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1. Introduction

Let Th be some fixed, but unspecified, consistent formal
theory.

Theoreml1.[1].(Lob’s Theorem).

If Th + 3xProvy,(x,7) > &, where x is the Godel
number of the proof of the formula with Gédel number n,
and 7 is the numeral of the Godel number of the formula®,,
thenTh + @,. Taking into account the second Gddelincom-
pleteness theorem it is easyto see that @, not be able to
provedxProv, (x,n) - &, for disprovable (refutable) and
undecidable formulas®, Thus Lob’s theorem says that for
refutable or undecidable formulas,,, the intuition “if there

is exists proof of®, [i.e.Th + 3xProvyy (x,7)]thend, [i.e.

Thr @,]” is fails.The reason of this phenomenon, consist in
thatthe concept of natural numbers is not absolute and
therefore in general case statement Th + 3xProvr, (x,7)
does not asserts that:Th - @,.

Definition 1.LetML" . be an w-model of the Th. We said
that, Th#is a nice theory over Thor a nice extension of the
Thiff:

(i) Th"contains Th;

(i1)) Let® be any closed formula, then

[Th + Prep ([]D] A M = @]

implies., Th* + &.Here [®]¢ is a code of ® [2].
Definition2.We said that, Th#is a maximally nice theory
over Th or a maximally nice extension of the ThiffTh#is

consistent and for any consistent nice extension Th'of the
Th: Ded(Th*) € Ded(Th') implies:.  Ded(Th*) =

Ded(Th').

Theorem2.(Generalized Lob’s Theorem).Assume that (i)
Con(Th) and (ii) Thhas an ®-modelMI" . Then theo-
ryThcan be extended to a maximally consistent nice theory
Th#.

Theorem3.(Strong Reflection Principle corresponding to
w-model) Assume that (i) Con(Th), (ii) Th has an @-model
MT" Let® be a Th-sentence and let @, be a Th-sentence @
relativized to a model MZI".Then

Thw F (pa) < Thw F PrThw([(pa)]C):
Thy, F @, © Thy, E Prr, ([9,]°).

Theorem4.Let k be an inaccessible cardinal.Then
—Con(ZFC+3x).
Theorem5. “Con(NFUA).

Theorem6.—~Con(NFUB).

2. Preliminaries

Let Thbe some fixed, but unspecified, consistent formal
theory. For later convenience, we assume that the encoding
is done in some fixed formal theory S and that Thcontains S.
We do not specify S --- it is usually taken to be a formal
system of arithmetic, although a weak set theory is often
more convenient. The sense in which Sis contained in 77 is
better exemplified than explained: If Sis a formal system of
arithmetic and This, say, ZFC, then Th contains S in the
sense that there is a well-known embedding, or interpreta-
tion, of S in7h. Since encoding is to take place in S, it will
have to have a large supply of constants and closed terms to
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be used as codes (e. g. in formal arithmetic, one
has0, 1, ...).Swill also have certain function symbols to be
described shortly. To each formula® of the language of 7% is
assigned a closed term [@]called the code of @ . Ifd is a
formula with a free variable x, then[® (x)]€ is a closed term
encoding the formula®(x) with x viewed as a syntactic
object and not as a parameter. Corresponding to the logical
connectives and quantifiers are function symbols:
neg(:),imp(-), etc., such that, for all formulae ®,¥:S
neg([@]¢) = [~@]5, S + imp(:) = [@ - W], etc. Of par-
ticular importance is the substitution operator, represented
by the function symbolub(:,-). For formulae @(x), terms ¢
with codes[t]¢:

S Fsub([@)]¢ [t]°) = [@@®)]°. (2.1

Iteration of the substitution operator sub allows one to
define function symbols sub;, sub,, ..., sub,,such that

S = Subn([(p(xl' x2' :-xn; )]C’ [tl]cl [tZ]Cl et [tn]cl) =
el (2.2)

It well known [2],[3] that one can also encode derivations
and have a binary relation Provy,(x,y) (read “x proves y”
or “x is a proof of y”) such that for closedt;, t,:S
Provyy, (ty,t,)ifft; is the code of a derivation in Th of the
formula with code t,. It follows that

= [d’(tl, tz, e

Th+ ® o S+ Provy,(t, [®]9) (2.3)

for some closed term 7. Thus one can define predicate
Proy (¥):
Pry (y) & 3xProvey, (x,y) 2.4
and therefore one obtain a predicate asserting provability.
Remark2.1.
We note that is not always the case that [2]-[3]:
Th+ @ o S Pry,([@]°). 2.5

It well known [3] that the above encoding can be carried
out in such a way that the following important conditions
D1,D2 and D3 are met for allsentences [2],[3]:

D1. Th + @ > S F Prp,([®]°),
D2. Prry([@]°) = Proy ([Pre, ([2]€)]9),(2.6)
D3. Prpy,([®]) A Prpp([@ = WI€) = Prpy, ([¥]9).

Conditions D1,D2 and D3 are called the Derivability
Conditions.

Assumption2. 1.

We assume throughout that:

(i) the language of Th consists of: numerals 0,1, ...)
countableset of the numerical variables:{vy, v, ... }
countable setF of the set variables:

F = {x;y'Z;X,Y,Z,S,ﬁ,ED?,m,...};

countable set of the n-ary function symbols:
fou it e s
countable set of the n—ary relation

bols:Ry, Ry, ..., R, ...;
connectives:—, —;
quantifier:V.
(i) Theontains a theory Th'":

Th* = ZFC + 3(w — model of ZFC).

Thhas ano-model MI".

(iii)
Theorem?2.1.

(Lob's Theorem). Let be (1) Con(Th) and (2) @be closed.
Then

Th + Pre, ([®]°) - @. 2.7

It well known that replacing the induction scheme in
Peano arithmetic P4 by the o-rule with the meaning “if the
formulaA(n) is provable for all n, then the formulaA(x)is
provable” :

A(0),A(1),...,A(n)
VxA(x)

(2.8)

leads to complete and sound systemPA,, where each true
arithmetical statement is provable. S.Feferman showed that
an equivalent formal system Th* can be obtained by erect-
ing on Th=P4 a transfinite progression of formal
temsPA, according to the following scheme

PAO = PA,
PAgs1 = PAy + {VxPrp, ([A(D)]) - VxA(x)}, (2.9)
PAy = Ug<a PAo,

whereA(x) is a formula with one free variable and where
Mis a limit ordinal. ThenTh* = U,eo PAo,Obeing Kleene’s
system of ordinal notations, is equivalentto a theory:.PA, It
is easy to see that a theoryTh* = PA* = PA,,, i.e.Th* Th
is a maximally nice extension of thePA.

Generalized Lob’s Theorem. Strong Reflection Principle
Corresponding to ®-model.

Definition3.1.

AnTh-wff®)(well-formed formula

®)is closed i.e., @) is a Th- sentence iff it has no free
variables; a wff ¥ is open if it has free variables. We’ll use
the slang ‘k — place open wff’ to mean a wff with k distinct
free variables. Given a modelM™ of the Thand a Th-
sentence®, we assume known the meaning ofM™ & @-i. e.
@ is true inM™, (see for example [4],[5],[6]).

Definition3.2.

Let M Z,hbe an o-model of the Th. We said that,Th* is a
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nice theory over Th or a nice extension of the Thiff:
(i) Th* contains a theoryTh;
(i1)) Let @be any closed formula, then

[ Th F Prp, (@10 A [M 3" = @]

impliesthat:Th* + @.
Definition3.3.

We said that Th* is a maximally nice theory over Thor a
maximally nice extension of the ThiffTh* is consistent and
for any consistent nice extensionTh’of the Th: Ded (Th*) €
Ded(Th")impliesDed (Th*) = Ded(Th'").

Lemma3.1. Assume that: (/)Con(Th)and (ii)) Th W
Prr, ([®]°) ,where @ is a closed formula. Then: Th
Prrp ([—@]°).

Proof.Let Cony,(@) be the formula

Congp(®) 2
Vit Vt,=[Prove, (ty, [@]€) A Provy, (tz, neg([€]))]

R d

—3t, 3t [Provyy (t1, [@]€) A Provyy, (t,, neg([®@]19))]
3.1)

wheret,, t, is a closed term. We note that under canoni-
calobservation, one obtain
Th + Con(Th) + Congy, (@) for any closedwifd.

Suppose that: Th + Prp, ([~®]¢), then assumption (ii)
gives

Th + Prp,([91°) A Prry ((=0]°) (3.2)

From (3.1) and (3.2) one obtain(3.3)
3t; —3t,[Prove,, (tq, [@]€) A Provyy, (t, neg([@]9))]

But the formula (3.3) contradicts the formula (3.1).
Therefore:Th ¥ Pry, ([—@]°).

Lemma3.2.

Assume that: (i)Con(Th)and (ii) Th +
Pry, ([~ ®]€), where @ is a closed formula. Then Th
Pro, ([®]9).

Theorem3.1.

[71,[8]. (Generalized Lob’s Theorem). Assume
that:Con(Th). Then theory Th can be extended to a max-
imally consistent nice theory over Th.

Proof.Let .,®y, ..., @;, ...be an enumeration of all wff’s of
the theory Th (this can be achieved if the set of propositional
variables can be enumerated). Define a chain

¢ = {Th;|i € N}, Th, = Th,

of the consistent theories inductively as follows: assume
that theory Th; is defined.
6)] Suppose that a statement (3.4) is satisfied

Th + PrTh ([(pl] C)and

Th

[Th # ®;] A [M e <pi] (3.4)

Then we define theory Th;,, as follows:
Thiy, 2 Th U{®;}
(i1) Suppose that a statement (3.5) is satisfied

Th + PI'Th([—KPL-]C)and

h

[Th v ~@] A|M ™ ] (3.5)

Then we define theoryTh; ,;as follows
Thiz, 2 Th; U {—=®;}.

(iii) Suppose that a statement (3.6) is satisfied

Th + Pro, ([@;]¢)and

Th - ®;. (3.6)

Then we define theory Th;,, as follows:
Thiyy 2 Th U{®;}
(iv) Suppose that a statement (3.7) is satisfied
Th + Prpy([—9;]¢)and

Th; - —®;. (3.7)

Then we define theory Th,,, as follows: Th;,, £ Th;.
We define now theory Th* as follows

Th# = UiEN Thl (38)

First, notice that eachTh; is consistent. This is done by
induction on i and by Lemmas 3.1-3.2. By assumption, the

case is true when [ =1, Now, suppose Th; is consistent.
Then its deductive closureDed (Th;) is also consistent. If a
statement (3.6) is satisfied, i.e. Th + Pry,([®;]¢)andTh; +
®;then clearlyTh;,, £ Th; U {®;} is consistent since it is a
subset of closure Ded(Th;).If a statement (3.7) is satisfied,
ie,, Tht Prop([=9;]¢) and Th; - =®; then clearly
Thiy1 2 Th; U {=®;} is consistent since it is a subset of
closure Ded(Th;).Otherwise:
(i) if a statement (3.4) is satisfied, i.e. ThF
Pryp ([@;]€) and Th ¥ @; then clearly Th;,, =
Th; U {®;} is consistent by Lemma 3.1 and by one
of the standard properties of consistency: AU {A} is
consistent iffAF —4;
(i) if a statement (3.5) 1is satisfied, i.e. ThF
Prop ([—®;]¢)and Th ¥ —®;, then clearlyTh;,, =
Th; U {—~®;} is consistent by Lemma 3.2 and by
one of the standard properties of consistency:
AU {—A}is consistentiffAl- —A.
Next, notice Ded(Th*) is a maximally consistent nice
extension of the set Ded(Th). A setDed(Th*) is consistent
because, by the standard Lemma 3.3 below, it is the union of
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a chain of consistent sets. To see that Ded (Th*) is maximal,
pick any wff®. Then @ is some @; in the enumerated list

of all wff’s. Therefore for any @ such
that Th F Pry,([@;]) or Th & Pry,([—®;]¢) either
& € Th*or—® € Th*.

Since  Ded(Th;;,) € Ded(Th*) we have @€

Ded(Th*) or —@® € Ded(Th*) , which implies that
Ded(Th*), is maximally consistent nice extension of the
Ded(Th).

Lemma3.3.

The union of a chaingo = {I;|i € N} of theconsistentsetsI’,
ordered byC, is consistent.

Definition3.4.

(a) Assume that a theoryThhas w-model M Z)h and @
is aTh-sentence. Let @, be a Th-sentence ®@with all quan-
tifiers relativized to w-model M Z)h [9];

(b) Assume that a theory Thhas standard model SM Th

And @ is a Th-sentence. Let &g, be a Th-sentence ®
with all quantifiers relativized to a model SM™" [9].

Remark3.1.

In some special cases we denote a sentence @, by a
symbol: ®[MIH].

Definition3.5.

(a)Assume that Thhas an w-model M Z,h. Let Th,bea

theory Threlativized toa model M Z,h - le., any
Th,-sentence¥ has a form @,, for some Th-sentence @[9];

(b) Assume that Th has an standard model SM™". Let
Thg,be a theory Th relativized to a model SMT"- i.e., any
Thgy-sentence ¥ has a form @g,, for some Th-sentence ®

[9].
Remark3.2.

In some special cases we denote a theory Th, by a
symbol:Th[MZ"].
Definition3.6. ™

(a) For a givenw-model M , of tT}}lle Thand for any
Th,-sentence®,,, we define relationM , E* @, such that
the nextequivalence:

M D ex @, iff[Tht - @, ] A
A[(Thy + Proy, ([2,]9) © ThRT - @,)],  (3.9.a)

whereTht 2 Th + IMT" is satisfied.
(b) For a given standard model SM™ of the theoryThand
for any Thg,, -sentence @), wedefine relation ML} x dg,,

such that the next equivalence:
MIL Ex dgyiff (ThT F dgy) A (3.9.b)

A (ThSM F Propg, ([Psu]€) © Tht + (DSM):

where ThT 2 Th + IMI}, issatisfied.

Theorem3.2.(Strong Reflection Principle correspondingto
®-model).Assume that: (i) Con(Th),(ii) Th has @-model

M , ieM Z)h & Th,-Let @ be a Th-sentence. Then
(a) Thw = PrThw([‘Dw]c) « Thw = wa,
(b) Thy, E Prry, ([9,]9) © Th, F &,(3.10)

Proof.(a) Let @ is any axiom of thetheory 7h. Then
statement (3.10) immediately follows from Definition 3.6
(a).The one direction is obvious. For the other, assume that

Thy + Prry, ([9,]19,(3.11)
Th, W#* ®,and Thy, F =P, . Then
Thy + Prry, ([29,]9). (3.12)

Notethat (i)+(ii) implies Con(Th,).Let Congy be the
formula:

Congp,, 2 Vt,Vt,Vts(t; = [<Dw]c)—|[ProvThw(t1, [®,]19) A
Provy,, (t;, neg([9,]9))] «(3.13)

—3ty 3ty —3ts5 (85 = [D,]9)[Provey,, (4, [9,]19) A
Provyy,, (tz,neg([P,])],

HTegetl,tz, t3 is a closed term. Note that in any ®@-model
M , Dby the canonical observation one obtain the equiva-
lence: Con(Th,,) © Conry,, But the formulae: (3.11) —
(3.12)contradicts the formula (3.13). Therefore Th,, ¥ @,
and Thy, ¥ Prey,, ([-®,]°).

Then a theory Thy, = Th,, + =®,, is consistent and from
the above observation one have obtain that:

Con(Thy) < Congy: , where

Congyr < (3.14)

Cd ﬂ3t1ﬁ3t2ﬁ3t3(t3 = [d)w]c)[PI‘OVTh:U(tl, [d’w]c) A
Provyy (t2,neg([®4,19)],

On the other hand one obtain
Th;, + PrThz)([%]C), Th,, + PrTha)([—@w]C) (3.15)

But the formulae (3.15), contradicts the formula (3.14).
This contradiction completed the proof.

(b) The one direction is obvious. For the other, assume
that:(i)Th,, F Prr, ([®,]°) and (i))Th, = —P,. From (ii)
using derivability condition D1 (see Remark 2.1) one obtain
Thy, & Prpy, ([=®,]°). Therefore one obtainthe contra-
diction

Thw E PrThw([(pw]C) A PrTha,([_'(pa)]C) .

This contradiction completed the proof.
Definition3.7.(a)Assume that: (i) 7hhas an ®-model

M Z)h,(ii) MM is a set and (ii)) M :)h Ex* Th,,. Then we
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said that M Z,h is a strong o-model of the 7/ and denote
such w-model of the ThasMI%..

(b) Assume that: (i) Thhas an standard modelSM™",(ii)
SMI" is a set and (iii)SM™ = Thgy,. Then we said that
SMThis a strong standard model of the 7k and denote such
standard model of the 7h as SM[".

Remark3.3. Note that there exists formal theories7h-
which has not a strong standard models.For example a
theory ZFC+(V=L) has not any strong standard model.

Definition3.8.(a) Assume that 7hhas a strong
m-model Ma, .« Then we said that This a strongly consistent.

(b) Assume that Th has a strong standard model SM"

Then we said that Th is a strongly SM-consistent

Definition3.9.(a) Assume that a theory7hhas a strong
m-model MZ, ks .and @ is aTh-sentence. Let @, ., be a
Th—sentence @ with all quantifiers relativized to a strong
o-model ML,

(b) Assume that 7h has a strong standard model
SM["and @ is a Th-sentence Let @gy ., be a Th-sentence
® with all quantifiers relativized toa modelSM"

Remark3.4.

In some special cases we denote a sentence @, ..by a
symbol: CD[Mw ,:*]

Definition3.10. Assume that a theoryThhas a strong
m-model Mf)h,:* .Let Th, .. be a theory Threlativised to a
model MZ, b« 1.e.,any Th, ..-sentence ¥ has a form @, .,
for some7h-sentence @.

Remark3.5.

In some special cases we denote a theory Th,,..by a
symbol:Th[MIL.].

Definition3.11.

(a) Let Thbe a theory such that Assumption 2.1 is satisfied.
Let C on(Th MJ ,:*)be a predicate in Thasserting thatMZ,h,:*
is a strong ©®-model of the ThThen a
tenceCon(Th M ,:*) such that

Con(Th; ML) & 3IMI, Con(Th; MIR.)

isa sentence in 7% asserting that 77 has a strong
w-model ML, .(b) Let Th*be a theory:

Th* = Th + Con(Th; MIL.)

LetCon(Th*' Mf)h,:*) be a sentence in Th* asserting that
Th* has a strong ®- modelMa, e

Lemma3.4.Assumethat a theory 7% has a strong ®-model
SMZ,'L* and a theory 7h* has a strong ®-model

MT, Then: (i) a sentenceCon(Th; MI,) is aTh-sentence,

(ii);a sentence Con(Th*; MIL,) is a Th*-sentence.
Proof.Immediately follows from Definition 3.6 and De-
finition 3.11.
Assumption3.1.We now assume,throughout this subsec-

tion that 7h is a strongly consistent, i.e. a
tenceCon(Th; MIL,) is true in any o-model MI" of the
Th.

Remark3.6.
Note that:
Con(Th; MiL.) < Congy,,, . (3.16)
where
Conrp,,. © —Prrn, . ([®u..]) (3.17)
Herea sentence®,, ..is refutableinTh,, ..
Remark3.6.Note that:
Con(Th*; MIL,) & Congp:, (3.18)
where
Congpy,.. & =Prowy, _ ([5..]). (3.19)

Herea sentence®,, ._.is refutableinTh, ...
Lemma3.5.

Ander Assumption3.1 a theory Th* is a strongly consis-
tent.

Proof. Assume that a theoryTh*is no strongly consistent,
that is, has not any strong m-model Mw r. of the Th*. This
means that there is no any model M™" of the theory Th in
which a sentenceCon(Th ML ,:*)IS true and therefore a
sentence —|C0n(Th, Mw,,:*) is true in any model MT"of
the theoryTh.In particular a sentence®:

0 2 —Con(Th; MZ,’L*) (3.20)is true in any
strong ®-model Mw v, of theTh.Therefore from formula
(3.16) one obtain, that a formula ~Congp  is true in any

strong w-model M1, oftheTh,i.e.

MIn, & —Congg,, . (3.21)

Here Thy . 2 Thy o [MI%.], ie.Thy,..is a theory
Th . relativized to a strongm-model MZ,TL*, seeRe-
mark3.2.From formulae (3.17) and (3.21) one obtain

M,Zill:Prﬁle*([@w_,:*]C).

Here @y, 2 &, [MIL.], e &,p. is a
tence®,, ..relativized to a strong w-model Ma, L.osee Re-
mark 3.1.So from formula (3.22) using a Strong Reflection
Principle (Theorem3.2.b) one obtain

MI., = &, ., where a sentence @, ., is refutable in a
theory ﬁlw‘,:*, ie. Tle,,:* - _"5@»:* andtherefore Mﬂ}z* =
_'5(» =5

Thus a sentence@, =

(3.22)

sen-

Dy i A —|<I>w = 1s satisfiedina mod-

el MIL,, ie. M., = O,.But a sentence e) contrary to the
assumption that 7% is a strongly consistent. This contradic-
tion completed the proof.
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Theorem3.3.

Th has notany strong w-model Mz,fl,:*.Proof. By Lemma

3.5 and formula (3.17) one obtain that Thy, ., + Congpy, ..
But Godel’s Second Incompleteness Theorem applied
to Thg .. asserts that a sentence ConThZ)F* is
in Thy, ... This contradiction completed the proof.

Theorem3.4.

ZFC has not any strong o-model MZ%E,.

Proof. Immediately follows from Theorem 3.3 and defini-
tions.

Theorem3.5.

ZFC has not any strong standard model.SMZF¢

Proof. Immediately follows from Theorem 3.4 and defini-
tions.

Theorem3.6.

ZFC+Con(ZFC) is incompatible with all the usual large
cardinal axioms [10],[11] which imply the existence of a
strong standard model of ZFC.

Proof.Theorem3.6 immediately follows from Theorem
3.5.

Lemma3.6.

Let k be an inaccessible cardinal and let H, be a set of all
sets having hereditary size less then, k.Suppose that
Con(ZFC + 3k).ThenH, forms a strong standard model of
ZFC.

Proof. From definitions one obtain that H, forms some
standard modelSM of ZFC. Let ¢%F¢ be any axiom of ZFC
and Th' £ Th + 3H,..Thenbydefinitions one obtain

(Th + @?FC[H, DA (3.23)

A(They + @*F“[H,] © ThT + 9?*[H,]).

Using Strong Reflection Principle (see Theorem3.2) from
statement (3.23)one obtain that RHS of the formula (3.9.b) is
satisfied. Thus H,, Ex ZFC.

Theorem3.7.

Letk be an inaccessible cardinal. Then =Con(ZFC + Jk).

Proof. Let H,, be a set of all sets having hereditary size
less then k.From Lemma3.6 we know that H, forms a strong
standard model of ZFC.Therefore Theorem 3.7 immediately
follows from Theorem 3.6.

New Foundation [NF for short] was introduced by Quine
[13].1t well known that his approach for blocking paradoxes
of naive set theory was to introduced a special stratification
condition in the comprehension schema. Jensen [14] intro-
ducedNF'U, the [slight?]version of NF in which axiom of the
extensionality was weakened to allow ur-elements which are
not sets. The theory NFU has a universal class,V,which
contains all of its subsets.

Definition3.12.

We say that a set S is a Cantorianiffthere is a bijection of S
with the set USC(S)consistingof all the singletons whose
members lie in S. A set is strongly Cantorianiff the map
x — {x}provides a bijection of S withaset USC(S).

Holmes [15],[16],[17]introduced the system NFUA which
is obtained from NFU by adjoining the axiom
that:”EveryCantorian set is a strongly Cantorian.”

Theorem3.8.(Solovay,1995)[18].The following theories
are equiconsistent:

(i) Thy £ ZFC+{"there is n-Mabhlo cardinal”: n € w},

(ii) Th, = NFUA.

Holmes also introduced stronger theoryNFUB [19].Note
that in NFU one can introduce ordinal such that any
ordinalR consists of the class of all well-orderings which
are order-isomorphic to a given well-ordering.

Definition3.13.

We say that an ordinal$is Cantorian if the underlying sets
of the well-orderings which are its members are all Canto-
rian.

Definition3.14.

We say thata subcollectionZ of the Cantorian ordinals is
coded if there is there is some set c whose members among
the Cantorian ordinals are precisely the members of .

The system NFUB is obtained from the system NFUA by
adding the axiom schema which asserts that any subcollec-
tion £ of the Cantorian ordinals which is definable by a
formula of the language of NFUB[possible unstratified and
possible with parameters] is coded by some set c.

Theorem3.9.

(Solovay,1997)[19].Let ZFC~be a theory consisting all
the axioms of ZFC except the power set axiom.The follow-
ing theories are equiconsistent:

(i) Thy 2

ZFC~ + {there is a weakly compact cardinal},

(i) Th, = NFUB.

Remark3.7.

The formulation of “weak compactness”we shall use is: k
is weakly compact if k is strongly inaccessible and every
K-tree has a branch [19].

Theorem3.10.~Con(NFUA).

Proof. Theorem3.10 immediately follows from Theo-
rem3.7 and Theorem3.8.

Theorem3.11.—Con(NFUB)

Proof.Theorem3.11 immediately follows from Theo-
rem3.7, Theorem3.9 and definitions.

Strong Reflection Principle Corresponding to Nonstan-
dard Models. LetTh be consistent formal theory. When in-
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terpretedas a

proof within first order theory 74, Dedekind’s categoricity
proof for PAshows that the each modelM™ of the Th has the
unique sub-model MP4 ¢ M?F¢ € MT"of thePAarithmetic,
up to isomorphism, that imbedsas an initial segment of all
models of P4 contained within model MZFC¢ of set theory
ZFC.In the standard model of the 7% this smallest model of
the PA is the standard modelSM*4 ~ Nof PA.

Remark4.1.

Note that.in any nonstandard model NsM™" of the Thit
may by a nonstandard model NsMP4of the PA.

Remark4.2.

Note thatin any nonstandard model of the PA, the
terms0, SO = 1,550 = 2, ... comprise the initial segment
isomorphic to SMP4. This initial segment is called the
standard cutThe order type of any nonstandard model of
PAis equal to N+AXZ for some linear order A[12].

Definitiond.1.

Let NsM™"bea nonstandard model of the T/ and @ is a
Th-sentence. Let @yq be a Th-sentence @ with all quan-
tifiers relativized to nonstandardmodel NsM™ In some-
special cases we denote thissentence by symbol @[NsM™"].

Definition4.2.Let Thygy, be a theory Th relativized to a
model NsMT" In some special cases we denote this theory
as:Th[NsM™"]

Definitiond.3.

One can define a predicate Pryy, , (y)such that for all
yE NsMT"theequivalence::

Propy, @) < 3x(x € MP4)Provy,, . (x,¥). 4.1

is satisfied.Therefore one obtain a predicate asserting
provability in a theoryThygy,.

Definition4.4.

For a given nonstandard model NsM™"of the Thand any
Thysy -sentence @y, we define relation NsM™h Ex
®ysmsuch the next equivalence:

NSM™ 5 @poyiff (ThT F Oyg) A (4.2)

A[(Thow + Prongy (@ueu]®)) © (ThT + D))

where Tht & Th + INsM™, issatisfied.

Theorem4.1.(StrongReflectionPrinciple corresponding to
nonstandard model)Assume that:(i) Con(Th),(ii)Th has an-
nonstandard model NsM™,i.e. NsM™ & Thyq, Let®is a

Th-sentence. Then
Propy o ([Prusul®) © Thyegy F Pygy. (4.3)

Proof. The proof completely to similarly a proof of the
Theorem 3.2.

Definition4.5.Assume that: (i) 7/ has an nonstandard

model NsM™" (ii) NsMI" is a set and (ii))NsM™" Ex
®ysy - Then we said that NsM™"is astrong nonstandard
model of the 7h anddenotesuchnonstandard model as
NsM[h,

DefinitionA4.6.

Assume that a theory7# has astrononstandard
el NsMI". Then we said that a theory Th is a strongly
NsM-consistent.

Definitiond.7.

Assume that a theory 7/ has a strongnonstandard
el NsMI" and ® is a Th-sentence. Let Pysmes bE a
Th-sentence ® with all quantifiers and all constants relati-
vized to a model NsM[".

Remark4.3.

In some special cases we denote a sentence®@yqp by a
symbol: @[NsMIM].

Definition4.8.

Assume that a theory 7/ has a strong nonstandard
el NsMI". Let Thygy ..be a theory Threlativized to a model
NsMI" ie., any Thysy =«-sentence ¥ has a form®y g . for
some Th-sentence @.

Remark4.4.In some special cases we
atheoryThygpy by a symbol: Th[NsMI"].

denote

Assumptiond. 1.

We now assume throughout this subsectionthat 7% is a
stronglyNsM-consistent, i.e. a sentenceCon(Th; NsME") is
true in any nonstandard model NsM™" of the Th.

Definition4.9.(a) Let 7T/ be a theory such that Assumption
3.1 is satisfied. Let Con(Th; NsMI") be a predicate in
Thasserting that NsMI" is a strong nonstandard model of
the Th. Then a sentence Con(Th; NsMI™)such that:

Con(Th; NsMI") & 3INsMI"Con(Th; NsMI")(4.4)

is a sentence in Thasserting that 7h has a strong
non-standard model NsMI" . (b) Let Th* be a theo-
ryTh*=Th+ Con(Th; NsMI") .Let Con(Th*; NsMI"") bea
sentence in7h* asserting that 74* has a strongnonstandard
modelNsM[",

Lemmad.1.

Assume that a theory 7% has a strong nonstandard model
NsMI" anda theory Th* has a strong nonstandard
el NsMI". Then: (i) a sentence Con(Th; NsMIM) is
aTh-sentence, (ii)a sentence Con(Th*; NsM,Zf}*) is a
Th*-sentence.

Proof.Immediately follows from Definition 4.4 and De-
finition 4.9.

Remark4.5 Note that:
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HIIU(XIP){Ew [IIU(XIP)]/\(Y = le)}
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(4.5)

Con(Th; NsMI") & Congy,,,, ..,

where
Conrnyen e © Py ([Pusmen] ). (46)

Here a sentence @y . is refutable in Thygpy ..

Remark4.6.
4.7

Note that
Con(Th*; NsMI") & Congpey .

where
COnpn gy © ﬂPrTh*NSMF*([cp*NsMF*]C). (4.8)

Here a sentence ®@ygp . isrefutable inThygy ..
Lemma4.2. Ander Assumption 4.1 a theory7h* is a
strongly NsM-consistent.
Proof. The proof uses formulae (4.5) and (4.6) and com-
pletely, to similarly a proof of the Lemma 3.5.

Theorem4.2.
Th has not any strong nonstandard modelNsM["

Proof. The proof uses formulae (4.7) and (4.8) and com-

pletely, to similarly a proof of the Theorem 3.3.
strong nonstandard

Theorem4.3.ZFChas not any

eINsMZEC.
Proof. Immediately follows from theorem 4.2 and defini-

tions.
Definability in Second-Order Set Theory

Definition5. 1.
Assume that: (i) Con(Th) and (ii)Th has an m-model MZ".
Let W(X) be one-place open Th-wiff and let ¥, (X) be
Th-wiff¥ (x) relativized to o-model MI". Assume that

condition

iff condition (5.1) is satisfied.

Definition5.2.
Let us define a second-order predicate

Z,(¥(Xy)) suchthat equivalence

Ew [W(X‘P)] < Thw F AZ(XW)’

where
AZ(XII/) A alep(Xll’ € Mz)h)[wa)(X'I-’)]

second-order sentence:
D), Xyl =

is satisfied inm-model MI", i.e
MM & 3P (X ){E, [P X)) IAY = X)),

Definition5.3.
Let¥; (x)and ¥,(x) is a nice Th-wiffs. Let us define

equivalence relation¥; (x) ~ ¥,(x) such that condition
(5.6)

Proof. Let us rewrite a sentence (5.3) in equivalent form

such that

Th,, + 3! Xy (Xy € MIM[¥, (Xy)] (5.1)

is satisfied. We say that an Th-wiff¥ (X) is a nice Th-wiff,

(5.3)

is satisfied. We say that a set Y is a Thy, -set iffthe

(5.5)

Yi(x) ~ W (x) © stl = sz

is satisfied.

Assumption5. 1.
Weassume now that: (i) a theory 7/ admitscanonical

primitive recursive encoding of syntax and (ii) the set of

codes of axiom of This primitive recursive.
Lemma5.1.Second-order predicate =,[¥(Xy)] can be

replaced by some equivalent first-order predicate:
(5.7

E ALY X% (X1}

AYED) 2 31 %, (X, € MIM[E, (X,)]. (5.8)

Using a Strong Reflection Principle [formula (3.10.a)],

one obtain equivalence

Pron, ([455%]) & Thy, + a0,

(5.9)

Therefore

P ) X1 © Proy, ([2557])
the

Formula (5.9) andDefinition 5.2 completed
proof.Lemma5.2.Second-orderpredicate XY [W (X), Xy] can
be replaced by some equivalent first-order predicate:

5| lw )1e [Xule, I¥1](5.10)

Proof. Let us rewrite formula(5.4) in the next equivalent

form
Iw(X)] 2
VX EL [P XDIAY = X1)} (5.11)

Using formula (5.7) one can rewrite RHS in the next

equivalent first-order form

(5.2)
3t(t = [P XDV [EL{ [X1TIAAY]E = [X,]19]. (5.12)

Formula (5.12) completed the proof.

Remark5.2.
We now assume, throughout this subsection that encoding
[c]°means canonical Godel encoding such that defined in
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[20].Let (i) EVbI(x) be the predicate: x is a Godel number of
an expression consisting of a variable, (i))Fr(y,x)be the pre-
dicate:y is the Godel number of 1-place openwffof 7/ which
contains free occurrences of the variable with Gédelnumber
x [20].

Remark5.3.

Note that by using Remark 5.2, first-order predicate

E [P [X,1, (5.13)
one can by replace in equivalent form such that
Eolynxd, (5.14)

whereMI" = Fr(yy, x; ).
Remark5.4.

Note that by using Remark 5.2 first-order predicate given
by formula (5.12) one can replace by first-order predicate
such that

6. Conclusion

In this paper we proved so-called strong reflection prin-
ciples corresponding to formal theories 7hwhich has
o-models MI"* and in particular to formal theories Th,,
which has a standard models SM™" Theassumption that
there existsa standard model of 7% is stronger than the as-
sumption that there exists a model of 7h. This paper ex-
amined some specified classes of the standard and non-
standard models of ZFC so-called strongstandardmodels of
ZFC and strong nonstandard models of ZFC correspon-
dingly. Such strong standard models of ZFC correspond
tolarge cardinal axioms. In particular we proved that theo-
ryZFC+Con(ZFC) is incompatible with existence of any
inaccessible  cardinal ~ k.Note  that the  state-
ment:Con(ZFC+3 some inaccessible cardinal ) is/1{.Thus
Theorem 3.6 asserts there is exist numerical counterexample
which is turn would imply that a specific polynomial equa-
tion has at least one integer root.
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