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Abstract: This paper mainly studies the evaluation of partial derivatives of four types of two-variables functions. We can
obtain the infinite series forms of any order partial derivatives of these four types of functions by using differentiation term by
term theorem, and hence reducing the difficulty of calculating their higher order partial derivative values greatly. On the other
hand, we propose four functions of two-variables to evaluate their any order partial derivatives, and some of their higher
order partial derivative values practically. At the same time, we employ Maple to calculate the approximations of these higher
order partial derivative values and their infinite series forms for verifying our answers.
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1. Introduction

In calculus and engineering mathematics courses, the
research about the partial derivatives of multivariable func-
tions is an important issue. For example, Laplace equation,
wave equation, as well as some other important physical
equations are involved the partial derivatives of multivaria-
ble functions. Therefore, whether in physics, engineering or
other sciences, the evaluation and numerical calculation of
the partial derivatives has its importance. Books and papers
in this regard can refer to [1-9]. In this paper, we mainly
study the evaluation of partial derivatives of the following

four types of two-variables functions

fl (xs J/)
=cospn(cx+d)]Bin[y” coscx+d)][Boshp” sin(cx+d)]

—sin[m(cx +d)][@os[y” cos(cx +d)]Einh[y" sin(cx +d)] (1)

S2(x,)
=cos[m(cx+d)]Bos[y” cos(cx +d)]Binh[y" sin(cx +d)]
+sinfm(cx +d)]Ein[y" cos(cx +d)][dosh[y” sin(cx +d)](2)

g1(x,y)
=cos[m(cx +d)][dos[y"” cos(cx+d)]Bosh[y" sin(cx +d)]

+sin[m(cx +d)]Bin[y" cos(cx +d)]Binh[y" sin(cx +d)] (3)

g2 (x,y)
=sin[m(cx +d)][@os[y” cos(cx +d)][osh[y sin(cx +d)]

—cosfn(cx+d)]Ein]y” coscx+d)]BEinhy” sin(cx +d)](4)

where r,c,d are real numbers, and m is any integer.
We can obtain the infinite series forms of these four types of
functions by using differentiation term by term theorem,
that is, the major results in this paper : Theorems 1, 2, 3, and
4. On the other hand, we propose four functions of
two-variables to evaluate their any order partial derivatives,
and some of their higher order partial derivative values
practically. Simultaneously, we employ Maple to calculate
the approximations of these higher order partial derivative
values and their infinite series forms for verifying our an-
SWers.

2. Main Results

Firstly, we introduce some notations, formulas and an
important theorem used in this paper.
Notations:
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(1) Suppose that ¢ is any real number, and 7 is any

positive integer. Define (£),, = t{(t =1 [[[(t =m+1), and
(1) =1.

(i) Assume that 9P are non-negative integers. For the
two-variables function (X, »), the P -times partial deriva-
tive with respect to X, and then ¢ -times partial derivative
with respect to V' isa (¢ * p) -th order partial derivative

of f(x,¥), and denoted by ﬂ(x,y) .

dy9ox?

Formulas:

In the following, we assume that &,a,b are arbitrary
real numbers, z is any non-zero complex number, 7 is
any integer, and ; =./-1 .

(i) Euler's formula:

e

€'Y =cos@+isinb-

(i) DeMoivre's formula :

(cos @+isin@)” =cosm@+isinm8 .

o _1yn—1
(iii) 2™ sinz = Z—( D7 2wem-t,
= (2n-1)!

0 _1\N
(iv) z"cosz= ) D" 2nem .
n=0 (21)!

(v) sin(a +ib) =sinalcoshb +icosalsinhb
(vi) cos(a +ib)=cosalcoshb—isinalsinhb
Differentiation term by term theorem ([10]).

If, for all non-negative integer & , the functions

gy :(a,b) - R satisfy the following three conditions : (i)
there exists a point Xy H(a,b) such that ki g0 is con-

vergent, (ii) all functions g4 (x) are differentiable on open

interval (a,b) , (iii) X %gk (x) is uniformly convergent
k=0
on (a,b).Then 2 g«(x) isuniformly convergent and

k=0
differentiable on (a,b) . Moreover, its derivative
q e & d
Ekz:‘,ogk(f\)- kgodx gr(x) .,

Next, we derive the first result in this article.

Theorem 1. Assume that 4 arereal numbers,

r,c,
is any integer, g, p re any non-negative integers, and

suppose that the domain of the two-variables function

fi(x,p)
=cosfu(cx+d)]BEin[y” coscx+d)]Bosh” sin(ex+d)]

—sin[m(cx+d)][dos[y” cos(cx+d)]Sinh" sin(cx+d)]

is {(x,y) OR|y"exist,y # 0}. Then the (g + p) -th order par-

tial derivative of f1(x,y),

aq+Pf1

TN, (x,»)

. Di (=)' @nr =r), @20 +m=1)"
o] 2n-1)!

g}2nr—r—q 0

cos{(2n +m—1)(ex +d) +p7”} (5)

Proof. Let z=73" exp[i(cx +d)], then by formula (iii),
Euler's formula and DeMoivre's formula, we obtain

y™ exp[im(cx +d)] Bin{y" exp[i(cx + d)]}

o _1\n-1
= Z% @ Lexpli(2n +m = 1)(ex +d)] (6)
n=1 '
, and hence

[cos m(cx +d) +isin m(cx +d)] %

sin[ " cos(cx +d) + iy’ sin(cx + d)]

0 ,_1\n—l
- —((2’11)_ 5 B osten 4 m = ex+ )+
n=1 :

isin[(2n +m —1)(cx +d)]} @)

Using formula (v) and the equality of the real part of
both sides of (7), we have

cos[m(cx +d)]Bin[y" cos(cx +d)][dosh[y" sin(cx + d)]

—sin[m(cx +d)]Gos[y” cos(cx +d)]Binh[y" sin(cx +d)]

o0 _l)n—l

G 2" cos[(2n +m —1)(cx +d)] ®)
=1 .

Therefore, by differentiation term by term theorem, we
obtain the (g * p) -th order partial derivative of fi(x,»),

aq+Pf1

TN, (x,»)

e R =)"'@nr=r), @2n+m-1)?
= (2n-1)!

B}an—r—q 0

cos[(2n +m-—1)(cx +d) +p7ﬂ}

Using the equality of the imaginary part of both sides of
(7), and the same proof as Theorem 1, we immediately
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have the following second result in this paper.
Theorem 2. The assumptions are the same as Theorem 1,
and the domain of the two-variables function

f2 ()C, y)
= cos[m(cx +d)][@os[y" cos(cx +d)]Binh[y” sin(cx +d)]

+sin[m(cx +d)]Bin[y" cos(cx +d)][dosh[y” sin(cx + d)]

is {(x,y) OR?|y exist,y # 0}. Then the (g + p) -th order

partial derivative of f5(x,y),

6q+pfé

oydox? (x.7)
00 (— -1 — —
» ()" @nr=r), [@2n+m-1)? g2mrr=a
= n-1)!
Sin[(Zn +m=1)(cx+d) +%1 ©)

Below we derive the third result in this article.
Theorem 3. The same assumptions as Theorem 1, and
the domain of

81 (xs J’)
= cos[m(cx +d)][dos[y" cos(cx +d)]Gosh[y" sin(cx +d)]
+sin[m(cx +d)]8in[y" cos(cx +d)] Binh[y” sin(cx +d)]

is {(X,J’) OR2|y" exist,y # 0}. Then the (¢ + p) -th order

partial derivative of g1(x, ),

® (-1)" (2nr), [2n +m)P
(2n)!

91tp
_gl(x,y) =P

ﬁ}an—q O
ay?ox?

n=0

co{(zn +m)(cx +d)+p7ﬂ} (10)

Proof. Also, we let z =" expli(cx +d)], then by formula
(iv), Euler's formula and DeMoivre's formula, we obtain

y™ exp[im(cx + d)] [os{y" exp[i(cx + d)]}

- iﬂ @(2n+m)r Exp[1(2n+m)(cx+d)] (11)

o (2m)
Therefore,
[cos m(cx +d) +isin m(ex +d)] %

cos[ y" cos(cx +d) +iy" sin(ex +d)] =

® )
z()

) @2’”{005[211 +m)(cx+d)]+isin[@n+m)(cx+d)]}(12)
n=0 :

By formula (vi) and the equality of the real part of both
sides of (12), we have

cos[m(cx +d)]Ldos[y" cos(cx +d)][dosh[y" sin(cx +d)]

+sin[m(cx +d)]Bin[y" cos(cx +d)] Binh[y” sin(cx + d)]

= i D" 32" cos[(2n +m)(cx +d)] (13)
n=0 :

Thus, by differentiation term by term theorem, we obtain
the (g + p) -th order partial derivative of g1(x,¥),

Q1tp il
—gl(x,y) =cP Dz
oy?ox? n=0

" (2nr) 4 2n+ m)P
(2n)!

E}an—q ]

cos[(2n +m)(ex +d) +p7”}

From the equality of the imaginary part of both sides of
(12), and use the same proof as Theorem 3, we immediately
obtain the fourth result in this paper.

Theorem 4. The same assumptions as Theorem 1, and
the domain of

g2(x,y)

=sin[m(cx +d)][@os[y" cos(cx +d)]dosh[y” sin(cx +d)]
—cos[m(cx +d)]8in[y" cos(cx +d)]Binh[y" sin(cx +d))]

is {(x,y) OR?|y exist,y # 0}. Then the (¢ + p) -th order

partial derivative of g5 (x,),

(=) 2nr), [@n +m)”

2nr—
2n)! G0

07" P gy <
—==(x,y) =cF
ayox? D,Z(:)

sin[(Zn +m)(cx +d)+ %T} (14)

3. Examples

In the following, we propose four functions of two- va-
riables to find their any order partial derivatives, and some
of their higher order partial derivative values practically.
On the other hand, we use Maple to calculate the approxi-
mations of these higher-order partial derivative values and
their infinite series forms.

Example 1. Suppose that the domain of the following
two-variables function
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Six,y) =
cos[4(2x = 5)] Bin[ > cos(2x = 5)] Bosh[ > sin(2x = 5)]

—sin[4(2x —5)] @Bos[y° cos(2x — 5)] Binh[y° sin(2x = 5)]

is {(x, V) DRz‘y Z O}. By Theorem 1, we obtain the infi-

nite series forms of any (g * p) -th order partial derivatives

of fi(x,y) as follows.

AP h o 2D T =3 @n+3P o
Oy g ( ») =2 DZ 2n-1)! . H
cos{(2n +3)2x-5)+ pTIT} (15)

Therefore, we have the 6-th order partial derivatives of
filx,y) at 3.2),
° fi

6y36x

+(3.2)

_g Di (-1)""Y(6n -3); 121 +3)°
@2n-1)!

n=1

2676 @in(2n +3) (16)

Next, we use Maple to verify our answer.

>fl:=(x,y)->cos(4*(2*x-5))*sin(y"3*cos(2*x-5))*cosh(y"3
*sin(2*x-5))-sin(4*(2*x-5))*cos(y"*3*cos(2*x-5))*sinh(y"3
*sin(2*x-5));

f1=(xy)—
cos(8 x — 20) sin(y” cos(2x — 5)) cosh(3” sin(2x — 5)) —
sin(8 x — 20) cos(3” cos(2x — 5)) sinh (3 sin(2x — 5))
>evalf(D[1$3,2$3](f1)(3,2),14);

-2.2023727438581-10"
>evalf(8*sum((-1)"(n-1)*product(6*n-3-1,j=0..2)*(2*n+3)"
3/(2*n-1)!*27(6*n-6)*sin(2*n+3),n=1..infinity),14);
-2.2023727438580-10'° 4 3.2805000000000-10° I

The above answer obtained by Maple appears the im-
aginary number [ (= x/_ 1), that is because Maple uses its
own built-in special functions to calculate it. But the im-
aginary part is very small, so can be ignored.

Example 2. Assume that the domain of

f2 (xa J’)
= cos[2(5x +3)] os[y"/? cos(5x +3)] Binh[y!/? sin(5x +3)]
+sin[2(5x +3)] Gin[y"? cos(5x +3)] Bosh[y'/? sin(5x +3)]

is {(x, ¥) DRZ‘ y> 0}. Using Theorem 2, we obtain the

following infinite series forms of any (g + p) -th order

partial derivatives of f5(x,»)

@ (=)' (n=1/2), @n+1)

P n=1/2-
ayq p( = SPDZ:; @n-1)! 0
sm|:(2n +1)(5x +3) + p2” } (17)

So we can evaluate the following 7-th order partial de-
rivatives of f>(x,y) at (-1,4)

afl
aya

—. 5 L4

~1" Y n=1/2), @n+1y°

=5 Di( D G @"'2 Bos@n +2) (18)
n=1 :

Also, we use Maple to verify our answer.
>£2:=(x,y)->cos(2*(5*x+3))*cos(y™(1/2)*cos(5*x+3))*sinh
(yN(172)*sin(5*x+3))+sin(2*(5*x+3)) *sin(y"(1/2)*cos(5*x

+3))*cosh(y"(1/2)*sin(5*x+3));
2=(xy)—

cos(10x + 6]c05(5c05(5x+3 ) smh(\/_sm 5x+3) )+

sin(10 x + 6) sin(y/y cos(5x + 3)) cosh(y sin(5x+3))

>evalf(D[1$5,282](£2)(-1,4),14);

-1.5112970990434 -10°

>evalf(5”5*sum((-1)"(n-1)*product(n-1/2-j,j=0..1)*(2*n+1
M5/(2*n-1)!1*47N(n-5/2)*cos(4*n+2),n=1..infinity),14);

-1.5112970990436-10% + 0.1

The above answer obtained by Maple also appears the
imaginary number I, but the imaginary part is 0, so can be

ignored.
Example 3. If the domain of the two-variables function

81 (xs J/)
=cos[7(4x —1)] Ros[y2 cos(4x —1)] E’tosh[y2 sin(4x —1)]

+sin[7(4x —1)] Bin[y? cos(4x —1)] Binh[ y? sin(4x — 1]

S {(x, v Rz‘y # 0}. Then by Theorem 3, the infinite

series forms of any (g * p) -th order partial derivatives of

g1(x,y) is
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39" P g, e (=1)"(4n), @n+7)P _,

——2 (x,y) =420 90

oy V=T (2n)! 7
cos[(Zn +7)(4x—1)+p7”} (19)

Thus, we obtain the following 5-th order partial deriva-

1
tives of gi(x,») at (5,3]

9°g (L 3]
6y36x2 2

0 1\ 2
(=" (4n); W@2n +7) 3%73 os(2n +7) (20)

- ‘16% (2n)!

Using Maple to calculate the approximations of

g (1 e .
< 3.7 —,3 | and its infinite series forms as follows.
dy°0x” \ 2

>g1:=(X,y)->cos(7*(4*x-1))*cos(y"2*cos(4*x-1))*cosh(y"
2*sin(4*x-1))+sin(7*(4*x-1))*sin(y"2*cos(4*x-1))*sinh(y”"
2*sin(4*x-1));
gl = (x.y)—

cos(28x—7) cos(y2 cos(4x — l]] cosh(y2 sin(4 x — 1]] +
sin(28x — 7) siﬂ(y2 cos(4x— l]] siﬂh(y2 sin(4x—1) ]
>evalf(D[1$2,283](g1)(1/2,3),14);
-1.2970725043722 -10°
>evalf(-16*sum((-1)"n*product(4*n-j,j=0..2)*(2*n+7)"2/(2
*n)1*37N(4*n-3)*cos(2*n+7),n=0..infinity),14);
-1.2970725043722-10° + 0.1

The imaginary part of the above answer obtained by
Maple is 0, so can be ignored.
Example 4. Suppose that the domain of

g (x,»)
= sin[5(6x — 7)] Bos[y* cos(6x — 7)] Bosh[y* sin(6x — 7)]

— cos[5(6x —7)] Bin[y* cos(6x —7)] Binh[y* sin(6x - 7)]

is {(x, V) DRz‘y Z O}. Using Theorem 4, the infinite se-

ries forms of any (¢ *+ p) -th order partial derivatives of
& (x,y) is

a+p © (=1)"(8n), [M2n +5)7
8 (¢ gy =gr oy, D B1g 22 )
dydox? fipurt 2n)!

B}Sl’l_t] |:|

sin{(Zn +5)(6x-7) +p7”} @1

So we obtain the following 7-th order partial derivatives
of g(x,y) at (1,2)

7
%(1,2)
dy~0x

0 _1\1 4
_ 6t DZ( D (8n)3 l2n+5)" 803 Bin(2n+5) (22)
=0 (2n)!

Also, we use Maple to verify our answer.

>g2:=(X,y)->sin(5*(6*x-7))*cos(y*4*cos(6*x-7))*cosh(y"4
*sin(6*x-7))-cos(5*(6*x-7))*sin(y"4*cos(6*x-7))*sinh(y"4
*sin(6*x-7));

g2=(xy)—

sin(30x — 35) <:os(y4 cos(6x— 7]] cosh(y4 sin(6 x — 7]] -

cos(30 x — 35) sin(y4 cos(6x — 7]) sinh(y4 sin(6x — 7]]

>evalf(D[1$4,2$3](22)(1,2),14);

2.7815111865636 -10'%

>evalf(-6"4*sum((-1)"n*product(8*n-j,j=0..2)*(2*n+5)"4/(
2*n)1*2°(8*n-3)*sin(2*n+5),n=0..infinity),14);

2.7815111865654-10'% 4 0.1

The imaginary part of the above answer obtained by
Maple is 0, so can be ignored.

4. Conclusion

From the above discussion, we know that Theorems 1, 2,
3, and 4 are the theoretical basis for solving the partial dif-
ferential problems we explored. And we see that differen-
tiation term by term theorem occupies the pivotal position in
our theoretical derivation. In fact, the application of this
theorem is very extensive, and use it many difficult prob-
lems can be solved, we will continue to publish papers in this
regard. On the other hand, it can be seen that Maple plays an
important role in the auxiliary problem solving, we can even
use Maple to design some types of partial differential prob-
lems, and try to find the key to solve them. In the future, we
will study other calculus and engineering mathematics
problems, and take these results as good materials for cal-
culus and engineering mathematics on research and teach-
ing.
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