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Abstract: Fixed point theory is one of the most dynamic areas of research for the last hundred years with many
applications in various fields of pure and applied mathematics as well as in physical, economics and life sciences. Fixed
point theory plays very important role dynamic and linear programming. Fixed point results are proved by many
mathematicians in last four to five decades and further scopes are there to enhance these results. In recent years, we
observed the fuzzification in almost every direction of mathematics such as arithmetic, topology, graph theory,
probability theory, Image processing, stochastic processes and logic theory etc. It may not be wonder that fuzzy fixed
point theory has become an area of interest for mathematicians. There are many view points of the notion of metric space
in fuzzy topology. Many mathematicians used different conditions on self-mappings and proved several fixed point
theorems for contractions in fuzzy metric spaces. We are interested in the results in which the distance between the
objects is fuzzy, the objects themselves may be fuzzy or not. In this research article we prove some fixed point theorems
for fuzzy 2-metric and fuzzy 3-metric spaces.
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1. Introducti references in this direction are [8, 21, 22]. Gahler in a series
- Introquction of papers [13-15] investigated 2-metricspaces.
L. Zadeh [30] perhaps was the first Our aim in this paper to establish results on three

mathematicianwhointroduced the concept of fuzzy set in  MAaPPIngs in Fuzzy Metric spaces.

1965 and thatled to a rich growth of fuzzy mathematics [28].
Many authors namely Deng [8], Erceg, M. A. [10], Kramosil 2. Preliminaries
and Michalek [23] have introduced the concept of fuzzy
metric space in different ways.

There are several otherauthors studied the fixed point
theory in fuzzy metricspaces viz. [1, 6, 9, 11, 17, 19-21, 25]
and for fuzzy mapping [2-5, 18, 25]. Lee et al. [24] proved

Now, we are going to give some known definitions and
preliminary concepts about Fuzzy Metric Space.

Definition 2.1 [27]: A binary operation
0:[0,1]1%[0,1] - [0,1] is called a continuoust-norm if

fixed point results in Menger space in Fuzzy mapping. ([0,1],0) is an abelian topological monoid with unit 1 such
Recently Sabri et al. [26] established some properties in  that aob < cod whenever a<c¢ and b<d U
Fuzzy Metric Spaces. a, b, ¢, d 10,1] . Examples of t-norm are aob =ab and

There are many view points of the notion of metric space

in fuzzy topology. We are interested in the results in which o )
the distance between the objects is fuzzy, the Definition 2.2 [23]: The three -tuple (X, M,0) is called

objectsthemselves may be fuzzy or not. The most interesting ~ fuzzy metric space if X is an arbitrary set, M is a fuzzy set in

aob =min(a,b) .
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XxX %x[0,00) satisfying the following conditions:
Txy, = Axy,; M(x,y,0)=0,
(FM1 =2) M(x,y,t)=1forall t>0 ifand only ifx =y,
(FM' =3) M(x,p,0) = M(y,x,1),
(FM' =4) M(x,y,t)OM (p,z,5) S M(x,z,t +5),

(FM' =5) M(x,y,0:[0,00) - [0,1]is left continuous L[]
x,y,z 0 X andz,s>0.

Then M is called a fuzzy metric on X and M(x,y,?)
denotes the degree of nearness between x and y with respect
to ¢.

Example 2.3 [16] (Induced fuzzy metric): Let (X,0) be a

metric space, define aob =ab (or aob =min{a,b} ) for all

a,b U[0,1] and Let M, be fuzzy set on X? x[0,0) defined
as.

Mo(x,y,l‘):m (D

0 x,y OXxand #>0.

Then (X, Mj,0) is a fuzzy metric space. We call this fuzzy
metric M, induced by the metric 0 as the standard
intuitionstic fuzzy metric.

Lemma 2.4 [17]: For all x,y OX, M(x,y,0] is non-
decreasing.

Definition 2.5 [17]: Let (X,M,0) be a fuzzy metric
space. Then

A sequence {x,} in X is said to be convergent to a point

x0OX , denoted by

limx, =nift>00 ¢r>0.

n—o

A sequence {x,} in Xis called a Cauchy sequence if

lim M (x H)=10¢>0and p>o0.

n+p,xna

A fuzzy metric space in which every Cauchy sequence is
convergent is said to be complete.
Remark 2.6: Since ‘o’ is continuous, it follows from

(FM'-4),ie.

M(x,y,t)oM(y,z,5) < M(x,z,t +s), that the limit of the
sequence in fuzzy metric space is uniquely determined.

Let (X,M,o0) is a fuzzy metric space with the following
condition.

(FM'=6) im M (x,y,)=10 x,y 0 x .
)

Lemma 2.7 [7]: Let {x,} be a sequence in a fuzzy metric

space (X,M,0) with condition (FM ! —6) . If there exists a
number ¢ O (0,1) such that

M(‘xn+27xn+lﬂqt) 2 M(xnﬂ:xnat) (2)

forall t>0 and n =1, 2,........... , then {x,}is a Cauchy sequence in X.
Proof: For #>0and ¢ O (0,1), we have M(x,,x3,qt) = M (x;,X,,t) = M (xy,%,t/q)

or M (x,,x;,qt) 2 M(xo,xl,t/qZ)

by simple induction with the condition (2) [17], we have for all >0 and n =1, 2,

M (%415 %,42,8) 2 M (x1, %5, /") 3)

Thus by (3) and condition (FM h- 4) for any positive integer p and real number ¢ >0, we have

M(xn’xn+p’t) ZM(xnixn+15t/p)0

....... p—times'0' M (X, 15X, 55t/ P)

> M (x, %t/ pg" ™ Yo.......p—times' 0" M (x,, x,.,t] pg"* %)

Therefore, by (FM' -6) we have,

lim M (x,,X,4,,t) 2 lo...p—times...ol 2 1.

n—o

This implies that {x,} is a Cauchy sequence in X.

Lemma 2.8 [25]: If forall x,y O X , t>0 and for a number ¢ O (0,1), M(x,y,qt)= M (x,y,t),then x=y.
Lemmas 1, 2, 3 and Remark (/) hold for fuzzy 2 — metric spaces and fuzzy 3 — metric spaces also.
Definition 2.9: A function M is continuous in fuzzy metric space if and only if whenever x, — x, y, — y then
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lim M (x,,y,,t) = M(x,y,t), for eacht >0.
Definition 5: Two mappings A and B on fuzzy metric space X are weakly commuting if and only if

M (ABu,BAu,t) = M (Au,Bu,t) , forall ul0X andt>0.

Definition 2.10: A binary operation o :[0,1]0[0,1]0[0,1] - [0,1] is called a continuous t-norm if ([0,1],0) is an abelian
topological monoid with unit 1 such that
a,oboc; < a,ob,oc, ,
Whenevera, <a,, b <b,, lim M(x,,y,,a,b,t)=M(x,y,a,b,t) for a, a,, b, b, and ¢, ¢, arein [0, 1].
Definition 2.11: The 3- tuple (X, M ,0) is a called a fuzzy 2-metric space if X is an arbitary set, o is a continuous t-norm and
M is a fuzzy set in XoeXxX %[0, 00) satisfying the following conditions; for all x,y,z, « 0 X and f,¢,,t; >0.

(FM?*-1) M(x,y,z,0)=0,

(FM?*=2) M(x,y,z,t)=1,t >0
and when at least two of the three points are equal,
(FM2 =3 M(x,y,z,t) =M (x,z,y,t) = M (y,z,x,t), (Symmetry about three variables)
(FM2 _4) M(xay,Z, t] +t2 +t3) 2 M(xaysustl) DM(X,M,Z,tz) DM(u’y’Z:t?,) s
This corresponds to tetrahedron inequality in 2-metric space.
The function value M (x, y,z,t) may be interpreted as the probability the area of triangle is less than 1.
(FM?* =5) M(x,y,z,00:[0,1) — [0,1]is left continuous.
Definition 2.12: Let (X, M ,0) be a fuzzy 2-metric space, then

A sequence {x,}in fuzzy 2-metric space X is said to be convergent to a point x 0X if lim M(x,,x,a,t)=1 0 a0X and

n—
t>0.

A sequence {x, } in fuzzy 2-metric space X is called a Cauchy sequence, if lim M(x,, ,,x,.a,1) =1,
n — 00

UeOXandt>0, p>0.

A fuzzy 2-metric space in which every Cauchy sequence is convergent is said to be complete.
Definition 2.13: A function M is continuous in fuzzy 2-metric space if and only ifwheneverx, — x, y, — » then

lim M(x,,y,,a,t) = M(x,y,a,t), forall aJX andt>0.

n-o

Definition 2.14: Two mapping A and Bon fuzzy 2-metric space X are weakly commuting if and only if
M (ABu,BAu,a,t) = M (Au,Bu,a,t) forall 4, ¢ 0 X and¢>0.

Definition 2.15: A binary operationo:[0,1]0[0,1]0[0,1]0[0,1] - [0,1] is called a continuous t-norm if ([0,1],0) is an abelian
topological monoid with unit 1 such that

ajobjociod; < a,ob,oc,0d,
whenever ¢, <a,, b <b,, lim M(x,,y,,a,b,t) =M (x,y,a,b,t)and d, <d, for a, a,, b, by ,¢|, c;and d, ,d,arein [0, 1].
n— 00

Definition 1.16 The 3- tuple (X,M,0) is called a fuzzy 3-metric space if X is an arbitrary set, o is a continuous t-norm and
M is a fuzzy set in XaXxXxX %[0,00) satisfying the following conditions, for all x, y,z, w, u O X and f,,¢,,4;,¢, > 0.

(FM?* =1) M(x,y,z,w,0) =0,
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(FM? =2) M(x,y,z,w,t)=1forall >0,

Only when the three simplex (x, y, z, w) degenerate.

(FM? =3) M(x,y,2,t) = M(x,w,z,p,1) = M(y,2,w,%,1) = M (z,w,x,y,0) = .....

(FM3 _4) M(xayazawa tl +t2 +t3 +t4)

2M(x,y,z,u,t))oM (x,y,u, w,ty ) oM (x,u,z, w,t;)oM (u, y,z,w,t,)

(FM3 =5) M(x,y,z,w):[0,1) - [0,1] is left continuous.

Definition 2.17: Let (X,M,0) be a fuzzy 3-metric space,
then-

A sequence {x,} in fuzzy 3-metric space X is said to be
convergent to a point x[.X if lim M(x,,x,a,b,t) =1

O a,b0X andz>0.

A sequence {x,} in fuzzy 3-metric space X is called a
x,,a,b,t)=101 a, b0X

Cauchy sequence, if lim M(x,, ,,

andt>0, p>0.

A fuzzy 3-metric space in which every Cauchy sequence is
convergent is said to be complete.

Definition 2.18: A function M is continuous in fuzzy 3-
metric space if and only if wheneverx, — x,y, — y, then

lim M (x,,y,,a,b,t) =M (x,y,a,b,t) 1 a, b0 X t>0.

Definition 2.19: Two mappings 4 and Bon fuzzy 3-metric
space are weakly commuting if

M (ABu,BAu,a,b,t) = M (Au,Bu,a,b,t) U wu,a, b0X and
t>0.

In 1979, Fisher, B. [12] proved the following theorem for
three mappings in complete metric space.

Theorem A: Let S and T be continuous mappings of a
complete metric space (X,d) into itself. Then S and T have
a common fixed point in X if there exists a continuous
mapping A of X into S(X) n T(X) which commute with S

and T and satisfy, d(Ax,Ay)<a d(Sx,Ty) for all x,y0 X

and0 < g <1.Indeed S, T and 4 have a common unique fixed
point.

Sharma, S. [29] proved the following extend theorem A4 to
fuzzy metric space, fuzzy 2-metric space and fuzzy 3-metric
space.

Theorem B: Let (X,M,0) be a complete fuzzy metric
space with the condition (FM ! —6) and let S and T be

continuous mappings of X in X, then S and 7 have a common
fixed point in X if there exists a continuous mapping 4 of X
into S(X)n T(X) which commute with S and 7 and,

M (Ax, Ay,q1) 2
Min{M Ty, Ay,t), M (Sx, Ax,t), M (Sx,Ty,T)}

forall x,yO0X,¢>0and 0<g<1,then S, 7 and 4 have a
unique common fixed point.

3. Main Result

In this paper we generalize the result of Sharma, S. [28],
Theorem B by using (FM ! —6) to fuzzy metric space, fuzzy

2-metric space and fuzzy 3-metric space.
Our first result is as follows:
Theorem 3.1: Let (X,M,0) be a complete fuzzy metric

space with the condition (FM 1—6) and 4 and B be

continuous mappings of X in X, then 4 and B have a common
fixed point in X if there exists mapping 7 of X into
A(X)n B(X) which commute with S and 7" and

M(Tx,Ty,qt) 2 min{M (By,Ty,t), M (4x,Tx,1),

M (Ax, By,t),[M (Tx, Bx,t/2)oM (Bx,Ty,t/2)],

[M (Tx, By,t/2)o(By,Ty,t/2)],[ M (Ax,Tx,t / 2)oM (By, Tx,t / 2)],
[M(Ax,Ty,t/2)oM (By,Ty,t/2)]}

4)

forall x,y 0Xx , t>0 and 0 < ¢ <1.Thend, B and T have a unique common fixed point.

Proof: We define a sequence {x,} such that

Tx,, = Ax,,_and Tx,, | = Bx,,, n=1,2,........

We shall prove that {Tx, }is a Cauchy sequence.

Suppose x =x,, and y =x,,,; in (4), we write.



M (Txy,,Txy,41,qt) 2 min{M (Bx,,.1, 1%y, 4,1), M (Ax,,,Tx,,,t), M (Ax5,,Bx5,4,1),

therefore

By induction

Further, if 2m +1> 2k, then

If> M (A4z,TTz,a,b,t) , then

Pure and Applied Mathematics Journal 2022; 11(5): 84-95

(M (Tx,,, Bx,,,t/2)oM (Bx,,,T%),41,t/2)],

(M (Tx,,,, BXy, 11,1/ 2)OM (BXy, 41, X412/ 2)],
[M(Ax,,,Tx,,,t/ 2)oM (Bxy,41,Tx,,,t/ 2)],
[M(Axy,, Txy, 45t 1 2)OM (Bxy, 11,155,451/ 2)]}

= min{M (Tx5,,,T%5,,41,8), M (Txy, 41, T%5,, ), M (TXy,,11, 1%, , 1),
(M (Tx,,,,Txy,,—1 5/ 2)oM (Txy,,_1, TX5,041,1/2)),

[M (Txy,,,Txy,,t/2)0M (Txy,,,Txy,41,/2)],
(M (Txy,41,Tx,,,t 1 2)0(Txy,,, Ty, 8 1 2)],
(M (Txp,041,Tx4158 1 2)0M (T, TX 5,011}

= min{M (Tx,,,, Txy,41,1), M (Tx5,, Tx5,,11,1), M (Tx5,,, TX5,41,1)

M (Txy,,Tx5,11,8), M (Tx5,,,Tx5,4,1),
M (Txy,,Tx5,41,8), M (Tx,,,,Tx5,.1,0)}

= min{M (Txy,;, Txp,,t/4), M (Txy,,, T, 1,1/ ),

M (Txy, 1, T,/ q)s M (Txy, 1, T, 8] @), M (T, 1, T, 8/ @),
M (Txyy-y, Txy, 5t 1 @), M (T, -1, Ty, q)}

M (Txy,, X 01591) 2 M (T, , 15,5/ )

M (Txy, Ty 041,q1) 2 M (Txy,,, To 5/ q) , for every kand m in N.

M (Txy; , Txy 415 qt) 2 M (Txp4 1, T 08/ q) oo = M (T, T o1-0i 11/ 07F)

M (Txy, Ty 015 G8) 2 M (Txyy 1 T8 Q) oo 2 M (T gy Tt 47" ™)

By simple induction with (5) & (6) we have

M(Txn,Txn+p,qt)EM(TxO,Txp,t/q") Jfor n=2k, p=2m+1o0r n=2k+1, p=2m+1.

And by (FM'-4),

M(Ix,,Tx

n+tp>

qt) 2 M (Txy, Ty, t/2q" YoM (T, T, 1/ 24" )

ifn=2k, p=2m or n=2k+1, p=2m.
For every positive integer p and » in N, by noting that

M (Txy,Tx,,t/q") - 1asn —

Thus {T x,,} is a Cauchy sequence. Since the space X is complete, there exists

88

)

(6)

()



89 Ankita Pagnis et al.: Fixed Point Results in Fuzzy Metric Spaces, Fuzzy 2 & 3 Metric Spaces

z=lim Tx,andz=lim Ax,, ; =Tx,,

n—-o n— oo

It follows that 7z = Az =Bz and

M (T2,7%2,qt) 2 min{ M (BTz,TTz,t), M (T2, Bz,1), M (Tz, BTz,1),

[ M (Az,Bz,t/2) oM (Bz,TTz,t/2) |.[ M (T2, BTz,1/2) o ( BTz, TTz,1/2) ],
[M (Az,Tz,t/ 2)oM (TTz,Tz,t / 2)],
[M(T2,TTz,t/ 2)oM (TTz, Tz, 2)]}

> min{1,1,M (Tz,BTz,t),M (Az,TTz 1), M (Tz,TTz), M (Az,TTz,1), M (Iz,TTz)}
> min{M (T2,7Bz,t),M (Az,Tzz,t) M (Tz,Tzz,t),M(Az,Tzz,t), (Tz,Tzz,t)}
> min{M(Tz,T2z,t),M(Tz,Tzz,t),M(Tz,Tzz,t),M(Tz,Tzz,t),M(Tz,Tzz,t)}

>M (Tz,Tzz,t)

>M (TZ,TZZ,I/(]”)

Since lim M(Tz,Tzz,t/q”) =1,s0 Tz =T?*z

Thus z is a common fixed point of 7, 4andB.
For uniqueness, let (w#z) be another common fixed point of 4, B and 7. By (1), we write

M (Tz,Tw,qt) 2 min{M (Bw,Tw,t),M (A4z,Tz,t),M (Az,Bw,t),
[M (Tz,Bz,t/2) oM (Bz,Tw,z/z)],

[ M (T2, Bw.t/2) oM (Bw,Tw,1/2) ],
[M(Az,Tz,t/ 2)oM (Bw,1z,t ] 2)],
[M(Tz,Tw,t/2)oM (Bw,Tw,t / 2)}

which implies that
M(z, w,qt) 2 M(z,w,t)

Therefore by lemma 2.8, we write z = w .
This completes the proof of Theorem 1.
Now, we extendTheorem 1 for fuzzy 2-metric space.

Theorem 3.2: Let(X M ,o) be a complete fuzzy 2-metric space and let 4 and B be continuous mappings of X in X, then A

and B have a common fixed point in X if there exists continuous mapping 7 of X into A(X ) n B(X ) which commute with A4
and B and

M((Tx,Ty,a,qt) 2 min{M (By,Ty,a,t),M (Ax,Tx,a,t),

M (Ax, By, a,t),[M (Tx, Bx,Ty,t / 3)oM (Tx, Bx,a,t/3)oM (Bx,Ty,a,t/3)],
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[M (Tx, By, Ty,t/3)0(By, Ty, a,t / 3)oM (Tx, By, a,t / 3)],
[M(Ax,Tx,By,t/3)oM (Ax,Tx,a,t/3)oM (By,Tx,a,t/3)], (®)
[M(Ax,Ty,By,t/3)oM (Ax,Ty,a,t/3)oM (By,Ty,a,t/3)]}

Forallx,y,ainX, t>0and 0<¢<1,

lim M (x,y,z,t) =1forall x, y,zin X. 9)

t—> o

Then A4, B and T have a unique fixed point.
Proof: We define a sequence {x,,} such that

Tx,, = Ax,,_;and Tx,, | = Bx,,,n =1,2,......

We shall prove that {T xn} isa Cauchy sequence.

Suppose x =x,,, ¥ =X,,.1, 110 (8), we write

M (Txy,,Txy,41,a,qt) 2 rnin{M (sznH,sznH,a,t),M (szn,szn,a,t),M (szn,sznH,a,t),

[M (TxZH,Tx2n+1,Bx2n,t/3)0M (TxZn,BxZH,a,t/3)0
M (Bxy,, Txy,41, 0,1/ 3)],
[M (T, B0 TX041,1/3)0(BX 041, T 415 4,1 3)0M (T, By, a5t 3)],
[M (Ax,,,Tx,,,BXy 115t 1 3)oM (Axy,,, Tx5,,a,t | 3)oM (Bx,, 41, T%,,,a,t /3)],
(M (A%, Tx 1, BXgyay 11 3)OM (AXy,,, T 415051/ 3)OM (BXy 40, TN 4150511 3)]

> min{M (szn,sznH,a,t),M (sznH,szn,a,t),M (Tx2n+1,Tx2n,a,t),

t t t t .t t
M| Tx 7Txn ,a,-+t—+— ,M Txn,Txn ,a,—+—+—|,
( 2n 2n+l1 3 3 3j ( 2 2n+l1 3 3 3j

t .t t t .t t
M| Tx 7Txn ,a,-+t—+— ,M Txn,Txn ,a,—+—+—
( 2n 2n+l1 3 3 3J ( 2 2n+l1 3 3 3J

M(szn,sznH,a,t),M(TxZH,TxZHH,a,t),M(szn,sznH,a,t),
= min M(szn,TxZnH,a,t),M(TxZH,TxZHH,a,t),
M(szn,Tx2n+l,a,t),M(TxZH,TxZHH,a,t)

(2015 Tx25 0,1/ ) M (T, T, 001/ ),

(T30 T2 a0t/ ) M (T Ty 001 ) M (T, T, 001/ ),
(T Ty, 001/ q)

( )

E

M
M
= min
M
M (T, Ty, 00t/
This gives
M (Txy,, Txya.a,qt) 2 M Ty, Ty, a1/ q)
By induction
M (Txy,,, Typ410a,qt) 2 M (Txy,, Ty 0,1/ q)
For every k and m in N. Further, if2m +1 > 2k , then

M(szk,TmeH,a,qt)ZM(szk_l,sz,a,t/q) ............ EM(Txo,TZmH_Zk,a,t/qZk) (10)
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If 2k >2m +1, then
M (T, Tt qt) 2 M (Tka_(2m+1),Txo,a,z/q2m+1) (11)
By simple induction with (10) and (11) we have
M (T, T, 0 t) 2 M (Txo, T a,t/g" )
for n=2k, p=2m+1orn=2k+1, p=2m+1

And by (FMl —4)

M(Txn,Txn+p,a,qt)2M TxO,Txp,Txl,L oM TxO,Txl,a,L oM Txl,Txp,a,L (12)
3q" 3q" 3q"

ifn=2k, p=2m or n=2k+1, p=2m.
For every positive integer p and n in N, by noting that

M[TxO,Txp,a,LnJ —lasn - o0,
q

Thus {T xn} is a Cauchy sequence. Since the space X is complete, these exists

z=lim Tx,andz = lim TXx,, =Tx,,

n- oo n -

It follows that 72 = Az =Bz and

M (T2,7%2,a,9t) = min{M (BTz,TTz,a,1), M (42,Tz,a,1), M ( Az, BTz, a,1),

{M (TZ,TTZ,BZ,%) oM [Tz,Bz,a,é) oM ( Bz, TTM,%H :

{M (TZ,TTZ,BTz,éj oM (Tz,BTz,a,éj oM (BTZ,TTZ, aéﬂ

M (Az, Tz,BTz,é] oM (Az, Tz,a,%j oM (BTZ, Tz,a,%j]

M (Az, TTz,BTz,éj oM (Az,TTz,a,éj oM (BTZ,TTz,a,éj]

> M (Az,TBz,a,t)
> M (1z,TTz,a,t)

> M(Tz,Tzz,a,t)
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Since lim M(Tz,Tzz,a,t/q") =1,s0 Tz =T2%z.

Thus z is a common fixed point of 7, 4 andB.
For uniqueness, let w(w Z z) be another common fixed point of 4, B and T.

By (8), we can write
M (Tz,Tw,a,qt)Z min{M (Bw,Tw,a,t),M (Az,Tz,a,t),M (Az,Bw,a,t),
M (Tz,Tw,a,t),M (Tz,Tw,a,t),M(Az,Tz,a,t),M(Az,Tw,a,t)}
which implies that
M(Z,w,a,qt) > M(Z,w,a,t)
Therefore by lemma 3 we write z = w .
This completes the proof of Theorem 2.

We prove the following theorem as a extension of Theorem 1 in fuzzy 3- metric space.
Theorem 3.3: Let (X M ,0) be a complete fuzzy 3 metric space and let 4 and B be continuous mappings of X in X, then 4

and B have a common fixed point in X if there exists continuous mapping 7 of X into A(X ) N B(X ) which commute with 4
and B and

M (Tx,Ty,a,b,qt) > min{M (By,Ty,a,b,t),M (Ax,Tx,a,b,t),M (Ax,By,a,b,t),
{M (Tx, Ty,a,Bx,ijoM (Tx,Ty,Bx,b,ijoM(Tx,Bx,a,b,%jo
M(Bx,Ty,a,b,iH, {M[Tx,Ty,a,By,i)oM (Tx,Ty,By,b,i)o

M [Tx, By, a,b,i] oM (By, Ty, a,b,iﬂ M (Ax,Tx,a, By, | 4)oM (Ax,Tx, By, b,/ 4)o

M(Ax,Tx,a,b,t/ 4)oM (By,Tx,a,b,t | 4)],[M (Ax,Ty,a,By,t | 4) oM (Ax,Ty,a,By,t/ 4)o (13)
M (Ax,Ty,a,b,t / 4)oM (By,Ty,a,b,t/ 4)}

Forallx,y,a,binX, t >0and 0<¢ <1,

lim M(x,y,z,w,t) =1 (14)

t— 00

For all x, y, z, win X.

ThenA, B and T have a unique common fixed point.

Proof: We define a sequence {xn} such that Tx,, = 4x,,_,and Tx,, | = Bx,,, n =1,2,......
First, we shall prove that {T xn} is Cauchy sequence.

Suppose x =x,,, ¥ =X,,,; in(13), we write

M (szn,sznH,a,b,qt) = rnin{M (Bx2n+1,Tx2n+1,a,b,t),M (szn,szn,a,b,t),M (szn,sznH,a,b,t),

t t
{M (szn ,T%5,41,0, Bx,, ,ZjoM (szn JTX5,41, 8%, ,b,zjo

t t
M (szn ,Bx,, ,a,b,z)oM(szn T4 ,a,b,zﬂ R
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{M [szn 3 IXp41,0, BXy 4 7%) oM [szn 3 T%,41, BXgpay absijo

M(Txh,sznH,a,b,%)oM (sznH,Tth,a,b,iﬂ,[M(szn,szn,a,BxZnH,t/4)0

M (A4x,,,,Tx,, , Bx,,.1,b,t/ 4)o0

M (A4x,,,,Tx,,,a,b,t | 4)oM (Bx,, 41, Tx,,,a,b,t 1 4)],[M (Ax,,T%x,,,11,a, BXy 41,1/ 4)0
M (Axy,, T%y,1415 BXyp01,0,1 1 4)0

M (Ax,,,Txy,41,a,b,t 1 4)oM (Bxy,,41,T%5,41,a,b,t 1 4)}

> min{M (sz,l,TxZnH,a,b,t),M (TxZnH,TxZn,a,b,t),

M (Tx,,,Tx,,4,a,b,t), M(Tx,,,T%,,41,4,b,t),
M(Tx2n+1,szn,a,b,t),M(szn,sznﬂ,a,b,t), (x2n s t) (x2 O t)}

M (Tx,,,Txy,41,a,b,1)
Which gives

M (Txy,, Xy, a,b,qt) 2 M (Txy, 1, Tx,,,a,b,t/q) .
By induction

M (Txyy Txyp41.a,b,qt) 2 M (T, Ty, 0.,/ q)

for every k and m in N.
Further, if 2m +1> 2k , then

M (Txy, Ty 41, 0,0, qt) 2 M (Txyy Ty, a,b,t/q)

EM(TxO,szmﬂ_zk,a,b,%] 15)
q
If 2k >2m +1, then
t
M(Tka,Tmeﬂ,a,b,qt) > M[Tx%_(z,,,ﬂ),Txo,a,b,—qmﬂ J (16)

By simple induction with (15) and (16) we have
t
M(Txn,Txn+p,a,b,qt) > M[TxO,Txp,a,b,—n]
q

for n =2k, p=2m+1orn=2k+1, p=2m+1.
And by (FM‘ —4)

M(Txn,Txn+p,a,b,qt) > M(TxO,Txp,a,Txl,ﬁjo M[TxO,Txp,Txl,b,ﬁJO
q q
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M TxO,Txl,a,b,L oM Txl,Txp,a,b,L (17)
44" 4q"

ifn=2k, p=2m or n=2k+1, p=2m.
For every positive integer p and z in N, by noting that

M[TxO,Txp,a,b,
q

t
—J—»lasn_,oo.
n

Thus {T xn} is a Cauchy sequence. Sine the space X is complete, these exists

z=1lim Tx,and z=1im Tx,,  =Tx,,.

n - n—00

It follows that 7z = Az = Bz and
M (72,7%2,a,9t) 2 min{ M (BTz,TTz,a,b,t),M (4z.Tz,a,b,t),M (4z, BTz,a,b,1),
[ M (72,77z,a,b.1)],
M (Tz,TTz,a,b,qt) = min{M (BTz,TTz,a,b,t),M (Az,Tz,a,b,t),M (Az,BTz,a,b,t),

M (Tz,TTz,a,b,t),M(T2,TTz,a,b,t),M (Az,TTz,a,b,t),
M(Az,TTz,a,b,t)

zM(AZ,TTZ,a,b,t)
> M (T2,77z,a,b,1/4" )

Since lim M (72,72z,a,b,1/q") =1

SoTz=T2%z.
Thus z is a common fixed point of T, 4 and B.
For uniqueness, let w(w Z z) be another fixed point of 4, B and T. By (13) we write

M (Tz,Tw,a,b,qt) 2 min{M (Bw,Tw,a,b,t),M (Az,Tz,a,b,t),M (Az,Bw,a,b,t),

M (Tz,Tw,a,b,t),M (Tz,Tw,a,b,t),
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