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Abstract: In this paper, the Euler-Maclaurin Summation formula was researched, the purpose of research is to promote the
application of the Hurwitz Zeta-function; Combination method of number theory special a function and Euler-Maclaurin
Summation Formula was been used; By three derivatives of the the Euler-Maclaurin Summation formula, three formulas of

Hurwitz Zeta-function were been given.
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1. Introduction and Main Results

In paper [1], many authors give many integral formulas of
some Series by Zeta function, In paper [2], prefessor S.
Kanemitsu exhibit the importance and usefulness of the Euler
Maclaurn Summation formula by applying it to the sum.

L(xa)= X (n+a)

O<usx

In a Similar setting which appeared in the pursuit of the
divisor problem [2] . In paper [3], Author give the formula

diL“ (x,a) and many beautiful formulas. In paper [5] we
u

2
gave the formula % L, (x,a). In this paper, we can give
u

3
— L, (x,a) by an integral formula, then we give
du
Z'(—m,a) , Z"(—m,a) and Z'"(—m,a) . The papers [8-10]
also give some results about Zeta function.

We use the following notation.

Notation s=0+it -- the

complex  variable

r(s)= J:w et"'dt - the gamma function ( 0 >0 ).
|(s) :r?,(S) = (10g r (s))' -- the digamma funtion.

Both of which are meromorphically continued to the whole
complex plane with simple poles at non-positive integers;

< 1
¢(s.a)=2, T -- Hurwitz Zeta function, s>1 ,
n=0 (n + a)

a >0, the power taking the princial value ¢ (S) =7 (s,l) -
the Riemann Zeta function, both of which are continued
meromorphically over the complex plane with a simple pole
at s =1,

B (x) the generalized Bernoulli polynomial of degree

¥ in X

z
e’ -1

addition formula

, defined through the generating function

] e = :Z:;rl!Br(”) (x) z" (|z| < 27T) satisfying the

B (x+y)= 3 (1B ()BL () (M
r=0
([1],Formula(24),p.61)with the properties
B“=B“(0) , B"(x)=B.(x) , B" =B,
B (x) and B, = B.(0) are the 7 — th Bernoulli polynomial
and the 7 —th Bernoulli number defined by (1) with a =1.
B (x)=B8, ({ x}) the » —th periodic Bernoulli polynomial.

Theoreml. for any /0N with /<Reu+1, a>0. we
have

,  where
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dd_zLu (x.a) =0§S:x(n +a)"log’ (x+a)
:Z’:;(—rl!)r E(X)(x"'a)umr(ru(j—;lr[%[f u,r +log(x+a)] +2f"(u,r)loga+3 f (u, r)f'(u,r)+f”(u,r)}

- m ) .(,)(x+a)”’1 [@[f(u,z)+1og(x+a)]3 +3f(u,l)f'(u,l)+f’(u,l)log(x+a)+f"(u,l)} dt

3(x+a)u+l (2)
+

Flur)=0(u+l)=v(u+2-7), f(ud)=0(u+1)=b(u+1-1),

1 1 w B (1)
- log® g ——log* q - 1
() 2a TR ‘[0 (t+a)2

(10g3 (t+a)-3log* (¢+ a)) dr

Corollary 1. For mONU{0}, Rea >0 and
m+2<I]0N.We have

m+l r=2 X
Z'(_m’a):ﬁamﬂ 10ga_( 1 am+ _%am 10ga+%am lloga+z B; (Z(_l)j (mj 1 .+(rm ]1Oga]amr+l

m+1)2 =4 T \j=0 J)r=1-j -

e S a[Sy [T e (S [T S e e o)

Jj=0 J ]

Corollary 2. For mONU{0}, Rea >0 and
m+2<I]0N.We have

" 1 - m+1 m+l
{"(-m,a)=a" loga—m+la llog2a+(ma+1) log a—(ma 7
NS PO (R
—_ B m—r+1
ZI: pe (m+1—r)![€(kz(‘jm+k T j S (m+k- r)] 4)
() _m e S ’ Lo
T (e PO T e | ot ()X s

Corollary 3. For mONU{0} , Rea >0 and
m+2<[0N.We have
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m+l m+l m+l m+1 1 1\
2 logia- 3a log’a - ba loga — ba (-1) m!

m+1 (m+1)2 (m+1)3 (m+1)4 +,Z::‘ r! B, (m+1—r)!a
r=1 1 3 r=1 loga r=1 r-1 1 r=1 1
— L _tloga| 2282 3 +
Eé(gmﬂc [+1 Og“j Limrhors] ke ) ek o1y ;(muc-my]

e (50| [y s

k=1

Sy 1 Y —loga

k1=1k=1(m+k2—r+l)(m+k1—r+1)2 = (m+k - l) it (m+k - l)]

2. Lemmas and Proof

Lemma 1[6]. Suppose that f* is of the Class C' in the closed interval [a,b](a <b) .then

=] e S5 (0 (- B 0 0) 5 00

O<n<x

Lemma 2. Let L, (X»") - Z (”+“)u . Then, for any /N with />Reu+1,Rea >0 we have

O<usx

L, (x,a) :Z:‘F I'(u+1) (_1'))‘ E(x)(x+a)wHl +ﬂ I'(u+1) J‘*""E(t)(t_'_a)u—z dt

r! r(u+1—r) x

u+1
log(x+a)—mb(a), u=-1

4_{L(x+a)"+1 +Z(—u,a), u#-1

Also the asymptotic formula

] L x+a “ly -u,a), u#-
L, (xaa)=Z(_1) ( : jE(X)(x“”a)uMﬂ“O(xRe"l) +{”+1( )"+ (wa). uE -l

=t -l log(x+a)=1(a), u=-1

hods true as x — +oo . On the other hand, formula (7) with x =0 yields the integral representation

Z(cua)=at ——L g -iﬂ( “ ]B F(-1)" U (7B () (+a) " @

u+l = r (r-1

®)

(6)

(7

®)

)

Which is true for all # #1 ,and / can be any natural number satisfying / > Reu +1; the integral being absolutely convergent

in the region Reu <[ -1, where it is analytic except at u = —1.
Proof of Lemma 2.

Since the 7 —th derivative of f(¢)=(r+a)" is

F(u+1)

7O =[Jirteray =

We derive from (6) that

L, (x,a) = (_1)/+1 [Lll]jx+°°§1(t)(t + a)”_/ dr —ZI: r (u " 1) (_1)" B (x) a7t + ZI: r (u +1) (_l)r El(x)(x +a)u—r+l

ST (u+2-r) r! Sr(u+2-r) r!

(10)
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1 1 u+l 1 u+l
- +00 — — e -1
L) 1') 1) [7B,(1)(r+a)" dat +a" + it i R (11)
T (u+1=1)" log(x+a)~-loga, u=-1

For any natural number / > U(u) +1.
Now we note that the last integral is in (11) clearly O(xD(”H) by the mean value theorem for partial integration. Thus,

taking the limit as x — +o0 the case when U (u) < -/, we conclude that the constant term on the right-hand side of (11) must
coincide with the left-hand side.

limZ, (x,a) = (—u,a)

X -0

That is, (9) follows.
Then, by analytic continuation; (9) can be show 7 to hold true for all #C \{ —1} .

At the same time, this gives a generic definition of { (—u,a) ;

Z(—u’a) =lim (i(n+a)” —%I(N+a)u+1 i M(u+1) (_l) (N+a)u—r+1 (12)
Noe a=0 u

SlTu+tl-r) r!
Where /0N satisfies /> 0(u) +1.
On the other hand, for # = —1. Formula (11) implies that the constant term is
l : Br -r 0 =l-i
loga+z Zz“;a +j0 B(1)(t+a)"dr

Which must be equal to

jlvizrgo(i(n+a)_l —10g(N+a)],

n=0
Which we denote by y(a) =y, (a).
Upon replacing the constant term by { (—u, a) in (11) gives (7), which then entails (8) on replacing the integral by the above

estimate O (XD(“H ) . this completes the proof of Lemma 2.

Lemma 3.[3] For any complex # and a >0

d ‘ L T (u+l -1) — g

EL” (x,a):Mu(x,a)::O;X(n+a) log(n+a):’:lﬁ(r!) B [ﬂmp u+l ﬂ)(u+2—l)+log(x+a)}
(o) g +a) "

+(_ u:t--flr J.ME t+a)u_1dtl]@lb(u+l)—ﬂ)(u+l—l)+10g(x+a)}+ —(uil)z (x+a)"+l+Z'(—u,a), u#z-1
Hoglwra) +o (0 u=

Lemma 4. For any complex # and a >0
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¢ () () 5

L, (x,a) = Z (n+a)” log2 (n+a):z|_

du 0<nsx r=1 (u + 2 - 7') r!

x+a [@[ﬂ; u+l u+2—l)+10g(x+a)]2

+w'(u+1)—w’(u+2—1)}+%$—;l)’ﬂj+ B,(1)(t+a)" Eﬁ (u+1)=0(u+1-1)+log(x+a)]
%ﬁog(ﬁa)ﬁ_ ((u+1)) {fog(xal} (14)
+' (u+1) =" (u+1- t+ +—2(x+a) +1+ —u,a u*-
V(1) =0 (1= 1} ey T Cma)
%{10g(x+a)}3 +7, (a), u=-1

Lemma 5.7V Forany «0C and nON, we have

S0 () 5= 0 st =) as)

n

Which is the most convenient for most cases. but if 0=2u0Z , the right-hand side is table interpreted as

(0 (2ot )=o)

3. The Proof of Theorem and Corollaries

First, we now go on to the proof Theorem.
From lemma 4 (14), when u # —1. Let

Ml(u)=’zl:;|_(ru(:i;i)r) (_rl!)rE x+a E@[w u+l u+2—l)+10g(x+a)]2+1b'(u+l)—1b'(u+2—l)}

Mz(u)=(‘f)lr@‘—+1j B0+ o) 40 (1)~ {u+2-1) +log(x a)+ (s 1) = fu 1=

I r(u+i-1
_(x+a)u+1 2_2(x+a)”+1 5 2 x+a)u+1 Vo
M, (u) === —{log(x+a)} W{log(”a)} ") +"(-u.a)
2
So dd—zLu(x,a) =M, (u) +M, (u)+M3 (u) . We give derivation
u
3
— L, (x,a) = M (u)+ M (u) + M; (u) (16)

du?
When u # -1.

i( [ (u+1) ]:rr(wi) [

du I'(u+2—r) (u+2 r
d T(u+1) )_ T(u+1)
E[I’(u+1—1)]_F(u+1—l){w(u+1)_w(u+l )

Let f(ur)=0(u+1)=d(u+2-r),
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f(u,)=0(u+1)=¥(u+1-1)

(u+1)
r(u+2 r

[@[f u,r +log x+a } +2f u, r)loga+3f(u r)f (u,r)+f"(u,r)} (17)

() =) % [ B+ o) wd) o+ @) +37 (1) 7"t (Yo )+ 7 ar 19

! u+l-|/
, _ ()c+a)'+1 3 _3(x+a)u+1 ) 6()c+a)”+1 _6(x+a)”+1 e
M;(u) = i log® (x +a) (u+1)2 log (x+a)+Wlog(x+a) (u+1)4 ¢"(~u,a) (19)

Put (17), (18) and (19) in (16), we can get the poof of theorem with u # —1

When u =-1 let f(¢)= ! log® (¢t + a)
tta

In Lemma 1 (6)

SOW =D ke +a)™ (log'(+a) —3Zk:%10g2(t +a) +3§%10g(t +a) —Z%
:(—Dkth+ay%ﬂ{mg%t+a}%(W(k)-W(0)bg%t+a»+3(W(k—1)—W(Q)mg@+a)-(w(k_2)_w(0»

(20)

x _ (- 1 3 _ 1 4 _1 4
jo f(t)dt—_[omlog (t+a)dt =2 log (x +a) = log"a 1)

W +1)-Wu+2-r) = —Z% =W(1) - W(r +1),

k=1

ELECES Y :(_1 ](r—l)!, M+l :[_lj“’
Mu+2-r) \(r-1 Mu+1-1) \!

r=1 -1 1 r=1
f,r) =@+~ +2-r)= Zu+k r+1=k1k_r——z_:—=w(1) w(r)
; __‘*1 __ -1 _ fli
Su,r) zu+k v ;(k 25
ll _ "_li
f"(u,r) = 2;@ 2;18

kl)rBT(x)f“*l)(x) = —Zl: B, (x)(x+a)-f{10g3(x+a) =3(W(k-1)-W(1))log®(x +a) +3(W(k-2)-W(1))log(x+a)

L (-1) — v (1 .
. ( )B,,(x)(x+a) (r_J(r—1)![@(4’(1)—W(r)+log(x+a)) —ZZk—lzloga+3(l+’(l)—W(r))(—zk%]+f"(u,r)}

k=1

L(-1) — | IS S S
-2 LT ey L Jonl(wa-vi) sonfora)] -25 L iogaaS 25 L e

k 1

SOV (00 =2 ELE (e (L o[ -vo) siosa] 25 oo 3T 525 | @

We can us the same why to get
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()"

I
=(-W[;jﬁmﬁlﬁﬁ+a)1Tﬂ%«n—woo+Mgh+a»3—ﬂw«u—wv»

[B (1) 1" @y
(24)

r-1

iz—ik—lzlog(x+a)—2§%}dt

k=1 k k=1 k=1

Put (21),(22),(23) and (24) in (6), we get the proof with u = -1
We now complete the proof theorem.

Second, we go on to the Proof of Corollary 1.

Since those terms of the sum with » 2m +2 for

d_L” (x, a) have singularities at non-positive integers, we have to take the limit as the limit as ¥ — m of
u

r(u+l)

r(u+l)
M(u+1-1)

(~0(u+2-7)) or (—0(u+1-1)

as the case may be, on noting that other terms vanish because of simple zeros of I (z)_1 at non-positive integers.
By the fundamental difference equation satisfied by the gamma function we deduce for vON U{O} that

r(z)_ r(z+v+l)

_ZD--[Qzﬂ/) (25)

We contend that

}inqv% =—(-1)"v! (26)

To prove this it suffices to note from (20) that in taking the limit

lim w(z) = lim F'(z)

vl (z) e I'(z)z

Only one term counts, i.e., it is equal to
r (z +v+ 1)

Sz BeQzv-1)[(z+v) (2) ]

Which is =(~1)"v! on recalling the fact

Res._ T ( z) = (_1') , which in fact follows from (25). Hence
V.

I (u+1) )(—w(u+2—l’))=(—l)km r!

T (u+2-1r)
vz (rers2) | 7

and
[ (u+1)

lifnmm(—w(uﬂ‘l)):m

Hence we conclude that
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m+l1

74 —lam loga +%am_1 (l+m10ga)

m+l 10 _
mt a ga (m+1)

Lo 1
@B (m\1 1 _ Z B——a"”
Zr et 4] mortl
+; ; (r—l}(m-l- +m—(r—2)+ oga]a m+1 55, (m+2)[ :2j
m

L ZZZB,,;M""” j B, (1)(t+a)"" dr

m+l 4, (m+2)(m:2j (m+1)[m+1]

In order to deduce (3) from (28) we have recourse to Lemma 5 and its counterpart

Sy (A =y —

J=0

(28)

for n >u ON ([7,Formula(2.6)]). Substituting the formulas

7 e -vnr2n) =Sy (1) e

[
~

—
3
+
\S)
~
7~ N\
3
+
\S)
N—
—
~
<
3

_1(—1)/'[”’7‘2] L (ram+2)

J=0

and

in (28), we now complete the proof of Corollary 1.
Because proof method of Corollary 2 and Corollary 3 is similar. So, in here, we only give proof of Corollary 3.
From [4]

1])(z+l)—1b(z):é (z#0) (29)
We any easily deduce that
(30)

So

r-1

f(u,r):lb(u+l) (u+2 r)=z

futk-r+1’
r-1 1
f(u,0) =0 (u+1)=v(u+1-1) D vy
r=1 1 r=1 l

flr) = =F s (1) ==
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() =25 —

f"(u,l):QZ

r-l 1

k=1 (u+k—r+l)2 ’ = (u+k—l)2
Let x=0, E(x)=B}_, u# -1
u L(-1) M (u+1) -l 3
1 = ul 3 = ( B u r+l 1
& (el oelxva) =atlogta =3 e {[ s
r=1 r=1 r-1 r-l - ! +00 —
_ loga 3 1 —_+ 1 . +( 1) r(”+1) au—1J‘ Bz(t)
:1(u+k—r+l) k1:1k7:1(u+k2—r+l)(u+k1—r+l) k:l(u+k—r+l) [ r(u+1—l) 0
<R L 1 L loga !
+1lo - + dr
{(;wk—l ga] 22D P O X Z:‘(u+k 1)}
u+l u+l u+l u+l
+ 1 3 1 2 + 1 _ _om(_ ,
i1 og’a (u+1)2 0 (u+1)3 oga (u+1)4 4 ( u a)
When 4 - m
Fru+l) _ m Fu+1) _ N
Fu+2=r) (m+1=r)UT(u+1-1) (m-1)!
Then
Zrﬂ(_m’a)z_aS log3a+am+1 10g3a_L+1210g2a_ 6am+1310ga_ 6(1"’+14
m+1 m+1) (m+1) (m+1)
L(-1) m! 1 o [ R loga
B m—r - 1 _2 e - L
+; rt 7 (m1-r) [E(;m*'k‘“lJroga] kZ::'(m+k—r+l)2

! !

-3

+(_11!) (mnilz)!“m_ljomg(t)((i +1 I

k1=1k2=1(m+k2 —r+l)(m+k1 —r+1)2

We now complete the proof of Corollary 3.
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