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1. Introduction

The Stability of Functional Equations seem to have been
first studied by Ulam [5] in 1940 and solved in the next year
for the Cuachy Functional Equations by Hyers [2]. In the
following year, Hyers theorem gave a partial affirmative
answer to the question of Ulam-Hyers theorem and it was
generalized by Aoki [1]. For additive mapping by Rassias [4]
and for linear mapping by considering an unbounded
Cauchy difference during the past decades, several stability
problems for various Functional equations have been
investigated by a number of mathematicians, and we refer
the reader to [cf. Gajda 1991, Gavruta 1994, Vaezi and park
2008, vaezi and zamani 2009, vaezi and dehgan 2010, Vaezi
and Shakoory 2012, shakoory 2013]Jand also to the
references cited therein. Another famous equation that is
closely related to the Cauchy functional equation is Jensen's
functional equation:

f((x+y)2) = (fx) + f(y))/2

The first result on the stability of the classical Jensen's
functional equation was given by Kominek [3]. In this
paper, we investigate the Hyers-Ulam stability of the
Jensen's functional equation for linear bounded mapping
from Banach spaces in to Banach spaces.

2. Main Results
2.1. Definition

Let X be a set. A function d: X x X — [0, ) is called a

generalized metric on X if d satisfies:
(1) d(x,y)=0ifand only ifx=y.
2) dx,y)=d(y,x)forallx,y €X.
3) d(x;z)<d(x,y)+d(y,z) forallx,y,z € X.

2.2. Definition

A (real) complex normed space is a (real) complex vec-
tor space X together with a map: X—— R, called the
norm and denoted || . || , such that

)] ||x||2 0 for all x €X, and ||x||: 0 if and only if x

x|

ax||:\(x\|
|x

x+y|| <

)
3

2.3. Definition

, forallx €EX and all a € R or (C).
| + ||y||,fora11x,y e X

A complete normed space is called a Banach space. Thus,
a normed space X is Banach space if every Cuchy sequence
in X converges (where X is given the metric space structure
as outlined above).

2.4. Definition

Let W be a Banach space. f a differentiable map on V
into W so that

| £(x+y)2)—f(x2) —f(y2) || B<e

for all x, y € V ,we say that the Hyers-Ulam stability holds
for f ,if there exist a K > 0 and a differentiable map T on V
into W such that
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| T ((x+y)2) -T x/2)-T (y/2) || B <e
and
lf)-Tx) [[B<Ke

holds for every x, y € V ,we call such K a Hyers-Ulam
stability constant for Jensen’s functional equation:

f((x+y)2) = x) +1f(y)2

Now, the main result of this work is given in the
following theorem.

2.4.1. Theorem
Let V and W be Banach spaces. A mapping f: V —-W
with f (0) = 0 satisfies the functional equation:

2nf((x1 + X2+ ...+ x2n)/ (2") = Z £ (xi)
io1

for all x1, x2, ..., x2n €V if and only if the mapping f: V
— W satisfies the additive Cauchy equation f (x +y) = f (x)
+f(y)forallx,y € V.
Proof:
Assume that a mapping f: V. — W satisfies
21‘1
27 f((x1 + X2+ ...+ x2n)/ (2") = Z £ (xi)

i=1

Put
X, tx, +....+x2n,1 =X

and

- +1 =X, +2=... =x, =y

in

21‘[
27 f((x1 + X2+ ...+ x2n)/(2n)) =Z £ (xi)

io1

then

20 £ ((x + y)(2)) = 20-1£ (x) + 20— 1 (y)
forallx,y € V.So
2 ((x +y)/(2)) =f(x) +(y)

for all x, y & V. Hence f is additive. The convergence is
obvious.

2.4.2. Theorem

Let V and W to be two Banach spaces with norms||. |
and|| . ||, respectively. Consider f:V —W to be a mapping
such that f(tx) is continuous in t € R for each fixed x € V.
Assume that there exist constants € > 0 and p € [0, 1) such
that:
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|| fx + y)/2) = fx/2) = f(y2) || <e (|x2]lp + [|y2 || p

for any x, y € V. Then there exist a unique R-Linear
mapping T: V — W such that :

160 = Tx) || <e [|x[|p /2 - 2p))

for any x € V, where Hyers-Ulam stability constant is for
Jensen’s functional equation.

Proof

Set

1/2T(x) = lim 1/2"[f(2")]

and multiplying the assumed equation

| fx + y)/2) = fx/2) = f(y2) || <e (|| x2||p+]|y2] p

to 2n+1:

If[2" x+y)] — f[2" )] — 2" W]l
< e(ll2"x|[p + 112" x]Ip)
=2"p e |lxllp + llyllp)

Therefore

1/72f[2" x + y)] — f[2" 0] — 12" W]l <27 (p-1)
e(lIxllp + llyllp)

Or

lim 1727 [If[2"(x + y)] = f2"CO] = £ [2"W)]I
< lim 2"(p-Y e (lIxllp + llyllp)

Or
Hnlim 1/2"£[2°(x +y)] - lim 1/2" £ [2°(x)] — lim 1/2"f [zn(y)]H =0

Or
IT(x+y2)~Tx2)-T2) | =0

For any x, yEV.
To prove stability our claim that:

n—1
IF @0/ 2" = £Goll < ell2xllp ). 7' (o)
m=0

For any integer n, and some € > 0. The verification of
above equation following by induction on n. Indeed the
case n = 1 is clear because by the hypothesis we can find
g,that is greater or equal to zero, and p such that 0 <p <1
with:

| £@x)2 - £(x) ||<e]|2x]|p

Assume now that
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n—1
If (2"x)/ 2" — £l < EIIZXIIPZ 2" (p-H
m=0

holds and we want to prove it for the case n + 1. However

this is true, because by
n-1
If (2"x)/ 2" — £l < EIIZXIIPZ 2" (p-H
m=0
We obtain
n-1
If (2".2x)/ 2" = £(x) || < ell4xl pz 2 (p-H

m=0

Therefore
n—1

lf @20/ 20+ = 1726 @0 Il < ell2xllp ). 2 (")
m=0

By the triangle inequality we obtain:

| £ @o+1x) 2040 —f (x) || < || 1720+ f(20+1%)— 1/2F (2x)

I+111/2f (2x) = £ lI< e lli2xllp Y. 7 (-
m=0

and is valid for any integer n. It follows then that

[f@axy22-f(x) | <e |2x | r.2/2—2p))

because Y0 2" (p-1) converges to (2/(2—2p)), as 0 <
p < 1 we obtain

[T — fx) [|<e 12x [r@/2 — 2p))

Hence

ITx) —fx) [[<e I x | r.4/2-2)

which completes the proof.
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