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Abstract: The deterministic model for co-infection of cervical cancer and HIV (Human Immunodeficiency Virus) diseases
is formulated and rigorously analyzed. The optimal control theory is employed to the model to study the level of effort is
needed to control the transmission of co-infection of cervical cancer and HIV diseases using three controls; prevention,
screening and treatment control strategies. Numerical solutions show a remarkable decrease of infected individuals with HPV
(Human Papilloma Virus) infection, cervical cancer, cervical cancer and HIV, cervical cancer and AIDS (Acquire
Immunodeficiency Syndrome), HIV infection and AIDS after applying the combination of the optimal prevention, screening
and treatment control strategies. However, Incremental Cost-Effective Ratio (ICER) shows that the best control strategy of
minimizing cervical cancer among HIV-infected individuals with low cost is to use the combination of prevention and

treatment control strategies.
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1. Introduction

Cervical cancer is a major cause of morbidity and
mortality among women in sub-Saharan countries and about
70% of cervical cancers are caused by Human
Papillomavirus (HPV) types 16 and 18 which are transmitted
sexually through body contact. Some studies have shown that
HIV-infected women after being infected with HPV infection
have a high risk to progress to HPV-related cervical diseases
and invasive cervical cancer than women without having
HIV infection [1, 2, 3].

The aim of this work is to study the effect of incorporating
three optimal control strategies to the co-infection model of
cervical cancer and HIV diseases. In [15] formulated co-
infection model of cervical cancer and HIV diseases but the
findings of this paper differ from the work presented in [15]

because the co-infection model incorporates three optimal
control strategies; prevention, screening, and treatment.

2. Optimal Control Analysis

Here, we introduce optimal control strategies to the co-
infection model of cervical cancer and HIV disease as
presented in [15]. The co-infection model in [15] is
developed as follows:

The total population of individuals at any time ¢, denoted
as N is categorized into ten compartments according to the
individual’s status of infection as follows: Susceptible

individuals (S ) , HIV-infected individuals no HPV infection
(1,)» AIDS individuals no HPV infection (D, ), Unscreened
HPV infected individuals no HIV infection ( Ipu), Screened
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infectious individuals showing the impact of HPV infection
without HIV infection (I ps), Individuals with cervical cancer

no HIV infection, Unscreened HPV infected individuals with
HIV infection (Ihpu) , Screened infectious individuals

showing the impact of HPV infection with HIV infection
([hps), HIV-infected individuals with cervical cancer (Z,,)

and AIDS individuals with cervical cancer (D, ). Thus,

N (e) = S e+ 0 (1) L (0) # L (1) 1 (1) + 1 () # £y () # £ () + D3y (1) + Dy (1)

The rates of transferring between different compartments are as described in Table 1.

Table 1. Description of parameters and their values for the model of co-infection HIV and cervical cancer diseases.

Parameter Description Value Reference
H Natural mortality rate 0.01584yr" [11]
o Natural recovered rate for HIV-infected individuals with HPV infection 0.7yr"! [12]
W Natural recovered rate for HPV unscreened infected individuals 0.366yr" Estimated
[2p) Treatment rate for HPV screened infected individuals with only HPV infection. 0.2000yr™! Estimated
gy Treatment rate for HPV screened infected individuals with HPV and HIV infections. 0.2200yr™! Estimated
Progression rate from HPV unscreened infected individuals with HIV infection to q .
a HPV screened infected individuals with HIV infection. b I
& Progression rate from HPV screened infected individuals with HIV infection to 0.1286yr"! Estimated
2 cervical cancer individuals with HIV infection. ’ Y
@ 'Probgrbessmn rgte frorq cervical cancer individuals with HIV infection to AIDS 016 4Oyr'1 Estimated
individuals with cervical cancer.
ay ProgreSS{on rate from HPV unscreened infected individuals to HPV screened 0.1100yr" Estimated
infected individuals.
as Progrpssmn rate from HPV screened infected individuals to cervical cancer 0.1271 OOyr‘l [12]
individuals.
Progression rate from HPV unscreened infected individuals with HIV infection to 1 .
6 cervical cancer individuals with HIV infection. Olei e LRI
az Progression rate from HIV infected individuals to AIDS individuals. 0.1160yr™ [4]
Progrpssmn rate from HPV unscreened infected individuals to cervical cancer 0‘1200yr'1 Estimated
individuals.
d pu The death rate due to HPV infection for HPV unscreened infected individuals. Close to zero [12]
dps The dﬁ:ath rate due to impact of HPV infection for HPV screened infected 0.0002 Estimated
individuals.
d, Death rate due to cervical cancer 0.037yr" [13]
The death rate due to HIV and impact of HPV infection for HPV unscreened infected R .
d P !
hpit individuals with HIV infection. RLLLEYS Ene s
The death rate due to HIV and impact of HPV infection for HPV screened infected R .
d 1
hps individuals with HIV infection. R TYze LRI
dpe Death rate due to cervical cancer and HIV 0.0493yr™! Estimated
dyic Death rate due to cervical cancer and AIDS 0.1848yr" Estimated
dy, Death rate due to HIV 0.0070yr™! Estimated
dy; Death rate due to AIDS 0.1584yr" [14]
it Infectivity rate of HIV infection 1.0000 Estimated
m Infectivity rate of AIDS 1.0029 LRI
n Infectivity rate for HPV unscreened infected individuals with HIV infection. 1.0054 Estimated
I Infectivity rate for HPV screened infected individuals with HIV infection. 1.0040 Estimated
5 Infectivity rate for cervical cancer individuals with HIV infection 1.1152 Estimated
6 Infectivity rate for cervical cancer individuals with AIDS 1.1240 Estimated
i Infectivity rate for HPV unscreened infected individuals 1.016 Estimated
R Infectivity rate for HPV screened infected individuals 1.0130 Estimated
oy Infectivity rate for cervical cancer individuals 1.0510 Estimated
B Probability of transmission HIV infection
Buc Probability of transmission both HIV and HPV infections 0<Byc <1
Be Probability of transmission HPV infection 0<fc <1
q Mean number of contacts 1-3 Estimated
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The mathematical model is defined by the following system of ordinary differential equations:

d_S:”"'abI + 0yl = (H+ Ay + Aye +Ac)S

dt "
% =AuS+aly, +oil,, ~(p+dy, +ay +Ac )1,
Uit deS+dcly (a1 v+ 4y )y
dj;;u =AcS =yl ~(@ +p+d,, +ay+ag),,
dclifY =a,l,, _(/11-1 +0, +0; +iu-"dw)11!"T M
deS =y, + Al _('Ll+dhps T +01)th3
dclltc = Wyl + Al —(H+dye +05) I,
‘;Itc =agl,, +asl, —(u+d,)I,
dDy,

=a;l, _(/1+dhl)Dh/

dp,,,
T};l =50y, _(/'I+dhlc)Dhlc

where

A :%(’hlh +’72Dh1) with 77, > 1,

Anc = ﬁ,;\?q (,73]hpu 4Ly + 151y +’76Dh1c) with 776 > 175 > 175 > 1],

AC :%(0711714 +,78[ps +,79[C) with ,79 >,77 >I78’

Hence, the system (1) is modified by introducing time-dependent control; (t) represents prevention control strategy

(Education campaign and health hygiene practice), u, (t) represents the treatment of early stages of cervical cancer and u3 (t)
represents screening individuals showing an impact of HPV infection leads to cervical cancer. The following system of

equations is obtained

%:ﬂ+(u2 +02)[ps +wyl, —(l—ul)(/]H + Ay +/]C)S—/1S

dl
7;' = (1_”1)(/]HS_/]clh)+(”2 +01)Ihps +twly, _(0'7 +d, +,U)1h

dl, .
;; =(1=10)(AucS + AL + Al ) = (s + ) Ly, = (Al + iy + 61 + 1)
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dl,,
dl; = (1_u1)(/]CS_/]H[hpu)_(u3 +a4)[hpu _(a8 +dpu +C(§ +lu)[hpu
dl,,
Ttp =(u3 +al)1hpu +(1_u1)AHIps _(”2 +0’1)Ihps _((’72 +dhp5 +lu)lhps
di
7’; =(uy +a,) 1, ~(1=) Ayl —(uy +0,) I, —(a5 +d,, +,u)1ps
dl,.
d; =1y, +agly, _(:U"'dhc +a3)lhc
dl, _
E _aﬁlps +a81pu _(Iu-'-dc)lc
dD
dhl =a;l, _(/1+dh/)Dh/
t
dDy,.
Me = a1, ~(1+dy.) Dy (2)
The objective functional is defined as follows
Is u2 2 u2
J(upuy,u) = lim || Ay, + Ayl + Ay, + Ayl + B, 71+3272+B3 73 dt 3)
U,y Uy
0

where 4; and Bj for i=1,2,3,4 and j =1,2,3 are positive

Bui?
weights. The term 1

represents the cost of control effort

2
Byu;

on prevention strategy against HPV infection,

represents the cost of control effort on screening individuals
with or without HIV infection having HPV infection and

2
Byu

represents the cost of control effort on treating

individuals having cervical cancer with or without HIV
infection. The main goal of introducing time-dependent
controls in the co-infection model is to prevent women not to
acquire HPV infection which leads to cervical cancer and to
minimize infected women showing the impact of HPV
infection lead to cervical cancer while minimizing the cost of

— ul u2 u3
H = Ay + ALy, + Al + A1 + By 7+Bz 7+B3_

controls (t), Uy (t) and u; (t) as in [5, 6, 7]. The goal is
to seek an optimal control uf , u; and u; numerically such
that

J(uf,u;,u;):min{J(ul,uz,u3)|u1,u2,u3DQ} 4)

where :{(ul’uz’”s) such that u;,u,,u; measurable with

0<u, <1,0<u,<land 0<u <1 for tl:l|:09tf:|} is the control

set. The necessary conditions that an optimal must satisfy
come from the Pontryagin’s maximum principle [8]. This

principle converts (2) and (3) into theproblem of
minimizing point-wise Hamiltonian, // , with respect to u,,
uy and u;.

2 2 2

2

+MS (ﬂ+(u2 +0-2)1ps +ab1pu _(1_u1)(AH +/]HC +/]C)S—,US)
™M, ((l_ul)(AHS_/]Clh)"'(”z +01) Iy + @1y, ~ (a7 +d, +,U)1h)
+M1h[,“ ((1_ul)(AHCS+AH1pu +ACIh)_(u3 +a1)[hpu _(a6 +dhpu +(L{ +lu)lhpu)

M ((1_”1)(/]CS_/]HIhpu)_(”3 +ay) 1, _(0'8 +d,, + @ +/’I)1hpu)
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M) ((u3 + 0, ) Ly, +(1=1) ALy = (1 + 07) 1 —(af2 + dypg +:u)]hps)
M, ((u3 +a, )1, ~(1=u) Ayl —(uy +0,) 1, —(cr5 +d,, +/'{)1ps)
+M; (azlhps +agl,, ~(u+d, +af3)1hc)
M, (asl,, +ayl, -(u+d,)1,)
+M,, (a1, =(u+dy)Dy)
M, (a3l =(+dye ) Dy ) (5)

where, Mg, M M L ? M 1, M L ? M I M I M > M D, and M p,, are the co-state variables or the adjoint variables.

. . * * * .. . . .. .
Theorem: For the optimal control triples u, , #, and u, that minimize J (ul,uz,u3) over Q, there exist adjoint variables
Mg, th > Mlhpu > Mlpu > Mlhp‘s >
M, M M, , M, and M), satisfying

dt 9

I

c > c >

where ] = S 5 1}1 5 Ihpu 5 Ipu s Ihps > Ih

Mg (t)=M, ()=, ()=M, ()=M, (1)=M,; (1)=M, (1)=M, (1)=Mp, (tf) =Mp,, (’f) =0
and,

D, , Dy, and with transversality condition

1,

uf =max<{0,min| 1 1Ay (MI/,,,S _MI,,S)+S/1H (MIH _MS)+IPM)IH (th,m _Ml,m) (7

Bi| 482, (M,W —MS)+S/1C (M,pu —MS)+/ICIH (M,/W —M,h)

Z/l; = max {0, min(l,BL(lhps (M[hpS _Mlh ) + [PS (Mlps _MS ))J} (8)
2
* - 3 1
Uz =max {0, mln[l’B_3([hpu (Mlh[m Mlhps ) +1pu (MI”" Mlm ))J} v

Proof. Corollary 4.1 of Freming and Riches [9] gives the = of the state system with respect to the state variables.
existence of an optimal control due to the convexity of the  Differentiating Hamiltonian functions with respect to state
integrand J with respect to u; , u, and uy a priori variables gives differential equations governing the adjoint

boundedness of the state solutions and the Lipchitz property ~ variables as follows;

dM ¢ Ips/‘H (1 _ul)(MIhpS _Mlps) [pu/‘H (1 _ul)(MIh,m _]M/,,M )
——==Msu+ +
dt N N

Iy (1 _”1)(M1,wu -M, )
N

+/1Hc(l—ul)(MS—M1hpu)+ + Ay (1-) (Mg -0,
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S(1-1) Ay (M,h —MS) . S(1=u) Aye (MI,W —Ms) '

+)Ic(l—u1)(MS _Mlhp:)-" N N

Ipsq(l_ul)lgHﬂl (MIPS _Ml,ws) N [ps/]H (1_“1)(M1,W _M1ps)
N N

M,
dt

=a;Mp, +M, (H+d,)+

SBuaih (1_”1)(Ms _Mlp.,) . Ipu/Bquh (l_ul)(Mllm _Mlh,m) N S(l_ul)AHC (MI,,W _MS)
N N

I (1=u)(M, -M, ) i (1—u1)(M,W —M,h) Sy (1= ) (b1, - M)
N N N

SAc(1 —ul)(M,p“ —MS)
N

A (1—u1)(M,h —M,hpu)+

am,,

Iy (=) (M, =My, ) Sy (1) (b1, =3a5) Sa(1=) By (Ms =, )
N N N

+

I (1= ) Ay (0, —M,p“)+)lclh (l—ul)(MIhW -M, ) Shye (1=u)) (M MS)
N N N

i,
—— =ty vy (M, M, )+
7 hbrag\M; I

1Ay (1= ul)(MIhm -M, ) +1pu/]H(1—ul)(M1hp“ —M,W)
N N

I, (1 —ul)qﬂc’h (Mlh —M,,, )
N

+

pu

M (/’I+dpu)+/]H (1_”1)(M1W _MIW)"'(’-& (M1

S(1=w)Aye (M,h[m —MS)
N

+

IAc 1 ”1( M])
d +(u3+a4)(M, -M, )+
N oo e

S(1-)Ac (M, —MS) S(1-u) Ay (M, ~My) Sq(l_%)ﬂc’h(MS —szu)
+ N + N + N

i,
e oyt (M M )+
7 ;+a I,

1, (1=1) Ay (M,W -M, ) SA, (1-w) (M), - M)
N * N

1, (1) A (M,hpu -M, )
N

Ly (1) (M,W M, )
N

+

+ (”3 +t0 )(MI,W -M; ) +My (/1“' dhps) +
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Sq(1=1) Bucha (Ms M, ) SAc (1—u1)(M1,m _MS) S(1=w) A (thpu _MS)
+ N + N ¥ N

M,

- Nps = _A4 + as (MIIIS _M[hc )+MIIIS (/j+ dps ) + (u2 + Ul )(Mlp‘v _MS)

LA (=) (M,
N

M, )
—+(-up) Ay (Mlm, M, ) +(1-u)l Ay (MI,W M, )

S(l—ul)ﬁcngq(MS —M,W) S)IC(I—ul)(MIp“ —MS) Ih)lc(l—ul)(MIhW —M,h)
+ + +
N N N

Ih(l_”1)ﬁc’7M(M1,, _MJ,W) S=u)Ay (MI,, _Ms) S(l_ul)/]Hc(Mth _Ms)
+ + +
N N N

am

IC -—
—— =M, (p+d,)+a (Mlhc -Mp,, )"'

1,4 (1 —ul)(MIth —M,m) . SAy (1= )(M,h —MS)
dt

N N

89 Byclls (Ms _M1,,pu) N SAnc (1_”1)(M1,,W _Ms) SAc (1_”1)(M1,,pu _MS)

+ +

N N N
1Ay (l—ul)(MIhW —M,W) Ih/lc(l—ul)(MIhW —M,h)
N * N
ey gy ) )10, e )
t N N N
Sﬁcqfk(l_”l)(Ms _MIW) Ipu/] (1-u) ( MIW) SAc(l_W)(M]W _MS)
¥ N ¥ N ¥ N

Ihﬂcqfig (1 _ul )(M[h _Mjhpu ) IhAC 1 ul (Mjhl’“ M[h )

+
N N
amy, 1By, (1_141 (M,m _MI,W) 1 (1_”1)/11{ (MI,WA_ _Mlpl,)
‘——(/1+dh1)MD + +
dt " N N

+S,GH/72q(1—ul)(MS _MI,, ) .\ SAy (l—ul)(MIh —MS) N SAyc (1_“1)(M1hpu _MS)

N N N
+1h/1c (1—u1)(M,W —M,h) . LAy (1—u1)(M1W M, ) . Ipuﬂgﬂzq(l-ul)(Mzw —Mzm,) .\ SAc (1—u1)(M1W —Ms)
N N N N
Mo _gyany O M ) SO (b, ) (10

dt N N

Optimality equations (7)-(9) are obtained by computing  partial derivative of the Hamiltonian equation (5) with
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respect to each control variables as follows

0H
0:6_ for i=1,2,3

U

Solving for uf , u; and u; , subject to the constraints,
provides the characterization equations (7) - (9) . In the next

part, the numerical solutions of optimality system are
discussed.

3. Numerical Solutions

In order to obtain optimal control solutions, the optimality
system which consists of two systems namely; the state
system and the adjoint system is solved. In solving state
equations using forward fourth order Runge-Kutta, an initial
guess of all controls over time are made and the initial value
of state variables are introduced. Having the solution of state
functions and the value of optimal controls, the adjoint
equations are solved using backward fourth order Runge-

7
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Kutta by using transversality condition. In this simulation,
the weights are chosen be 4, =80, 4, =75, 4,=50,
A4,=45,B, =100, B, =110and B; =120 . Other parameter
descriptions and values used in getting numerical results of
the co-infection model of cervical cancer and HIV diseases
are presented in Table 1. Control strategies are formed and
studied numerically as follows

3.1. Strategy I: Combination of Prevention and Treatment
Control Strategies

The combination of prevention control strategy u; and

treatment control u#, are used to optimize objective

functional while setting screening control u; equal to zero.

The results show that applying optimal prevention and
treatment control strategies; the population of susceptible
individuals increases whereas thepopulation of all infected
compartments decreases as illustrated in Figurel: A and
Figurel: B-J respectively.

x10
6
— Q1
al (= Q2
=
_
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0 10 20 30
Time (years)
Fig1:D
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Dhic®
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132
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1000

Figure 1. The use of prevention and treatment control strategies. Figure 1: A - J are time series plot of different population where Qp =uy # 0,uy # 0,u3 =0

with control and Oy = (”1 =0,up =0,u3 = 0) without control.

3.2. Strategy II: Combination of Prevention Control
Strategy and Screening Strategy

The combination of prevention control strategy, #;, and

screening control strategy, u5, are used to optimize objective

functional while setting treatment control strategy, u,, equal

to zero. Results illustrate that the population of susceptible
individuals increases (see Figure 2: A) while the population
of infected individuals decreases (see Figure 2: B-J).
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Figure 2. The useprevention and screening control strategies. Figure 2: A - J are time series plot of different population where Qp =uy # 0,up =0,u3 # 0 with

control and Qy = (u1 =0,up =0,u3 = 0) without control.

3.3. Strategy I11: Combination of Screening and Treatment
Control Strategies

The combination of treatment control #, and screening

control %5 are used to optimize objective functional while
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0 30

setting vaccination control #; to zero. Results indicate that

there is unremarkable increase of susceptible individuals and
the population of infected individuals declines not much
compared with other combination control strategies as
illustrated in Figure 3: A and Figure 3: B - J respectively.
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Figure 3. The use of screening and treatment control strategies. Figure 3: A - J are time series plot of different population where Qp =uy =0,uy # 0,u3 # 0 with

control and Oh = (u1 =0,up =0,u3 = 0) without control.

3.4. Strategy 1V: Combination of Prevention, Treatment and
Screening Control Strategies

The combination of prevention control strategy, treatment
control strategy u,, and screening control strategy u; are
used to optimize objective functional. Results illustrates that

X ‘IDI
4
— Q1
I —a2
% 2
1
0
0 10 20 30
Time {years)
Figd: A
8000
— Q1
6000 —_— 2 1

Wl

4000

=2

2000
0
0 10 20 30
Time (years)
Fig4: C

pu(

the population of susceptible individuals increases as shown
in Figure 4: A while the population of infected individuals
decrease compared with other combination of control
strategies as shown in Figure 4: B - J.
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Figure 4. Showing impact of using all control strategies. Figure 4: A - J are time series plot of different population where O =uy # 0,uy # 0,u3 # 0 with

control and Qp = (u1 =0,up =0,u3 = 0) without control.

4. Cost-effectiveness Analysis

Here, Incremental Cost Effectiveness Ratio (ICER) is used
to quantify the cost-effectiveness of different strategies. This
approach is useful to understand which strategy saves a lot of
averted species while spending low cost. This technique is
needed to compare more than one competing interventions
strategies incrementally, one intervention should be
compared with the next less effective alternative [10]. The
ICER formula is given by

Difference in intervention cost
ICER=

Difference in the total number of infection averted

The total number of infection averted is obtained by
calculating the difference between the total number of new
cases of individuals having HPV infection without control
and the total number of new cases of individuals having HPV
infection with control.

Table 2. Calculation of ICER after arranging the number of total infections
averted in ascending order.

Total infections

Strategy Total Cost ($) Averted ICER
Strategy I1I $2,480.00 64,637.00 0.0384
Strategy 11 $2,770.20 75,510.00 0.0266
Strategy [ $3,090.00 91,109.00 0.0205
Strategy IV $4,383.30 93,870.00 0.4684
ICER(Strategy IIT) = 248050 _ ) 1384 ,
64,637.00
ICER Strategy IT) = 1 10-2072,480.50__ ) ¢ ,
75,510.00 — 64,637.00
3,090.00 - 2,770.20
ICER(Strategy I) = — 2 =0.0205
(Strategy D) = 09.00-75.510.00 and
ICER(Strategy IV) = 4,383.30-3,090.00 _ ) 4ces _

93,870.00-91,109.00

Comparing strategy 11l and strategy II, ICER of strategy II
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is less than ICER of strategy III. Hence strategy III is more
costly and less effective than strategy II. Thus, strategy III is
omitted and ICER is recalculated.

Table 3. Computation of ICER after dropping strategy I1I1.

Strategy Total Cost($)  Totallnfections Averted ICER
Strategy 11 $2,770.20 75,510.00 0.0367
Strategy [ $3,090.00 91,109.00 0.0205
Strategy IV $4,383.30 93,870.00 0.4684

Comparing strategy I and strategy I, ICER of strategy I is
less than ICER of strategy II. Thus, strategy II is omitted and
the ICER is recalculated.

Table 4. Computation of ICER after dropping strategy II.

Strategy Total Cost($) Totallnfections Averted ICER
Strategy [ $3,090.00 91,109.00 0.0339
Strategy IV $4,383.30 93,870.00 0.4684

By comparing strategy I and strategy IV, ICER of strategy
I is less than ICER of strategy IV. Therefore, strategy IV is
dropped and strategy I is considered.

Thus, according to Incremental Cost Effectiveness Ratio
analysis, the combination of optimal prevention and treatment
control strategies is the best way of minimizing cervical cancer
among women with or without HIV infection in our
community following the combination of all control strategies.

5. Conclusion

This paper designed and analyzed a deterministic model
for co-infection of cervical cancer and HIV diseases. The
optimal control theory was employed to the main model and
analyzed using Potrayagin’s Maximum Principle. The
different combination of three optimal control strategies;
prevention, screening, and treatment were studied
numerically. Also, cost-effectiveness analysis was performed
and the following results were obtained

(a) The combination of optimal screening and treatment
strategies is not much powerful way of controlling
HPV infection and cervical cancer in the community
compared with other combination of optimal control
strategies as shown in Figure 3. Also, applying the
combination of all control strategies (prevention,
screening, and treatment) is the best way of minimizing
co-infection of cervical cancer and HIV diseases in a
community as shown in Figure 4.

(b)In the case of Incremental Cost Effectiveness Ratio
analysis, the combination of optimal prevention and
treatment strategies is the most cost-effective control to
minimize cervical cancer among women with or
without HIV infection. The second is the combination
of all optimal control strategies; prevention, screening,
and treatment. The third is the combination of optimal
prevention and screening control strategies.
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