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Abstract: In this paper three numerical methods are discussed to find the approximate solutions of a systems of first order
ordinary differential equations. Those are Classical Runge-Kutta method, Modified Euler method and Euler method. For each
methods formulas are developed for n systems of ordinary differential equations. The formulas explained by these methods
are demonstrated by examples to identify the most accurate numerical methods. By comparing the analytical solution of the
dependent variables with the approximate solution, absolute errors are calculated. The resulting value indicates that classical
fourth order Runge-Kutta method offers most closet values with the computed analytical values. Finally from the results the
classical fourth order is more efficient method to find the approximate solutions of the systems of ordinary differential equations.
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1. Introduction problems could be also reduced to a systems of n first order
ordinary differential equations discussed by [5, 6]. A second

Many physical phenomenon in sciences and engineering  order initial value problem is reduced to two first order systems
are modeled by using a systems of n first order ordinary  and solved by fourth order and Butcher’s fifth order Runge

differential equations defined by [1, 2, 3] as Kutta Methods [7].
The main purpose of this paper is to compare the numerical

@ = (T, Y1, Y2, eens Un) methods by obtaining the approximate solutions of a systems

dx s of first order ordinary differential equations. Section 2, deals

@ = folz, 1,10 Yn) on the detail discussion and derivation of numerical methods.

dx T s Section 3, emphasizes on the computational aspects. And
finally a conclusion is given in the last section.

% :fn('x’ylay%---ayn) (1) 2. MethOdS

Where each equation represents the first derivative of  2.1- Euler’s Method
.each unknown .functions as a mapping d?,pending on the An Euler method for a single equation is elaborated and
1ndepender}t ygrlable x,.apd n unknown functions f1, fa, ..., fn explained in [2, 3, 5, 6, 8,9, 10, 11] as
and the initial conditions fi(xo), f2(20), ..., fn(zo) are
prescribed. )

The comparison between a domain decomposition method Yirr = yi +hf(i i), 1= 0,1, ..
and Runge Kutta methods for system of ordinary differential
equation was analysed by [4]. An nt" order initial value From (2) it could be deduced the iterative formula for

xy 2
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systems of n differential equations and has the following form

Yr,ir1 = Y1i + hfi(@i, y16, 2,60 Ynsi)
Y2041 = Y2,i + Rf2 (@i, Y16, Y2,i- - Yni)
Ynitl = Yn,i + Afu(@i Y14, 2,5 Yni) 3)

That is if we know the entire vector y of the unknown
functions at the point x = z;, then we can find the entire vector
of unknown functions at the next point x; 1 = x;+h by means
of (3).

That is

Yi(wir1) = yi(ws) + hf(xs, ya(2i), y2(4), s yi(24))

for
i=1,2,...n

From (3) for each iteration it need the computation of n
equations.

For demonstration purpose consider a systems of two
ordinary differential equations, then Euler methods results the
following

Yriv1 = Y+ hfi(@i, v, y2.0)
Y2,i+1 = Y2,i + hfo(Ti, y14,y2.4)

at each step we compute the vector of approximate values of
the two unknown functions from the corresponding vector at
the immediately preceding step.

2.2. Modified Euler’s Method

A modified Euler method for a single ordinary differential
equation is discussed and implemented by the authors [2, 3, 5,
6, 10, 12] and given by

1
Yitl = Yi + i(kl +ka)h 4

where

k1 = f(ivuyz)
ky = f(xi + h,y; + k1h)

Extending (4) for a systems of n differential equations we
obtained

1
Y1,i+1 = Y1, + §(k1,1 + k12)h

1
Y2,i+1 = Y2,; + §(k2,1 + kao)h

1
—(kn1 + kn2)h 5)

=Yn,;+ 2

Yn,it+1

where
k1,1 = fl(iﬁiayl,ia 7ynz)
ko = fo(Ti, Y165 s Ynsi)
1= fn(@i, Y1yis s Ynyi) (6)
and
kio=filzi+hyii+kiih,....Yni+ kn1h)
k‘272 = fg(l‘l + h, Y1, + k‘171h, vy Ynyi kn,lh)

kno = falxi +h,yri +kiah, o yni +knah)  (7)

As seen from (5), (6) and (7) we observed that the
computation for every iteration needs in solving 3n equations.

As similar to Euler’s method,when we performed for two
systems of ordinary differential equations and we have got

1
+ §(k1,1 + k12)

Yii+1 = Y1,
1
Y2,i+1 = Y2,; + §(k2,1 + ka2)
where
kix= fi(wi,y16,y2.4)
ka1 = fo(wis Y16, y2.0)
and

kio= filzi+h,y1: +ki1h,y2i + keah)
koo = fo(xi+h,y1,i +kiih, vy + ko ih)

k1,1 and ko are needed to compute y; ;41 and similarly
k2,1 and ko o are needed to evaluate y2 ;1.

2.3. Classical Fourth-Order Runge-Kutta Method

The classical fourth-order Runge-Kutta method for solving
a single differential equation is presented by the authors [2, 3,
4,5,6,7,10, 11, 12, 13] as a form of

1
Yi+1 = Yi + E(ml + 2m2 + 2m3 + m4)h
where

my = (xz»yl)
h m1
h

ms = f( + = 9 s Yi + 7}7’)

my = f(x; + h,y; +m3h) )
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By applying a slight modification on (8) the iterative
formulae are derived for a systems of n differential equations
as

Finally

mia = fi(x +hyis +mish, . Yni + Mn3h)

1
Yii+1 = Y1,i + g(ml,l +2mq 2 +2my 3 +mya)h Mmoa = fo(@; + h, Y1 +mish, .., Yni + Mn 3h)

1
Y2,i+1 = Y2,i + 6(m2,1 +2mo o +2mo 3 +mo4)h

Mg = fo(@; +h,y1 +magh, .. Yni +mpsh)  (13)

1 i -
Uit = Y + (Mt + 2z + 2mns + M)k (9) Fr.om ), .(10), (11), (.12) and (1?) Cl'flsswgl Runge-Kutta
6 requires solving 5n equations for a single iteration.

Where To make clear the above formulae for n systems are
resented for a systems of two ordinary differential equations
mi1 = fl(xivyl,ianwyn,i) P Y Y !
ma 1 = f2($i,yl,ia-~->yn,i) 1
Yl,it1 = Y1,i + 6(7711,1 +2my 2+ 2my 3+ mya)h
1
Yo,i+1 = Yo2,i + 6(m2,1 +2mg 2 + 2ma g + maa)h
Mp,1 = fn(xivyl,iv 7ynz) (10) where
and my = flg‘riayl,iayZi;
h m - ma1 = fo(%s, Y14, Yo.,i
mi2 :fl(xi‘f'*ayl,i+iha---7yn,i+ L’lh)
2 2 2
h m m, and
maoo = fo(x; + <, Y1, + —lp, ey Ynyi T L p)
2 2 2
m m
myo = fi(xi + 5, y1: + ih»yz,i + = h)
2 2 2
m m
maoo = fo(x; + 5 YL + %h»yz,i + 22’1 h)
h m m
Mp2 = fn(®i + 50 YL + 21’1/% vy Ynyi + Tnlh) (11)
and
and
h my 2 Mp,2 m m
3 = i -, i : h,...7 n.i ~h — . . .2 . 2,2
mi3 = fi(x +2 Y14+ 5 Yn,i + 9 ) m173—f1(1'1+27y1’2+ 5 hyya,i + 5 h)
h my 2 Mp2 m m
3= it 5V =Ry s Yni ~h = ; L i) ; 2,2
maoz = fo(x; + 5 Y1+ 5 Yn,i + B ) ma3 = fo(x; + 2,y1,2+ 5 h,ya,i + 5 h)
and finally
h m m, mia = fi(x; + h,y1,; +mish, y2,; + mosh)
Mp,3 :fn($i+77y1,i+ﬁha---ayn,i+ ’2h) (12)
2 2 2 mo.a = fo(x; + h, Y1, +mi3h, yo i + mosh)

3. Computational Aspects

A test problem is chosen to numerically validate the
comparison of the methods to solve systems of ordinary
differential equations. For this purpose I used a systems of
two first order ordinary differential equation of the form:

Yy =1+ 3y2
Yo = 2y1 + 2y2

with initial conditions y;(0) = 5 and y2(0) = 0. And the
analytical solution of this systems is y; () = 3e~% 4 2¢** and
yo(x) = —2e7% + 2e*,

Solving this systems numerically by the above methods for
some specific step size h = 0.05 for the independent variable
x and applying Matlab codes described by the authors [3, 14,
15] leads the following tables of results for each dependent
variable y; and ys.
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Table 1. Numerical test results for the described techniques to evaluate .

.. - 1 by Modified . Absolute error  Absolute error by Absolute
Aifor h=0.05 y by Huler Euler yiby REA Jn Exact by Euler modified Euler error by Rk4
0.0000 5.0000 5.0000 5.0000 5.0000 0.0000 0.0000 0.00000
0.0500 5.2500 5.2938 5.2965 5.2965 0.0465 0.0027 0.0000
0.1000 5.5875 5.6914 5.6981 5.6982 0.1107 0.0068 0.0001
0.1500 6.0281 6.2140 6.2263 6.2264 0.1983 0.0124 0.0001
0.2000 6.5907 6.8871 6.9072 6.9073 0.3166 0.0202 0.0001
0.2500 7.2980 7.7421 7.7729 7.7730 0.4750 0.0309 0.0001
0.3000 8.1772 8.8174 8.8626 8.8627 0.6855 0.0453 0.0001
0.3500 9.2614 10.1598 10.2243 10.2245 0.9631 0.0647 0.0002
0.4000 10.5899 11.8267 11.9168 11.9170 1.3271 0.0903 0.0002
0.4500 12.2103 13.8881 14.0119 14.0122 1.8019 0.1241 0.0003
0.5000 14.1797 16.4292; 16.5974 16.5977 2.4180 0.1685 0.0003
0.5500 16.5666 19.5546 19.7804 19.7809 3.2143 0.2263 0.0005
0.6000 19.4533 23.3913 23.6922 23.6928 4.2395 0.3015 0.0006
0.6500 22.9387 28.0948 28.4928 28.4936 5.5549 0.3988 0.0008
0.7000 27.1414 33.2546 343780 34.3790 72376 0.5244 0.001
0.7500 32.2039 40.9021 41.5868 41.5882 9.3843 1.0686 0.0014
0.8000 38.2972 49,5196 50.4113 50.4130 12.1158 0.8934 0.0017
0.8500 45.6266 60.0516 61.2081 61.2104 15.5838 1.1588 0.0023
0.9000 54.4383 72.9182 74.4132 74.4162 19.9779 1.4980 0.0030
0.9500 65.0281 88.6322 90.5588 90.5626 25.5345 1.9304 0.0038
1.0000 77.7507 107.8194 110.2950 110.2999 32.5492 2.4805 0.0049

Table 2. Numerical test results for the described techniques to evaluate ys.

. - 12 by Modified . i Absolute error Absolute error by Absolute
Aifor h=0.05 y2 by Euler Fuler y2by RK4 y Ixact by Euler modified Euler error by RK4
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0500 0.5000 0.5375 0.5403 0.5403 0.0403 0.0028 0.0000
0.1000 1.0750 1.1670 1.1740 1.1740 0.0990 0.007 0.0000
0.1500 1.7413 1.9102 1.9228 1.9228 0.1815 0.0126 0.0000
0.2000 2.5182 2.7931 2.8136 2.8136 0.2954 0.0205 0.0000
0.2500 3.4291 3.8476 3.8789 3.8790 0.4499 0.0314 0.0001
0.3000 45018 5.1128 5.1585 5.1586 0.6568 0.0458 0.0001
0.3500 5.7697 6.6358 6.7009 6.7010 0.9313 0.0652 0.0001
0.4000 7.2728 8.4745 8.5652 8.5654 1.2926 0.0909 0.0002
0.4500 9.0591 10.6993 10.8238 10.8240 1.7649 0.1247 0.0002
0.5000 11.1860 13.3959 13.5647 13.5651 23791 0.1692 0.0004
0.5500 13.7226 16.6691 16.8957 16.8961 3.1736 0.2270 0.0004
0.6000 16.7515 20.6465 20.9481 20.9487 41972 0.3022 0.0006
0.6500 203720 25.4838 25.8826 25.8834 55114 0.3996 0.0008
0.7000 24.7030 31.3709 31.8951 31.8961 7.1931 0.5252 0.001
0.7500 29.8875 38.5395 39.2250 39.2263 6.3388 0.6868 0.0013
0.8000 36.0966 47.2722 48.1646 48.1664 12.0698 0.8942 0.0018
0.8500 43.5360 57.9137 59.0711 59.0734 15.5374 1.1597 0.0023
0.9000 52.4522 70.8845 72.3804 72.3833 19.9311 1.4988 0.0029
0.9500 63.1413 86.6977 88.6251 88.6289 25.4876 1.9312 0.0038

1.0000 75.9582 105.9792 108.4556 108.4605 32.5023 2.4813 0.0049
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The solution for the dependent variable y; and y, are
separately solved using Euler, Modified Euler and classical
fourth order Runge Kutta method. By comparing the
approximate result with the analytical solution and by taking
small step size the absolute error is calculated. The results
obtained from the two tables, reflects that the fourth order
Runge- Kutta method is the best mechanism of solving system
of first order ordinary differential equations using numerical
method similar to that of a single ordinary differential
equations.

4. Conclusion

In this paper ,three numerical methods were applied to the
system of first order ordinary differential equations. Upon
solving the systems by Euler method, Modified Euler method
and classical fourth order Runge-Kutta methods, the error
arise from each method has significant difference. Comparing
among the results the accuracy of the classical fourth order
Runge-Kutta method is very high and almost the same with
the analytical solution. The accuracy sequence in decreasing
order becomes classical fourth order,Modified Euler and Euler
respectively even if the computational cost was different.
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