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Abstract: In the present paper using precise results on the solutions of linear elliptic differential operators with Holder
continuous coefficient as well as a variant of the Lery - Schauder method and the gal of this paper to find an adequate degree
theory for the infinite dimensional setting and to extend the theory of homotopy classes of maps form R™ to R™ to homotopy

classes of maps on infinite dimensional spaces.
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1. Introduction

The infinite dimensional space under consideration in this
section are normed linear vector spaces are their subsets.
Extensions will be discussed in the next section. Let X be (a
real) linear vector space. On X we define a norm || ||x or ||. ||
for short which satisfies the following hypotheses:

llx + yll < llxll + llyll, for allx,y € X (1)
A x| < [Alllx]l, for all x € X,and for all 2 € R (2)
[lx]| = 0if and only if x=0 (3)

The combination is called a normed linear vector space. If
an addition is X complete it is called is a Banach space. A
normed linear space is complete if every Cauchy sequence
has a limit in X; {x"} c X with ||x"—x™| > 0asn,m -
oo, implies that there exists a x € X such that ||[x™ — x|| —
0Oasn — oo. Normed vector space and Banach space are
examples of metric and complete metric spaces respectively,
where the metric is given by: d(x,y) = |x — y|.

Continuity: Definition (1-1): A mapping f:X =Y is
continuous if x™ - x (in X) implies that f(x™) -
f()(inY). A map is uniformly continuous on X, if for any
€ > 0 there exists a § > 0 such that |[x — y|| < & implies
that [|f(x) — f(¥)|| < €. The latter can also be defined with
respect to a closed subset A C X.

A continuous function f: X — Y is bounded if f(Q) € X

is bounded for any bounded subset @ c X. Continuous
mapping on R™ are necessarily bounded, i.e. bounded sets in
R™ are mapped to bounded set under f. This is however not
the case in general Banach spaces.
Lemma (1-2): A uniformly continuous map is bounded.
Proof: We need to show that for any bounded set the image
A c X the image f(A) c Y is also bounded. Choose R > 0

such that A € Bx(0), and let n > %. Then for any two

points x,y € A it holds that [|x — y|| < 2R, and one can
define the line segmen t = x + t(y — x),t € [0,1], in Bx(0).
For t; = i we obtain point x' c Bp(0) , with |lx% —
xtiv1|| <&, by the choice of n. Since f is uniformly
continuous it follows that ||f (x*) — f(x*+1)|| < e, for all i.
Form the triangle inequality we then get: ||f(x) — f(¥)] <
Lillf () = f(xf)ll <ne.

Which prove the boundedness of f #

Differentiability: Definition (1-3): A mapping f C(X,Y) is
called Gateaux differentiable in the direction h € X, at a
point x, , if there exists a y €Y such that
limeollf (xo +th) — f(xo) —tyll = 0,

With x + th defined in a neighborhood N of x,

Compact and finite rank maps: An important subspace of
continuous mappings are the compact mappings from
f:X—>X. A mapping f:X - X is compact if f(Q) is
compact for any bounded subset O © X. Compact mapping

are bounded since f( ) is bounded for any bounded set
Q) c X. The space of compact mappings on X is denoted by
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K(X).

Definition (1-4): A continuous map K:Qc X - X is
called compact if f( 5) is compact.

Lemma (1-5): Letk € K(Q), then for any, there exists a
finite rank map

k€ € F(Q) such that || k— kellco <ei.eke F(Q)n
Cp (@)

Proof: Let k( Q) is compact it can be covered by finitely
many balls B.(x/), with x/ € k(Q) . Define u/(x) =

A0
LA (x)

Where  A'(x) = max (0, — || k(x) — x||) This
maximum is zero whenever k(x) € B(x') and therefore
pi(x) = 0, unless || k(x) — xi|| <e.

Set ké(x) = ¥; u'(x).x'. Now k€(Q) < span (x'). As
for the approximation we obtain: | k— k€||cg =

|k — Zi i (). xi||Cg = ||IZi ki ). (k — xb) ”c{,’

Ik = kellco = supxen

PNUCIEOEED

<Zui(x)e=e

S Supxen

D W) k() - )

Which complete the proof #

2. Preliminaries

Definition of the Leray — Schauder degree (2-1): Let f be a
continuous map of the form f € € (Q), and letp f & (0Q).
Let k€ be a finite rank perturbation with

|| k — ke”Cg <eande <§/2 (6 as given above ) and

with k€(Q) € Y€ c X (subspaces). Then for any finite
dimensional subspace X€ containing both Y€ and p, define
the Leray Schauder degree as

deg(f,Q,p) =deg (f, Q2N X, p)

Where f€ = Id — k€. If there is no ambiguity about the
context we mostly omit the subscript for the notation.

Lemma (2-2): Let X¢ ¢ X be any finite dimensional
subspace such that Y€ ¢ X€ and p € X€. Then deg( f€,Q N
X¢,p) = deg (f£,QN X, p)

Proof: Step (i): Consider mappings of the from g = Id —
h:DcR"@ R™ - R* @ R™, with h (D ) € R™. Suppose
p ER" and p € g(0 D). Then deg(g,D, P) = deg(g,,D N
R", p), where g, = glpnr

We prove the above statement in the case that his Ct,
since the degree is defined via C! approximations and with
P=0. Let w,and w, be top forms on R™ and R™

respectively with [o, w; = [om @, =1 and their supports
contained in a sufficiently small neighborhood of the origin.

In terms of coordinates we write x = x; +X,,%; €
R™ and x, € R™. For the degree this yields

deg(g,D,P) =

fD 9" (0, © wy) :fD wy (% — h(x, +
X2))w, (x2) J4(x1 + x2)dxy dx,

By the specific from of we have that J,(x; +x,) =
det (Id — ;—:(x)> since the expression for the degree is
1

independent of w, and w, we can choose w, to approximate
a density function that peaks at 0 and has integral equal to 1
approximating a delta distribution. Due to the independence
on w, this give

deg(g,D,P) =

. a
= Jpogn @106 — Ry + ) et (id — i (1)) dx; =
deg(gn, D NR",p)

Step (ii): Since Y€ € X¢n X€ and p € X¢ N X€ we may
assume without loss of generality that X¢NnX€¢ . By
construction it holds that f€: Q N X€ — X€ and

fé:Qn X¢ > X€. By construction it holds that f€: QN
X€ - X€and

fe:Qn X¢ — X¢. Consider the linear change of variables
y = q(x) such that ¢(X€) = R" @ 0 and (X¢) = R" @ R™
From Step (i) it follows that ion

deg(g,D,P) = deg(g,, D N R™, p). It remains to prove
that the degree is invariant under the change of coordinates.
Using differential characterization of the degree we obtain:

f g*w=f (qofoq™ ") w
D D
- f @ ((f) (")
D

=sign (Jg-1(0)) Jg, 7 () (g" )
=sign (lq—i(x)) deg(f€,QNXEDP) fonim 97 @

=sign (]q—1(x)) [deg(fe,Qn
Xe,p)] sign UgO)) fgnem @

~deg (/4,00 8p) fyuam
Since [, g* w = deg(g,D,q(P) [gnim @ it follows that:

deg(g,D,q(p) = deg (f¢,Qn X¢,p)

Which proves that the degree is invariant under coordinate
changes.

By restricting to the subspace € we obtain deg(g,, D N
R", q(p)) = deg (f€,QNn X¢,p) . The proof follows now
from Step (i).

Lemma (2-3): Let k€and k€ both be finite rank
approximations for with |k — k€||cg <e€lk- kE”cg <e
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and € < §/2. Then
deg(Id — k€,Qn X, p) = deg(Id — k¢,Qn X, p)

For any subspace X€ and X€ containing both p and the
ranges of k€ and k¢

Respectively.

Proof:

Let Z€ € X be a finite dimensional linear subspace
containing both X€ and X¢€

From Lemma (2-3) it follows that

deg(ld — k¢,QNnX¢,p) =deg(ld — k¢,Qn Z¢,p)
deg(ld — k€,Qn X¢,p) = deg(Id — k,Qn Z¢,p)

Consider the compact homotopy kf = (1 — t)k€ + t k€.
which yields a homotopy f;f =Id — ki and is a proper
homotopy.

Then deg(ld —k,QnZ¢p) = deg(]d —k5,0n Zf,p)
which then prove that deg(Id — k€,Q N X€,p) = deg(ld -
ke,Qn X¢,p)

The Leray —Schauder degree is well defined.

Theorem (2-4): Let F be C* — function Q X R™ which
defined a strongly elliptic nonlinear partial differential
operator F(u) of order 2mon Q. Let 0 <A< 1 and for
0 <t<1, let Flx,p,t) =t F(x,p) + (1 = t) X} Ipal® .
F;(u) the corresponding

The corresponding partial differential operator of order.
Suppose that all of the following conditions are satisfied:

For each > 0, there exists constant y with0 <y <A <1
and a differential operator H of order < 2m — 1 "possibly
nonlinear" on  such that for each u € C(z,m_l"1 Q),ve
ca™* (Q) with ||ull zm-12 < R and

D* u(x),|lal <m
D* v(x),|a]l =m

pe(u e = {

the linear equation

tHo (%, p,(W)))D*n =0

la|=2m-1

Z Fta(x' px(u: v)))Da n +

la|=2m

Has only n = 0 as a solution in C2™* (Q),0 <t < 1.

For given R > 0 and the corresponding function H of
condition (1), there exists a function R;(s) such that for
w in 24

vin C2™* (Q) such that p,(u, v) + tH,(p,(w)) = f, for
some tin[0,1] and f € cot (Q) with ||f||00,;x(m <s, we
have vl xS Ry(s)

(Q) with ||u||02m_1,,1(m < R and any

There exists a constant Ry > 0 such that for any t in [0,1]

and in v € CZ™* (Q), if

F;(v) = 0 we have ||v||002m_1,;1(m <R,.

Then the equation F(u) = 0 has a solution u € ;™" (Q).

Proof of Theorem: Let
R=Ry.B={uluec;™ (Q),llull <R} . Let H be the
function corresponding to R by condition (1) of the
hypothesis of Theorem (2-1).

For each u in Ry, we consider the equation:

(D) Fe(p(w,v)) + tHp(v)) = tHp(w))

For vin € C.™" () The

equation (i) is

linearized form of

@) ) Fealwv WDn+ D tHo(p,w )Py

la|=2m la|=2m-1

=0

Which by condition (1) has only n = 0 as a solution in
€ CZ™* () for a fixed p with 0 < p < A < 1. Moreover by
condition (ii) of the hypothesis, the solution v of the
equation

UDF(pwv)) + tHp(u,v)) =f
for fin €Y (Q)

Ifll,oa <s, where v lies in C(z)m"1 (Q), must satisfy the
inequality ||v||o am-12@ < R;(s). Hence the hypotheses of

For ||u||002m—1.l(n) <R with

Theorem (2-1) are satisfied for the family of equations (iii)
and in particular, equation (i) has one and only one solution
v, for each tin [0,1].

We set C;(u) = v;. Then C; is a well-defined mapping on
Br whose range we consider as a subset of C(z,m_l"1 Q).
Since the map u — H(p(u)) carries bounded sets of
C(Z)m_l‘/1 (Q) into bounded sets of Cg"1 (Q) it follows from the
argument of the preceding paragraph that [|C,ull j2m-11.q) <
R, for all u in B, and all t in [0,1] with a fixed constant
R, > 0. Since C(z,m"1 () has a compact injection into
C(z,m_l"1 (Q0), it follows that Ug<;<q C;(Bg) is precompact in
" ()

We wish now to verify that mapping [t,u] = C; (u) is a
continuous mapping of

[0,1] X By into C(z,m_l"1 (Q). Let t, be a fixed number in
[0,1], uy, we have

F(p(u,v)) + tH,p(v)) — tHp(w))
= Fto(p(uo,v)) - toHtop(V)) + { Fto(p(u, 17))_ Fto(p(uo' V))}

+ {thP(V)) - toHtop(v))} - toHto(p(uo)) + {thp(v)) - tOHtop(u))}

Furthermore

Fto(p(uo, V)) = Fto(p(uo, V)) + Fto(p(uo, v))(u — Vo) + R(ug, to,v)
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Where

Vo = Cto(vo) and ||R;(ug, vo, to, V)HOO.A = 0 (llu —wvoll) as [lu — 170”02771./1 -0

The norm of u — v, will be taken in C2™*

Similarly

(Q) throughout this argument.

tOHto(p(v)) = toHto(p(Vo)) + tOHtO(P(Uo))(u = vp) + Ry (g, vy, to, V)

Where Ry (ug, Vo, to,v) = 0 (llu — voll) as |lu — vgll 2ma — 0

It follows that for v near v, in Cém"1 (Q) we have

Ft(p(u' 17)) + tHyp(v)) — tH,p(w)) = {Fto(p(uo,UO))-i-tOHtO(p(uO)) - toHtO(p(Uo)) [Fto(p(uo,vo))

+t0Ht0 (p(uo))1(u — v4) + Ry (ug, v, to, t,u, V)

Where ||R,(ug, v, to, t, U, V) ||ozm—1,/1(m
< o(u —vp) |lu—voll zma + 03(Uo, Vo, to, t, U, v)

And o3 (ug, v, to, t,u,v) = 0 as |lu — voll jzma + [t — to] = 0

The condition that D plu,v))+ tH,p(v)) =
tHyp(w) =0

Can therefore be satisfied if

[F'(p(uo,vo)) + tOHtOP(UO))] = —Ry(ug, vo, to, t,u, v)

The operator in square brackets is an isomorphism of
c2™* (Q) with €** (Q) by

Condition (1) of the hypothesis. Hence for |[u — vql| +
|t — to| sufficiently small, we may find a solution v of
equation (i) in a prescribed neighborhood of v, in Cém"l Q)
with [lu — vl ,2ma < p (lu — voll + [t — £

Where (s) » 0ass — 0. Since the solution of (i) is
unique, v = C;(u). Hence C; maps [0,1] X By continuously
into C2™* () and a fortiori into CZ™™** ().

We now apply the theory of the Leray — Schauder degree
to the family of mappings

I-C,05t<1. For t=1,C;, =0 since then v is a
solution of

D* D%y =0

lee|=m

Hence the degree of T, over By with respect to 0 is equal
to +1. For each t in [0,1], C;

Is a compact map and the degree of T; over B, with
respect to 0 is well — defined since

For u in Bg with ||u]| 2ma@ = R, T;u = 0 implies that

Fy(p(w) + tHp(v)) =tHp(w))ieF(p(u) =0

And for solutions of the latter equation. condition (3) of
the hypothesis assures that

lull j2ma@ < Ro =R . The degree of T, over Bz with
respect to 0 is constant in t by the continuity and
compactness of C; in the pair [¢t,u]. Hence the degree of T
over B, with respect t 0 ois equal to +1 and there exists a
solution u in By of T;u = 0.

This is equivalent, however to F (p(u)) = 0 #

The problem with degree theory in infinite dimensional
spaces is that homotopy

Invariance, a basic property of the degree, prevents the
existence of a nontrivial

Degree theory. We can alter the notion of homotopy
invariance in order to a degree theory, or limit the types of
maps for which a degree is well defined the Leray Schauder
degree does both by considering specific types of mappings.
Namely mappings of the form f = Id — k, where Id is the
identity map on X and

k € K(Q). Homotopies are considered in the same class,
denote the function class by CL(Q)={f=1d-
klk € K }and by 2 ( Q) for mapping defined on X

Properties of the Leray — Schauder degree:

Theorem (2-5): For Leray —Schauder degree we have the
following properties:

(Al)ifp € Q, thendeg;s(Id, Q,p) =1

(A2) for Q1, 0% c Q, disjoint open subsets of Q, and then
p € Q' U Q?, it holds that

deg,s(f, Q,p) = deg,s(f, ', p) + deg,s(f, Q% p);

(A3) for any continuous path t — f, = Id — k¢, k, € K(Q)
and t — p,, withp; € f,(0Q) it holds that deg;s(f;, Q, p;)
is independent of € [0,1]; deg,s and is called a degree
theory.

As in the case of the Brouwer degree the essential
properties of the Leray —Schauder degree follow from (Al) —
(A2).

Property (Validity of the degree) (2-6): If p & Q, the
deg;s(f,Q,p) = 0. Conversely, if then deg;s(f,Q,p) # 0,
then there exists a x € Q such that f(x) = p.

Property (Continuity of the degree) (2-7): The degree
deg;s(f,Q,p) is continuous in f = Id — k, i.e there exists a
8§=26(@,f) >0, such that for all g =Id — k satisfying
|k — 12||C£ <& , it holds that p € g(0Q) and

deg,s5(9,Q,p) =deg,s(f,Q,p).
Property (Dependence on path components) (2-8): The

degree only depends on the path components D < X \ f(9Q)
i.e for any two points p,q € D c X \ f(0Q) it holds that
deg,s(f,Q,p) =deg,s(f,Q,D) this justifies the notation

deg;s(f,Q,D).
Property (Translation invariance) (2-9): The degree is
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invariant under translation, i.e. for any ¢ € X it holds that
degis(f —q,Q,p — q) =deg,s(f,Qp)

Property (Excision) (2-10): Let Ac Q be a closed subset in
Q and p e f(/\) Then de.gLS(f' Q' p) = degLS(f' Q'\ /\' p)

Property (Additivity) (2-11): Suppose tha Q' c Q,i =
1, ..,k are disjoint open subsets of Q, and p ¢ f(Q\
(Ui Qy)), then deg,s(f,Q,p) =X, deg.s(f, Q" p)

Definition of the Compact homotopies (2-12): Two
mappings

f,9:Q € X >7Y are said to be compactly homotopic
relative of F is there exists a family of compact
mappings: k(t,.): Q@ € X - Y,t € [0,1], such that

h(t,x) = F(x) + k(t, x) 4)
h(0,x) = F(x) + k(0,x) = f(x) (5)
h(1,x) =F(x) + k(1,x) = g(x) (6)

The associated compact homotopy classes are denoted

by [fle.

3. Main Result: Semi Linear Elliptic
Equations and a Priori Estimates

In this section we will give Application of the Leray -
Schauder degree in the context of nonlinear elliptic
equations. We follow the notes by L. Nirenberg.

The methods that we discuss apply in general for elliptic
differential operator of any order. Let D < R"™ be a bounded
domain with smooth boundary dD.

Consider the problem —Au = g(x,u,Vu),u = 0,x € dD

For the nonlinearity g we assume that C* — function of
arguments, ie g € C*(D X Rx R"), and | g(x,u,Vu) | <
C+ClVul,y <1

Uniformly in x € D and u € R. Under these conditions we
can prove the following result.

Theorem (3-1): Under the assumptions on g the above
elliptic equations has a solution u € C®(D). Moreover, if
g(x,0,0) # 0, then the solution u is not identically zero.

Proof: The idea behind the proof is the formulate the
above elliptic equation as a problem of finding zeroes of an
appropriate function f on (infinite dimensional ) Banach
space.

Let start with choosing an appropriate space in which to
work. Define X = H2 n H}(D) to be the intersection of two
Soblev space.

The space H? N H}(D) is a Hilbert space with norm
lhulle = f, 18u] dx

Due to the Dirichlet boundary conditions the Laplace
operator

—A:H?’n H}(D) € 1?(D) » L>(D) has a
inverse (— A)~1: L2(D) - L*(D)

We rewrite the elliptic equation as:

compact

u—(—2)"1gl,u,vVu) =0

The above equation can be regarded as a seeking zeroes of
the (Nemytskii)

Mapping f(u) = u—(—A)"1g(x,u,Vu) on H? N

H} (D). By the estimate on g we have that

f lg (e, ux), Vu(x))|? dx < Cf [1+ |Vu(x)|?] dx

Y
< C(f [1+ |[Vu(x)|?] dx)

<c (1+1ulz,)

Which prove that for u € X, g(x,u, Vu)(x). Is an L2 -
function. Consequently, t he

Composition (— A)"[g(x,u,Vu)] € X , proving that
f:X = X is well defined. The latter follows from the fact that
R((—A)i"* =H? nH}(D). As a map from L? to H*> N
H} (D), the inverse Laplacian is an isometry. Concerning the
continuity of this substitution map. If we define Y = H}(Q)
then f is a map fromY toY, and f = id — k, where k: Y —
Y is a compact map. Indeed, k is a composition of the
Nemytskii map u — g(x,u, Vu) (from Y to L?), the inverse
Laplacian (—A)™! (from L?toX ), and the compact
embedding X < Y, which proves the compactness of k. This
brings us into the realm of the Leray - Schauder degree.

Suppose u € X is a solution of the equation (3-1-1), then
the estimate on g(x,u, Vu) can be used now to obtain an a
priori estimate on the solutions.

lullf < Cllullg = € llgQe,u, Vw2
< @+ [lulip)

Which, since y < 1, implies that ||x]| y < R

Define the domain Q = B,;z(0) € X . Clearly, f is a
continuous map from Q into X, which is of the from identity
minus compact. Due to the above a priori estimate f~1(0) <
Br(0) and 0 € f,(0Q) and therefore the Leary —Schauder
degree d;s(f, Q, 0) is well defined.

In order to compute this degree we consider the following
homotopy:

fi) =u—t(=0)7" [glx,u, VW], t €[01]

Notice, for t € [0,1] we have via the same a priori
estimates, that f~1(0) < Bx(0) , and therefore 0 ¢
f:(0Q) for all t € [0,1]. Homotopy invariance of the Leary —
Schauder degree then yields

d(f,0,0) = d(id,2,0) = 1

Which implies, by validity property of the Leary —
Schauder degree, that f~1(0) # 0. Equation (3-1-1) thus
has a solution u €Y . The equation yields u=
(= A)71 [g(x,u, Vu)] € X, which that the solution also lies
in X. To prove regularity we use a bootsrappind argument.
The integral estimates on g can be adjusted to L°
estimates. This gives, by the Sobolev embeddings that:

u€HY"Y = g(x,u,Vu) € LF = u € H*» = u € H'?
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Where 5:%_% , provide n>p . This yields the

recurrence relation

1 1 1

P

We can repeat these recurrent steps until k time until
2k +1)>n>2k

And then € H*P¥ | where py =n2k. A gain by the
Sobolev embeddings, we have that H%P* (D) & CY% (D).

Where @ =1 ——, since ===, and k+1>=>k, it

pk pk 2 2

holds 0 < a <1 We now repeat the bootsrappind in the
Holder space:

u€CY = g(x,u,Vu)u € CO7* = y € €4
Where @ = ya. The idea now is the use the elliptic
regularity theory for the Laplacian be differentiation the
equation. Let v; = 2% then
6xi

Av, = 0, g + (3,9) +Za v
vi - Xig ug vi : ‘U]g axi
J

Singe g is C* function of its arguments, and u € C%¢, the
right hand side is in C*%, implying that v; € C*%, and thus
u € C>*. We can repeat this process indefinitely, which
proves that u € C*(D)

If g(x,0,0) # 0, then u = 0 cannot be a solution, and
thusu £ 0#
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