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Abstract: In the present paper, we deal with two different existence results of solutions for a nonlocal elliptic Dirichlet
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1. Introduction

We are concerned with the following problem
‘D u r(x) .
_m[JQ p(x) dx dlv(‘Du

= f(x,u) in Q,

p(x)-2 Du) @

u=0o0n0Q

Where @ O RY is a smooth bounded domain,
pDC(Q) with 1<p(x) <Nforany xOQ.,™ isa

continuous function and f* is a Carathéodory function.

Problem (P) is related to the stationary version of a mod-
el, the so-called Kirchhoff equation, introduced by [13]. To
be more precise, Kirchhoff established a model given by

the equation
2 2
Ou dea u _ 0.

o o

Qu_[R E
ot h 2L%

where p.h.P,.E,L are constants which extends the
classical D'Alambert's wave equation, by considering the
effects of the changes in the length of the strings during the
vibrations. There are papers [4,11,15] in which the authors
give the existence of solutions of Kirchhoff-type and
p-Kirchhoff-type equations. Moreover, for
p(x)-Kirchhoff-type equations see, for example, [2,5-7].

The p(x)-Laplace operator

div(|Du|p(x)_2 Du)
is a natural generalization of the p-Laplacian operator
Au= div(‘l]u‘p_z Du)

Where

p>1

is a real constant. The main difference between them is
that p-Laplacian operator is (p-1)-homogenous, but the
p(x)-Laplacian operator, when p(Xx) is not constant, is not
homogeneous. This causes many problems, some classical
theories and methods, such as the Lagrange multiplier
theorem and the theory of Sobolev spaces, are not applica-
ble. For p(x)- Laplacian operator, we refer the readers to
[9,10,17,18] and references there in. Moreover, the nonli-
near problems involving the p(x)-Laplacian operator are
extremely attractive because they can be used to model
dynamical phenomenons which arise from the study of
electrorheological fluids or elastic mechanics. Problems
with variable exponent growth conditions also appear in the
modelling of stationary thermo-rheological viscous flows
of non-Newtonian fluids and in the mathematical descrip-
tion of the processes filtration of an ideal barotropic gas
through a porous medium. The detailed application back-
grounds of the p(x)-Laplacian can be found in [1,3,19,22]
and the references there in.



Pure and Applied Mathematics Journal 2013, 2(1) : 20-27 21

Recently, some interesting results were obtained by
many authors. In [21], the authors studied a similar prob-
lem to (P) in the case of

p(x):2

They established two different existence results of solu-
tions for a nonlocal elliptic equations with nonlinear boun-
dary condition by using the Galerkin method and the
Mountain-Pass theorem. In [16], the authors dealt with
problem (P) in the case of

p(x):2

By using the Brouwer fixed point theorem and the Ga-
lerkin method, they proved the existence of a solution.

Motivated by the above references, we deal with the ex-
istence of solutions for a nonlocal elliptic equation (P) with
Dirichlet boundary condition involving the p(x)-Laplacian
operator. The first result is obtained by the Brouwer fixed
point theorem and the Galerkin method, whereas the others
are obtained in view of variational approach using the
Mountain-Pass theorem.

2. Preliminaries

First, we recall some basic properties of spaces
LP(X) (Q)
And
Wl,p(x) (Q)

(for details, see e.g., [8,14]).
Set

c. (@) :{p :p0C(Q).p(x) >1foranny§}.
For any
pacC, (5)
denote

p =infr(x), p" =supp(x) <,

x0Q 09
and define the variable exponent Lebesgue space by

L'(Q) :{u is a measurable real function on Q : IQ ‘u‘p(x) dx < oo} .

We define a norm, the so-called Luxemburg norm, on
LP(X) (Q)

by the formula

P(x)

Juf(,, =inf A>O:J‘Q‘@ dx <1,

and then

( Q).

EI]P(X))
becomes a Banach space.
Define the variable exponent Sobolev space by

@) ={un Y (Q):|0u 0 Y (Q)}

then it can be equipped with the norm

||u||1,p(x) = |u| x) +||:|u|p(x) s Du |:| Wl,p(X) (Q)

p(
The space
W, (Q)
is defined as the closure of
G ()
In
Wl,p(x) (Q)

with respect to the norm

||u||1,p(x)

For
Lp(x)
u O, (Q)
we can define an equivalent norm
e =
since the well-known Poincaré inequality holds.
Proposition1 .[8, 1 4]

The conjugate space of ) (Q)is v Q
1

L+—=1
p(x) p'(x)
Foranyu O L*™(Q)
and v L’”‘”(Q)we have

where

U uvdx‘s L_+; |u
¢ )4

(»)

oo 7y
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Proposition 2.[8,14]

Denote p (u)= jQ |u|"(x)dx,

Ou,u, O L™ (Q ),then onehas

(i)lul,,(x) > 1= |”|,)(x)ﬂr sp(u)s|u |p(x)l]’ ’
(”)l”lp(x) sl= |”|p(x)p‘ <p(u)s |” |p(x)pi ’
(iii)ling sy = 0= 111’{} p(u,)=0,
("ii)ling O Bl 111’1} p(u,) - o
Proposil‘ion3.[8,14]Ifu,u,7 0t (Q),

thenthe following statements are equivalent :
(1)lim

n- o

(i)lim A (u, -u)=0,

n- o

u

n

u

n

u, = ”l,)(x) =0,

(iii)un - u inmeasure Q

and lim p(un) = p(u)
Proposition44[8,l4](i)[fl <p £p' <o,
thenthe spaces L") (Q), w el (Q)
and Wol’”(x) (Q)areseparable and reflexive Banach spaces,
(ii)]f p,p,0C, (a)and y2 (x) <p, (x)for any x 0Q,then
theembedding L"V(Q) —» L™ (Q)is continuous,
(iii)]f qQocC, (5) and q (x) <p (x)ﬁ)r any x [ Q,then
theembedding Wol’”(x) (Q) - L'(Q)is continuous and compact,

where
Np (x)

y ()= w-py VP
+00 fp(x)zNA

Proposition 5.[8,14]L61X bea Banach spaceand
definethe functional

Oul?®

N = |—

J.Q p(x)

Themapping N' : X - X~

dx. Then N : X - R isconvex.

is astrictly monotone,bounded hom eomorphism,
and of (S+)type,namely
u, - u(weakly)yand 1{m </\'(u”),u” —u>£ 0

impliesu, — u (strongly).

Definition 6.Let X bea Banach space and
I:X - R aC'~- functional.

Wesay that a functional I satisfies the

Palais — Smale condition ((PS)for short)

if any sequence{un}in X

such that{l (un)} isbounded

and I’ (un) - O0asn - o,admits aconvergent

subsequence.

We say that

w0 WOLP(X) (Q)

is a weak solution of (P) if

p(x)
dx _[Q |Du

” |Du|
J.Q p (x)

rb)-2 OuU@dx = ij(x,u) @,

Where
¢ 0w, (Q).

We associate to the problem (P) the energy functional,
defined as

1:W,"79(Q) - R,

p(x)
I()=M JQEM(X) dx |~ [ F(x.u)
Where
M(t) ZL)tm(s)dS
and

F(x,u) Z.[:f(x,s)ds

We know that from (m1) and (f0) (see Section 3) [ is
well defined and in a standard way we can prove that

roc' (w,"(Q).R)

and that the critical points of I are solutions of (P).
Moreover, the derivative of [ is given by

p(x)

(I'(u).8)=m IQE“(X) dx ([ [0 Cu gax
[,/ (xu).
for all

u, OW,""(Q).

3. Existence Results via Brouwer’s
Fixed Point Theorem
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Lemma 7.[12]LetF :R" - R" becontinuous
such that(F (x),x>2 0 forall xsuch

thatlxl =R > 0,where<|§|ﬁ}is theusualinner
productinR" and | []its related norm.

Then thereexists x, suchthat
|xo|< Rand F (x,)=0.

Now, we are ready to set and prove the first main result
of the present paper.

Theorem 8. Assumethat the following
assumptions hold : (mO) m: (0, +00) - (k, +00) is a continuous
Sfunction with k > 0,(f0)f QxR - RisCaratheodory

function and satisfiesthe growth

condition |f (x,t)| <c (l + |t|q(x)_l) a (x,t) OQxR,
whereq U C, (5) and q (x) <p (x) forallxOQ.
Further,assumethat there exists a

positivereal number a,a UC, (5) witha® < p~ such

that (f1) f (x,t)t<a (1 +e

suchthat

”(’))D(x,t)DQxR

k
a<—-, G.D

where Cis embedding const of

w, o) (Q) - % (Q).Then problem (P)has
at least one weak solution. Further,

any solutionu of (P) satisfies the estimate

<12
k—aC”

Proof. Because
w7 (@)
is a reflexive and separable Banach space, then there are
{w}Ow, " (Q)
And
{w}o(m ()

such that

w,-r0) (Q) =span{w,:i=1,2,..},

(Wol’p(x) (Q)) =Span{w*i =1, 2,...}

And

Define
V,= span{wl,...,w”}.
Then V isisometricto R”. Let
£=(&)0R"

To each such ¢, we associate a unige element v [] Vn
by the relation vzz;giw;(. Further, since the {Wk} are

orthonormal in VVol’p (x) (Q) , we have

M=z el =4

We look for solutions u, L1V of the approximate
problem

()

|:| n
n J‘Q%dx .UDM”

:ij(X,u,,)wkdx, k=12,..

A9 Oy Oyl

(3.2)

To solve this algebraic system, we now define the opera-
tor

P :R" - R"
by
|Du »()

(Pu), =m IQ 2(x)

—JQf(x,u)wkdx, ulV,.

dx JQ |Du|p(x)_2 Uulw, dx

By the condition (f0), the growth of function f is sub-
critical, so U — f (DA) defines a continuous Nemytskii
mapping

) A (x)
N, :179(Q) - L”™(Q).
We note that P is continuous from continuity of 7

and f (x,u) with respect to U . Therefore, from (m0),

(f0, (1) and Poincaré inequality, for © [] Vn with
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>
we get
()
- k”u”pi —sz(x,u)udx
k" ~aC” Ju|” ~alQ]
> (k-ac” YJu|" -alQl.
This shows, from (3.1), the existence of R >( de-
pending only on k,a,C,Q such that <P”u,u> =0 if

||u|| = R. Hence by consequence of Brouwer's fixed point
theorem (Lemma 7), the system (3.2) has a solution

u, OV satisfying ”u”” < R. From this bound estimate,
going to a subsequence if necessary, there exists a U such

that  u, — u(weakly)inW,""") (Q).
Moreover, since W,"") (Q) - L7 (Q) s com-
pactly and the mapping N , is continuous from
rY(Q) - 1°V(Q)
(see e.g., [9]), we have
u, — u(strongly)in L) (Q),
7)) - fxou)in9(Q).

Then fixing & in (3.2) and letting # — +00 we con-
clude that

(L2

ZJQf X,u w,(dx.

dx]f |Du| Dqukdx
(3.3)

From the completeness of {wk} , the equality (3.3)
holds with W, replaced by any ¢ DVVOLP () (Q) , we get

0 p(x) Solz
o 1 e
= Jof (xu) g,

which means that u is a solution of (P). Finally, if # is
any solution of (P) and it is nontrivial, then

{ J.UDuV(X) dx = IQf(x,u)dx

As a consequence, we have

The proof is completed.

4. Existence Results via Variational
Method

In this section, we prove the existence of trivial and non-
trivial weak solutions of problem (P) by using the Moun-
tain-Pass lemma.

Theorem9. Assumethat ( n%) holds. Further,

if the growth condition

(£2) f: QxR - Ris Carathedory fimctionand satisfies

[ (o) e 1441 ) DR

holds,wherel<a<p’, then problem(P) has aweak solution.

Proof. From (f2) and (m0), we have
‘F(x,t) < (|t| +|t|a) and M(t) > kt , respectively.

Then, it follows
1(u)
p(x)
=M 0 x) dx —IQF(x,u)

zkjg p()

dx cI |u| dx — cJ |u|dx
2 Kl =l =l - 4o ] - ).

This shows the coerciveness of [ . Furthermore, since
[ is weakly lower semicontinuous, it has a critical point

U in WOI’P(X) (Q) , which is a weak solution of (P). The

proof is completed.
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7/ heoremlO.Assume( j('))and the following assumptions there existsa u in ¥, Lp(x) (Q) such that
hold :
(ml)m : (0, +00) - (k, +00)isacontinuousfunction withk >0, u, — u(weakly) in W;)l,p(x) (Q) )
and
satisfies the growth condition A" < m(t) <B"", Thanks to the compact embedding
forallt >0,where A, B and y are positive const suchthat 1,p(x) a(x)

Wy (Q) - (@)

B > (pf)yil withy>1;
A we get

(f3)f(x51) :0(|l‘|yp+_l),(t - O)Mm'formlyforx[lQ,

u, — u(strongly)in e (Q) ,
whereq” > yp*;

4.2)

(AR) Ambrosetti — Rabinowitz' s condition holds,i.e., u, ~uaex 0Q.

y
* By (4.1), we have
K >0, €>§y(p ) suchthat y @D

( ) <1/(un),un> - 0.

0<5F(xl) f( ) |t|>Ka.e.x|]Q.

Then problem ( ) has a weak solution. Thus

<1/ (u,).u, —u>
To obtain the results of Theorem 10, we need to verify ||] |p(x)
the following two lemmas. =m J ] N I |Dun|”(x)_2 Ou, (Ou, - Ou) dx
Q p( x) Q

Lemmal I.Suppose(ml) , (AR) and (fO) hold.
Then I satisfies the (PS ) condition.

—IQf(x,un)(un ~u)dx - 0.

Proof. Let assume that there exists a sequence From (f0) and Proposition 1, it follows

{u,}in ) (Q) such that U.Qf(x,“n)(“n —u)dx‘ <

o) +CIQ|un —u|dx.

If we consider the relations given in (4.2), we get

‘I(un)‘ <cand I (un) - 0. 4.1 c‘

n / n
q'(x)

Therefore,

ct|u,]

Zl(un)—é<l/(un),un>

[/ (e, ) (u, —u)x — 0.

Hence

o A ] e
Ar) o] [ J ~Ods -0
X(IQ|Dun o) dx) +jg[lf(x,u,1)u,1 —F(x un)jdx
o From (m1), it follows
A B ( (%) )V
> - = L | dx) —c  Ou Uu, =0u)dx — 0. (4.3)
y(p+)y H(p_)y 1 .[Q| .[ ( )
Since the functional (4.3) is of type (S,,) (Proposition 5),
> A+ i lf o (1, e, we get u, — u(strongly)in Wol’p(x) (Q) I satisfies
4 (p ) 6(p ) (PS) condition.

Therefore, { } is bounded in VVol’p (x) (Q) . From

this bound estimate, going to a subsequence if necessary,

u

n
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Lemma 12.Supp0se(m1) ,(AR) ,(fO) and (f3) hold.
Thenthe following statements hold :

(i) There exist two psitive real numbers O and [ suchthat
I(u) >u>0,ul Wol’p(x) (Q)with ||u|| =0;

(ii) Thereexist auin Wol’p(x) (Q) suchthat |ul| > 8,1 (u)<0.

Proof
(1) Let us assume

o <1

Then by (m0), we have

_ A u
I(u) - y(p+)y ” |

o —IQF(x,u).

By the continuous embeddings
w1 (Q) - ()
And

WOLP(X) (Q) Ny (Q)’

there exist some positive constants ¢, and ¢, such that,

Ou 0w, (Q),

<colul and [u],,. <cu
|uq(x)_c0 ul and |u],,. <c fu,

Let £>0 be small enough such that

4.4)

4
2y(p+)}/ .

gclyl’* <
Then, using (f0) and (f3), we get

F(x,1)< £|t|”’+ +c£|tq(X) ,0(x,t)DQxR.

Therefore, by (m1) and (4.4), it follows

I(u)

> A+ y"”| 7 _‘g,J‘Q|u|yp+ dx—cJQ|u|q(X)dX
()
> A s P -l
v(P)
A . ot _
e |l el
v(r’)

Since ||u||<1 and ¢~ >yp", there exist positive real
numbers 0 and H such that

ob

()2 p>0,u0W,"" (Q)
With
o= 500.1).
(i) From (AR), one easily deduces
F(xt)2eld’, ]2 KaexDQ.

Moreover, when ¢>1 is large enough, from (ml), we
tain that

M(t) BB,
4 4

Hence, for cuDWOI"’(“‘)(Q),a)i 0, and >1 we

have

t p(x)
[(1w)=M Ig%dx = [ F (x.10)
B —ct? ¢ x —c.
—m o IQM d.

From (m1) and (AR), it can be obtained that 8> yp™ .

Therefore

(tw) - —oo(t — +00).

Proof of Theorem 10. From Lemma 11, Lemma 12 and

the fact that 7(0) =0, satisfies the Mountain Pass theo-
rem (see e.g.,[20]). Therefore, [ has at least one nontrivial
critical point, i.e., (P) has a nontrivial weak solution. We
are done.
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