Pure and Applied Mathematics Journal
2016; 5(1): 9-14

Published online February 1, 2016 (http://www.sciencepublishinggroup.com/j/pamyj)

doi: 10.11648/j.pamj.20160501.12
ISSN: 2326-9790 (Print); ISSN: 2326-9812 (Online)

ocl eNL ePG
Science Publlshmg Group

Oscillations of Neutral Difference Equations of Second
Order with Positive and Negative Coefficients

Hussain Ali Mohamad, Hala Majid Mohi

Dept. of Mathematics, College of Science for Women, University of Baghdad, Baghdad, Iraq

Email address:

Hussainmohamad22@gmail.com (H. A. Mohamad), hala.iraq96@yahoo.com (H. M. Mohi)

To cite this article:

Hussain Ali Mohamad, Hala Majid Mohi. Oscillations of Neutral Difference Equations of Second Order with Positive and Negative
Coefficients. Pure and Applied Mathematics Journal. Vol. 5, No. 1, 2016, pp. 9-14. doi: 10.11648/j.pam;j.20160501.12

Abstract: In this paper some necessary and sufficient conditions are obtained to guarantee the oscillation for bounded and
all solutions of second order nonlinear neutral delay difference equations. In Theorem 5 and Theorem 8, We have studied the
oscillation criteria as well as the asymptotic behavior, where was established some sufficient conditions to ensure that every
solution are either oscillates or |y,| = o0 as n — co0. Examples are given to illustrate the obtained results.
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1. Introduction

In this paper the oscillation for bounded and all solutions
of second order neutral delay difference equation with
positive and negative coefficients:

Az(yn _rnG(Yn—l) =fn (1)

will be studied, where A is the forward difference operator,
qn T, are nonnegative infinite sequences of real numbers and
fn» Pn, are infinite sequences of real numbers. G € (R, R) is
function y,G(y,) > 0. The purpose of this research is to
obtain new sufficient conditions for the oscillation of all
solutions of equation (1). The following assumptions are
used:

(H1)§ ]Z_l <,

j=nqi=j+l-k

o  j-1
) ). }Z 4 <o

j=ny i=j—l+k

- pn.Vn—m) + qnG(Yn—k)

(H3) There exists a sequence {F,} such that A%F,
lim,, ., E, =0;

Hy) G(y) = Brys
(Hs) G) < Boy-

= f, and

2. Main Result

The next results provide sufficient conditions for the
oscillation of all bounded solutions of Eq. (1). For a
simplicity set

Zn = Yn— PnYn-m (2)

Let the sequence w,, be defined as

Wn = Yn — PnYn-m +Z} nZL =j+l- erG(yi—l) —F, k>1 (3)
and the sequence W, be defined as
W = Yn — PnYn-m — 2] nzl =j—l+k CILG(yi—k) —F,l>k (4)

The following theorem based on Theorem 7.6.1, [3] pp.
184:

Theorem 1. ([3], pp. 184)

Assume that {p,} is a nonnegative sequence of real
numbers and let k be a positive integer. Suppose that

n—-1

kk+1
llﬂglf Di > m
i=n-k
Then
i. The difference inequality
Y1~ Yn T Pn¥Vnik =0, n=012--

cannot have eventually positive solutions.
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ii. The difference inequality

Yne1 — Yn + PpYnk 20,n =012,

cannot have eventually negative solutions.
Theorem 2. ([12], pp.10) Let x, y € R then
()x<y +eforalle >0ifand only if x < y.
(i) x >y —eforalle > 0ifand only if x > y.
Theorem 3. Suppose that p, > 1 is bounded (r,4;_x —

qn) < 0, let (H;), (H3), and (H,) hold, in addition to

n-1 j+p
[Tis1-k — il

Di—k+m

lim inf
n—-oo
j=n—(k-p-m) i=j
(k -p- m)k—p—m+1

Bk =p—m+ DF P T

k>p+m %)

Then every bounded solution of equation (1) oscillates.

Proof. Assume for the sake of contradiction that {y,} be
positive bounded solution of eq. (1) for n = ny = 0, then
from equations (1), (2) and (3) we obtain

Ang = (rn+l—k - qn)G(yn—k) <0 (6)

Hence, Aw,,, w,, are monotone sequences. We claim that
Aw, >0 for n = n; = n,, otherwise, Aw,, <0, n>n,,
thus, w,, < 0 and w,, > —o0 as n — co. From (3) we get

Wn 2 “PnVn-m — Fn

2 —PYn-m — Fn' Pn < p

then y,, —» o0 as n — oo, which is a contradiction. Hence our
claim is established. We have two cases for n = n, > n;:

Case 1: w, >0, Aw, > 0,A*w, <0; Case 2: w, <
0, Aw, > 0,A*w, <0

Case 1: w, >0, Aw, > 0,A*w,, <0, then there exists
y > 0 such that w, >y > 0 for n > n, = n,. Since y, is
bounded, let liminf,,_, ¥, = h, h, = 0, so there exists a
subsequence {n;} of {n} such that lim; ,n; =oc0 ,
limj_woyn]. = h,. From (3) we get

[e9) s—1
Ynj = Wn, + PnYnj-m — Z Z 1G(i-) + B,
s=nj i=s+l-k
o s—1
Yo, 2V +PnVnjm — 522 Z T+ Fo, G(yn) < 6
s=n; i=s+l-k

Ynj > y+ynj—m_€

Since € is arbitrary, by Theorem 2, it follows that for
sufficiently large j we get

Y‘n)' 2 y + yn)-—m

As j—> o, it follows that h, >y + h, which is a
contradiction.

Case 2: w, <0, Aw, >0, A’w, < 0. By taking the
summation of both sides of (6) fromnton+p,0<p <

k —m, we get
n+p

Awyyq — Awy, = Z(rm—k = q)GYi—k)
i=n

n+p

—Aw, < By Z(riﬂ—k = q)Yi-k

i=n
Awy = By X Pk — 4l Vik @)

From (3) we get

oo j-1
Wn =Yn_pnyn—m+z. Z . riG(yi—l) _Fn
j=n i=j+l-k

2 —PnYn-m — Fa
Wn > —PpYn-m — &€ >0
Since ¢ is arbitrary, it follows that
Wn 2 —PnYn-m
1

Yn-m = ——— Wy
n

Yn-k 2= — Wn—k+m (8)

DPn-k+m
Substituting (8) in (7) to obtain

n+p

r. _ —_— .
AWnZ_ﬁ1Z |L+lk qllw

i—k+m
Pi-k+m

i=n

n+p |7~, e |
Aw, + B, Z Miti-k = il Wi — (eepmy = 0

i=n Pi-k+m

By theorem 1-ii and in virtue of (5), it follows that the last
inequality cannot have eventually negative solution, which is
a contradiction.

Example 4. Consider the difference equations

) 1\" 27 25 /1\"

A Yn — 1+(§> Yn-1 +§y‘n—3 _§<E> Yn-2
(1 n+3 n"
-G 3

where m =1, k=3, 1= 2, p=1, Pn=1+(

(E1)
)n'qn = %.
= g(i)n GO) =Y B =1 f, = (;)"*3 (_1)”

2
0 j-1
* Yitn Zisjriok i

N | =

Sy, ()7 =2 <o
° pn=1+(%)n21.
®* Tyi-k —qn = 25 (%)1”3

o n-1 JH1Irivi—e—ail _
® liminf,_ ijn_l Zi:]. =

~Z<on=1.
32

i+3
1yt %25(3) 27t
1&i=j 16~ 4

()

limy, e 20z
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By Theorem 3, it follows that every bounded solution of
(E1) oscillates, for instance y, = (— %)n is such a solution.
Theorem 5. Suppose that p, < p < 1, 41—k — qn) <0,
(Hy), (H3) — (Hs) hold, in addition to
izne di = ©,M9 2 0 €
n-1 j+p

[Tis1—k — qil
j=n—(k-p-m) i=j

lim inf

n—o0o

p(k—p-m)k—p~m+1

By (k—p-m+1)k=p=m+1’

k>p+m (10)

Then every solution {y,} of equation (1) either oscillates
or |y,| > coasn — oo,

Proof. For the sake of contradiction, assume that {y, } be
an eventually positive solution of eq. (1), then from equations
(1), (2) and (3) it follows that (6) hold, that is

qn)G(Yn—k) < 0

Hence Aw,,, w,, are monotone sequences. If Aw, < 0 for
n=n, =ny, thus w, < 0 and w,, > —o0 as n - oo. From
(3) we obtain

=Yn — PnYn-m +z Z rLG(yi—l) _Fn'
j=n i=j+l-k

2 ~PnYn-m — Fn =

2 —
A Wp = (rn+l—k -

—PYn-m — Fn

which implies that y,, - o0 asn — co.

If Aw,, >0 for n>n; 2n,, we have two cases to
consider forn > n, > n,:

Case 1: w, >0, Aw, > 0,A’w, <
0, Aw,, > 0,A%w, <0

Case 1: w, > 0, Aw,, > 0,A?w,, < 0. Then lim,_, w, =
L, where 0 < L < oo.

If L = oo, From (3) we get

=Yn — PnYn-m +Z Z rlG(yi—l) _Fn
j=n i=j+l-k
WnSyn+Z Z rLG(yi—l) _Fn
j=n i=j+l-k

which implies that lim,_ ), = 0, otherwise if y, is
bounded it follows from the last inequality w, <y, + €,
which is a contradiction.

If 0 < L < oo, then there exists y > 0 such that w, >y >
0, forn = n,. If lim,,_,, y;, < oo, then from (3) we get

Yn +ﬁz z Z TiYi—k _Fn
j=n i=j+l-k

< Yn +ﬁ2612 Z T nryn < 61
j=n i=j+l-k

W, <Y, +¢e€e>0

0; Case 2: w, <

€ is arbitrary, so for sufficiently large n we get
YpZ=w, =y >0

By taking the summation of both sides of (6) from n, to
n — 1, it follows that

n-—1 n-—1
Z Aw; 1 — Aw; = Z M-k — )G Yi—i)
i=n, i=n,
n-1
Aw, — Awy, < By Z (Tis1—k — 9i) Vi-k
i=n,
n-1
<vh z (Mig1—k — q0)
i=n,

—w, —Aw,, <yp, Z (Ti41-k — q1)

i=n,

In virtue of (9) the last inequality that
lim,,_,, w,, = oo. Leads to a contradiction.

Case 2: wy, <0, Aw,, > 0,A%*w,, < 0. In this case w, is
bounded, we claim that y,, is bounded, otherwise there exists
a subsequence {n;} of {n} such that lim;,,n; = o,
lim;_, o, Yn; = and yy; = max{yn: n,<n< nj}, from (3)
we get

implies

Wn]- = yn]- - pn)-yn]-—m - Fn)-

which implies that lim;_,, Wp; = ©, a contradiction.

By taking the summation of both sides of (6) from
nton+ p, p < k —m, it follows that

n+p n+p

Mwi = ) Orare = 460 — by <

By X (Tisiok — 40 Yiek (11)

From (3) we get

=Yn ~ PnYn-m +Z z QLG(yi—k) _Fn
j=n i=j+l-k

2 ~PnYn-m — Fn
Wy > —DVpem — & €>0

Since ¢ is arbitrary, it follows that for sufficiently large n:

Yn 22— Wnim

Substituting the last inequality in (11) we obtain

n+p

- AWn < _Z(rl.+l k ql) Witm-k

i=n
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n+p

Z|7”i+l—k —qil Wnip+m—-k
i=n

n+p

Aw. +_ erl+l k= Gl | wn- (k-p-m) 20

i=n

By theorem 1-ii and in virtue of (10), it follows that the
last inequality cannot have eventually negative solution,
which is a contradiction.

In the next theorem we will use the sequence W, already
defined in (4).

Theorem 6. Suppose that p, <1, (, — qnoisx) =0,
(H,) — (Hs3), and (Hs) hold, in addition to

n-1 Jj+p (l—p)l p+1
— qi-141) >ﬁ U—p+ Dt

lim inf Z Z(

j=n—-Q-p) i=j

I>p (12)

Then every bounded solution of equation (1) oscillates.

Proof. For the sake of contradiction, assume that {y, } be
an eventually positive bounded solution of eq. (1), then from
equations (1), (2) and (4) we obtain

Ang = (rn - qn—l+k)G(yn—l) =0 (13)

Hence, AW,,, W, are monotone sequences, we claim that
AW, < 0 for n = n, = n,, otherwise AW, > 0 for n > n,,
hence W, >0 and W,, > o0 as n > co. Let y, < §;, then
G(y,) < B0, =6, , where §,,8, are positive constants.
From (4) we obtain

Wo = Yn — PnYn-m Z Z q:G(Yi—k) — F,
j=n i=j—l+k

WnSYn _Fn

which implies that y, > o as n— oo , which is a
contradiction. Our claim has been established, then it remains
to consider two possible cases for the existence of
nonoscillatory solution of eq. (1) forn = n, > n;:

Case 1: W, <0, AW, < 0,A%W, = 0; Case 2: W, >
0, AW, < 0,A%W,, = 0;

Case 1: W, <0, AW, <0, A2W,, =0 . Then there
exists y < 0 such that, W,, <y < 0, for n > n,. Since y, is
bounded, let limsup,_,, ¥, = h*, h* = 0 so there exists a
sequence {n;} such that lim;_,n; = oo, lim]-_myn). =h*,
From (4) we get

Yn = Wy + DnYn- m+z Z QLG(Yi—k)+Fn
j=n i=j+k-1

YnSy-l_pnYn m+622 Z ql+FTl
j=n i=j—l+k

Y <V+VYpom+&€>0

Since ¢ is arbitrary, then by theorem 2.2, it follows for

sufficiently large j that:

as j — oo, we get from the last inequality h* <
is a contradiction.

Case 2: W, >0, AW, < 0,A’W,, > 0. By taking the
summation of both sides of (13) fromnton+p, p <l it
follows that

y + h* which

n+p
AWy = AWy = D" (= Q) GO) — AW,
i=n
> By Tt (7 = Qimra) Vit (14)

From (4) we get

n W +pnyn -m +Z Z qu(Yi—k)+Fn
j=n i=j—l+k

=W, +E,
Yo >W,—¢6e>0
Since ¢ is arbitrary, it follows that
Yn 2 Wy

Substituting the last inequality in (14) we obtain

n+p

— AW, = By Z (" = Qi1 Wiy
i=n

n+p

- AVVn = ﬁl Z(ri - qi—l+k) Wn+p—l

n+p

AW, + By Z(T”i = Gi—1+k) |Wh--p) <0
i=n

By Theorem 1-i, and in virtue of (12), it follows that the
last inequality cannot have eventually positive solution,
which is a contradiction.

Example 7. Consider the difference equation

TN NCIE

—le™*(1 + 2e + €2)] (_E)

w2 () (]
n
where k=1, m=1,1=2,p=1, By =1,p, =1 + (l) G =

()"

(E2)

r, = e *(1+ 2e +e?),
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n

1 7\"
fo= (e +2¢) [(—) (-3) ] G
n e e/ |” "
i
¢ Z} nlzl =j- +x i = Z} nlzl =j- 1() =
Jj-1 . 1
3 () =i () <o
. pnze) <1,n>0
—4 2 1 n-1
® Th—Qn-1+k = € (1+26+e)_(;) =
n
6_4(1+26+62)—e(§> >0,n>0.
e p)Z{:f(ri -
Qi1+1) —llmlan] T 12{:}6‘4(1+2e+ez)—
1 i-1 _
¢ =

By theorem 5, every bounded solution of (E£2) oscillates,

In

* liminf,_
2e7*(1+2e+e?) >

1 n
for instance y, = (— —) is such a solution.

Theorem 8. Suppose that p,, < p, (1, — Gn-i+x) = 0, (Hy)

—(Hs) hold, in addition to (12) and

oo —
i=n1ri = ,ny =0

(15)

Then every solution {y,} of equation (1) either oscillates
or |y,| > coasn — oo,

proof. For the sake of contradiction, assume that {y,} be
an eventually positive solution of eq. (1), then from equations
(1), (2) and (4) it follows that (13) hold, that is

Ang = (rn - qn—l+k)G(Yn—l) =0

Hence, AW,,, W, are monotone sequences. If AW, > 0 for
n=n, =ngy, thus W, > 0and W,, > o asn — c. From (4)
we obtain

= Yn = PnYn-m Z Z q:GYi—k) — F
j=n i=j—l+k

WnSyn _Fn

which implies that y,, - c0 asn — co.

If AW, <0 for n=n, 2n, we have two cases to
consider forn > n, > n,:

Case 1: W, <0, AW, < 0,A’W,, = 0; Case 2: W, >
0, AW, < 0,A%W, > 0.

Case  1I: W, <0, AW, < 0,A%W, =0
lim,,_,o, W,, = L, where —oo < L < 0.

If L = —oo, From (4) we get

Wo = Yn — PnYn-m Z Z q:G(Yi—k) — F,
j=n i=j—l+k

W —PYn-m .32 Z Z qi Vi-k _Fn
j=n i=j—l+k

which implies that lim,,_,, y,, = .
If —0o < L <0, then there exists y < 0 such that W, <
y <0, forn = n,. Iflim,,_,, y,, < 0. From (4) we get

Then

W 2 ~PnYn-m .32 Z Z qi Vi-k _Fn
j=n i=j—l+k

Wo > —PnYn-m —€€>0

y 2 VVn 2 ~PnYn-m

p

Yn-m =

By taking summation to both sides of (13) from n, to
n — 1, it follows that

n-1 n-—1
Z AW, — AW, = z (i = Qic141) G (Vi)

i=n, i=ny
n-1
AW, — AW, = By Z (i = Gi-141) Vi
i=n,
YB1
= —— Z (rl. qi- l+k)
i=n,
n-—1
-W, — Aan > B Z (= Qici+1) Vi
i=n,
ﬂ n-1
Yb1
= —— Z (" — Qi—14x)
P &~
i=n,

In virtue of (12) the Ilast inequality
lim,,_,o, W;,, = —o0. Leads to a contradiction.

Case 2: W, >0, AW, < 0,A’W,, >0 . By taking the
summation of both sides of (13) fromnton+p, p <lI, it
follows that

implies that

n+p n+p

D AW = AW = Y (1= G )6 0i) — AW,
i=n i=n

= .Bl ZTH'P (rl

From (4) we get

Qi—1+k) Yi-1 (16)

n W +pnyn -m +Z Z qu(Yi—k)+Fn
j=n i=j—l+k

>W,+F,
Yo >W,—&e>0
Since ¢ is arbitrary, it follows that
yn = Wy
Substituting the last inequality in (16) we obtain

n+p

— AW, = B, Z(Ti = Qi—1+1) Wiy

i=n
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n+p

— AW, = By Z(Ti = Giz141) | Whip-t
i=n

n+p

AW, + By Z(Ti = Gi-141) |Wno(-p) <0

i=n

By Theorem 1-i and in virtue of (12), it follows that the

last inequality cannot have eventually positive solution,
which is a contradiction.

3. Conclusion

1. In this paper we used two series w, and W, , and

obtained necessary and sufficient conditions for every
solution of neutral difference equation of second order
with positive and negative coefficients, to be oscillates
or tends to infinity as n — oo,

. In condition (H;) we can use lim,,_,, F, = a, where a is

constant and the results remain true.

. The conditions (H,) and (Hs) can be improved, and

established new conditions.
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