural networks for pattern recognition.
Oxford university press 12 (5): 1235-1242.

[101] Viana FAC, Haftka RT, Steffen V (2009) Multiple surrogates:
how cross-validation errors can help us to obtain the best
predictor. Structural and Multidisciplinary Optimization 39 (4):
439-457.

[102] Ye PC, Pan G (2015) A novel sequential approximate
optimization approach using data mining for engineering
design optimization. Optimization Methods and Software 30
(6): 1255-1275.

[103] Kitayama S, Arakawa M, Yamazaki K (2012) Sequential
approximate optimization for discrete design variable problems
using radial basis function network. Applied Mathematics and
Computation 219 (8): 4143-4156.

[104]Gu J, Li G, Dong Z (2012) Hybrid and adaptive
meta-model-based  global  optimization.  Engineering
Optimization 44 (1): 87-104.



Software Engineering 2019; 7(4): 68-84 84

[105] Sasena M, Papalambros P, Goovaerts P (2002) Exploration of
metamodeling sampling criteria for constrained global
optimization. Engineering Optimization 34 (3): 263-278.

[106] Picheny V, Ginsbourger D, Richet Y (2010) Noisy expected
improvement and on-line computation time allocation for the
optimization of simulators with tunable fidelity. Water
Resources Research 48 (5): 1-11.

[107] Ginsbourger D, Riche RL, Carraro L (2010) Kriging is
well-suited to parallelize optimization. In: Computational
Intelligence in Expensive Optimization Problems. Springer
Berlin Heidelberg, pp 131-162.

[108] Ye PC, Pan G, Huang QG et al. (2015) A New Sequential
Approximate Optimization Approach Using Radial Basis
Functions for Engineering Optimization. In: 8" International
Conference on Intelligent Robotics and Applications pp 83-93.

[109] Zhou G, Duan LB, Zhao WZ et al. (2016) An enhanced hybrid
and adaptive meta-model based global optimization algorithm
for  engineering  optimization  problems. Science
China-Technological Sciences 59 (8): 1147-1155.

[110] Villanueva D, Haftka RT, Le Riche R et al. (2013) Locating
Multiple  Candidate  Designs ~ with  Surrogate-Based
Optimization. In: 10th World Congress on Structural and
Multidisciplinary Optimization, pp 20-24.

[111]Miiller J, Shoemaker CA (2014) Influence of ensemble
surrogate models and sampling strategy on the solution quality
of algorithms for computationally expensive black-box global
optimization problems. Journal of Global Optimization 60 (2):
123-144.

[112] Amine BM, Bartoli N, Regis RG et al. (2018) Efficient global
optimization for high-dimensional constrained problems by
using the Kriging models combined with the partial least squares
method. Engineering Optimization 50 (12): 2038-2053.

[113] Sudret B (2008) Global sensitivity analysis using polynomial
chaos expansions. Reliability Engineering and System Safety
93 (7): 964-979.

[114] Fu G, Kapelan Z, Reed P (2011) Reducing the complexity of
multiobjective water distribution system optimization through
global sensitivity analysis. Journal of Water Resources
Planning and Management 138 (3): 196-207.

[115]Marrel A, Iooss B, Veiga S et al. (2012) Global sensitivity
analysis of stochastic computer models with joint metamodels.
Statistics and Computing 22 (3): 833-847.

[116]Iooss B, Lemaitre P (2014) A review on global sensitivity
analysis methods. Operations Research/ Computer Science
Interfaces 59: 101-122.

[117]Raghavan B, Breitkopf P, Tourbier Y et al. (2013) Towards a
space reduction approach for efficient structural shape
optimization. Structural and Multidisciplinary Optimization 48
(5): 987-1000.

[118]Zhang Z, Yang X, Oscledets IV et al. (2015) Enabling
high-dimensional hierarchical uncertainty quantification by
ANOVA and tensor-train decomposition. IEEE Transactions
on Computer-Aided Design of Integrated Circuits and Systems
34 (1): 63-76.

[119]Qiu H, Xu Y, Gao L et al. (2016) Multi-stage design space
reduction and metamodeling optimization method based on
self-organizing maps and fuzzy clustering. Expert Systems
with Applications 46: 180-195.

[120] Wang H, Li E, Li G et al. (2008) A metamodel optimization
methodology based on multi-level fuzzy clustering space
reduction strategy and its applications. Computers and
Industrial Engineering 55 (2): 503-532.

[121]Shi RH, Liu L, Long T et al. (2017) Sequential radial basis
function using support vector machine for expensive design
optimization. AIAA Journal 55 (1): 214-227.

[122] Pawlak Z (1982) Rough sets. International Journal of Parallel
Programming 11 (5): 341-356.

[123]Shan S, Wang GG (2004) Space exploration and global
optimization for computationally intensive design problems: a
rough set based approach. Structural and Multidisciplinary
Optimization 28 (6): 427-441.

[124] Chu XZ, Gao L, Qiu HB et al. (2010) An expert system using
rough sets theory and self-organizing maps to design space
exploration of complex products. Expert Systems with
Applications 37 (11): 7364-7372.

[125] Farias FUP, Antunes AR, Bastos SM et al. (2015)
Minimization of vortex induced vibrations using surrogate
based optimization. Structural and Multidisciplinary
Optimization 52 (4): 717-735.

[126] Ollar J, Toropov V, Jones R (2017) Sub-space approximations
for MDO problems with disparate disciplinary variable
dependence. Structural and Multidisciplinary Optimization 55
(1): 279-288.

[127]Eason JPA (2018) A trust region filter algorithm for
surrogate-based optimization.
https://www.mobt3ath.com/uplode/book/book-26865.pdf

[128]Conn AR, Scheinberg K, Vicente LN (2009) Global
convergence of general derivative-free trust-region algorithms
to first-and second-order critical points. SIAM Journal on
Optimization 20 (1): 387-415.

[129] Wild SM, Shoemaker C (2013) Global convergence of radial
basis function trust-region algorithms for derivative-free
optimization. SIAM Review 55 (2): 349-371.

[130] Gratton S, Vicente LN (2014) A surrogate management
framework using rigorous trust-region steps. Optimization
Methods and Software 29 (1): 10-23.



