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Abstract: Recently, Sahni and Singh [7] have solved an open problem posed by Yousefi and Hesameddini [12] regarding
Hilbert spaces contained algebraically in the Hardy space H(T). In fact the result obtained by Sahni and Singh is much more
general than the open problem. In the present note we examine the validity of the main results of [7] and [12] in two variables.
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1. Introduction

In [12], Yousefi and Hesameddini have characterized the
invariant subspaces of all Hilbert spaces H that are vector
subspaces of the Hardy space H*(T), with (.,.)(the inner
product on H) satisfying the following axioms:

AL.If there are four functions fi, f; 91,9, € H such that

(fu, 910 = (f2, g2)u, then we have (f}, g1)yz = (f2, g2)y2-
A2. If ¢ is any inner function, then ¢f € H and

(of 99y = (f,g)y forallfg € H.

The characterization of H, however is left as the following
open question in [12]: Is every Hilbert space H satisfying
axioms Al and A2 of the form @H?, for some ¢ € H®, and
does there exist a constant k such that (f, g)y = k(f, g)y2
for every f,g € H?

Sahni and Singh [7] have settled this open problem in the
affirmative. They in fact prove a far more general version of
the above problem. Below we record a special case of their
main result which clearly generalized the open problem
mentioned above:

Theorem 1.1 ([7], Corollary 3.2). Let H be a Hilbert
space which is algebraically contained in H2 and invariant
under multiplication by z. Further if the inner product on H
satisfies the following conditions

i. (zf,zg)y = (f,g)y forallf,g € H;
ii. for any f, 291, 9> € H such that

(f, 91 = {f2, g2)u, then we have
(fv 9)uz = {f2, G2)u2-

then there exists a unique inner function b € H* and a
constant k such that H = bH? and (f, g)y = k(f, g)y2 for

every f,g € H.

In [7], the authors use the above characterization of H to
derive the following invariant subspace characterization:

Theorem 1.2 ([7], Theorem 3.3). Let H be a Hilbert
space satisfying all the conditions of Theorem 1.1. If M is a
closed subspace of H and invariant under multiplication by z,
then there exists a unique inner function ¢ € H* such that
M = ¢H.

It is further noted in [7] that the characterization obtained
in [12] comes as a special case of Theorem 1.2. In the
present paper, we obtain a two variable version of Theorem
1.1 for the Hardy space H,(T,) on the torus T,, and also
examine the validity of Theorem 1.2 in two variables.

2. Notations and Preliminary Results

Let T denote the unit circle in the complex plane, and T2
stands for the cartesian product of T, that is, T? =
{(e?1,ei%2):0 < 0, < 2m,0 < 6, < 2r}. We shall denote
the coordinate functions ei1and e‘®2by z and w respec-
tively. The Lebesgue space L*(T?) on the torus is a col-
lection of complex valued functions f on the torus such that
[ 1f|? dm is finite, where dm is the normalized Lebesgue
measure on T2, It is well known that L*(T?) is a Hilbert space
with respect to the inner product

(f.9)2 = [;.fg dm;

and the collection {z"w™:m,n € Z} is an orthonormal
basis for L*(T?). The Hardy space H*(T?) comprises of those
L*(T?) functions f(z,w) that have the Fourier expansion of
the form Y 77_o Y7 @mnz™ W™, and hence the norm of f'is

given by Ifll, = (B0 Zr=ol @mn ).
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The space HX(T?) turns out to be a closed subspace of
L(T?) and hence a Hilbert space under the above norm. The
class of essentially bounded functions in H*(T?) is denoted
by H®. Let S; and S, be operators on HXT?) defined by
Sif(z,w) = zf(z,w), and S,f(z,w) = wf(z,w) respec-
tively.

A function ¢ € HX(T?) is called an inner function if || = 1
a.e.. Equivalently, this means that (¢f, pg), = (f, g), for
every f,g € HY(T?).

Theorem 2.1 (Singh [11]). Let M be a Hilbert space
which is a vector subspace of H*(T?) such that S; (M) c M,
S,(M) € M; and S;, S, are doubly commuting isometries
on M. Then there exists b € H® such that M = bH*(T?), and
Ibflly = lIfll, for all f € HY(T?).

The following lemma provides a necessary and sufficient
condition for an H* function to be an inner function:

Lemma 2.2. A function ¢ € H® is inner if and only if
{z™w"p:m.n = 0,1,2, ...} is an orthonormal set in H(T?).

Proof. Suppose ¢ is inner. So |[p| =1 a.e., and therefore

(Zmlwnl(p,ZmZan(p)z = (Zm1wn1’zmzwnz)2 =
{1 if (my,ny) = (Mg, ny)

0 if (my,ny) # (Mg, nz)

Conversely, the orthonormality of the set
{z™w"p:m.n = 0,1,2,...} yields the following equations:

(0, pz™w™), = 0 = (@, pz™w"), forallm> 0 and n>
0,

{(pz™, ew™), = 0 = (pz™, (pwn)zfor allm>0andn>0,

(p,9z™); = 0 = (p,pz™), forallm>0,

and (@, pw™), = 0 = (@, pw™), for alln> 0.

From the above four equations we conclude that

[lp|?z™w"dm = 0 for all (m,n) # (0,0).

Therefore || is a constant, say c.

Since 1 = [|l¢ll, = [|@|*dm, we have ¢ = 1. This proves
that ¢ is inner.

3. Main Results

Theorem 3.1. Let H be a Hilbert space which is a vector
subspace of H*(T?) such that S, (H) c H, S,(H) c H; and
S;, S, are doubly commuting isometries on H. Further,
assume that (.,.)y (the inner product on H) satisfies the
following property:

(P) For any functions f;,f,g:,8, EH such that
(f1, 81)u = (f2, 82)u, then we have (f}, g1)yz = (£, 82)p2.

Then there exists a unique inner function b such that

H = bH*(T?), and ||bf||y = ||f|l, for every f € HX(T?).

Proof. Since the operators S; and S, are doubly com-
muting isometries on the Hilbert space H, so all the the
conditions of Theorem 2.1 are satisfied and hence there
exists b € H® such that H = bH*(T?), and ||bf|ly = Ifll,
for all f € HX(T?). It remains to be shown that b is inner. The
proof of Theorem 2.1, as given in [11], reveals that H has the
Slocinski-Wold type decomposition:

H= i i@s;"s;@l N Ly).

m=0n=0

Here Ly = H © Sy (H), k=1,2 . It turns out that b is a unit

vector in H that spans L; N L, . From the above Wold type
decomposition we see that (b,bz™w")y =0 for all
(m, n) # (0,0). The arguments used to establish this fact are
similar to the ones adopted in the proof of Lemma 2.2. This,
in view of property (P), implies that (b,bz™w"), = 0 for
all (m,n) # (0,0). Thus the set {bz™w™: m > 0andn >
0} is orthogonal in H*T?. So the collection

{”;” z"w":m=>0andn > 0} is orthonormal in H*T?).
2

. b . .
Hence by Lemma 2.2, the function TSN is inner, and we
2
b

have H = bH?(T?) = WHZ(TZ).
2

The above theorem clearly generalizes the two variable
Beurling type result proved by Mandrekar [5]:

Corollary 3.2 ([5], Theorem 2). Let M be a closed sub-
space of H*(T?) which is invariant under S, and S, and that
Si, S, doubly commute on M. Then there exists a unique
inner function b such that M = bH*(T?).

Proof. Since the norm on M is the same as that on H, so
the property (P) stated in Theorem 3.1 is automatically
satisfied and hence the result follows.

Theorem 3.3. Let H be a Hilbert space satisfying the
conditions of Theorem 3.1, and M be a closed subspace of H
which is invariant under S, and S,. Then there exists a
unique inner function ¢ such that M = ¢pH.

Proof. By Theorem 3.1, there exists an inner function b
such that H = bH?(T?). Since M is a closed subspace of H, so
M is also a Hilbert space satisfying the assumptions of
Theorem 3.1. Thus there exists an inner function ¢ such that
M = cH*(T?). Note that ¢ = b¢ for some ¢ € H*(T?). This
implies that || = 1 a.e. Further, M = pbH*(T?) = $pH.
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