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Abstract: Assessing the stock price indices is the foundation of forecasting the market risk. In this paper, we derived a
seemingly Black-Scholes parabolic equation. We then solved this equation under given conditions for the optimal prediction of

the expected value of assets.
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1. Introduction

The problem associated with random behavior of stock
exchange has been addressed extensively by many authors
(see for example, Black and Scholes, 1973; and Black, ef al.,
1991). The concept of “fractal world” was proposed by
Mandelbrot in 1980’s and was based on scale-invariant
statistics with power law correlation (Mandelbrot, 1982).
Fang et al., (1994) examined the relevance of fractal
dynamics in major currency futures market. Fractal dynamics
are forms of dynamics characterized by irregular cyclical
fluctuations and long term dependence. They estimated
directly the fractal structure in currency futures prices based
on a time series model of fractional processes. Based on the
self-similarity property of fractal, Tokinaga and Moriyasu,
(1997) forecasted the time series by the fractal dimension
which was obtained via the wavelet transform. Xiong, (2002)
also applied the wavelet to measure the fractal dimension of
Chinese stock market. Muzy, et al., (2000) estimated the
statistical self-similarity exponents from the data and made a
quadratic fit for some low order moments. Several studies
have examined the cyclic long-term dependence property of
financial prices, including stock prices (Greene and Fielitz,
(1977); Aydogan and Booth, (1988)). These studies used the
classical rescaled range (R/S) analysis, first proposed by
Hurst (1951) and later refined by Mandelbrot and Wallis,
(1969) and Wallis and Matalas, (1970), among others. Using

R/S analysis, Greene and Fielitz, (1977) studied 200 daily
stock returns of securities listed on the New York stock
exchange and they found significant long range dependence.
A problem with the classical R/S analysis is that the
distribution of its regression-based test statistics is not well
defined. As a result, Lo (1991) proposed the use of a
modified R/S procedure with improved robustness. The
modified R/S procedure has been applied to study dynamic
behavior of stock prices (Lo, 1991; and Cheung, et al., 1994).
Teverovsky et al., (1999) and Willinger et al, (1999)
identified a number of problems associated with Lo’s
method. In particular, they showed that Lo’s method has a
strong preference for accepting the null hypothesis of no long
range dependence. This happens even with long-range
dependent synthetic data. To account for the long-range
dependence observed in financial data, Cutland et al., (1995)
proposed to replace Brownian motion with fractional
Brownian motion as the building block of stochastic models
for asset prices. An account of the historical development of
these ideas can be traced from Cutland et al., (1995),
Mandelbrot, (1997) and Shiryaev, (1999). In this paper, we
will derive a seemingly Black-Scholes parabolic equation.
This equation is being solved under given conditions for the
optimal prediction of the expected value of assets.
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2. The Model

Consider a portfolio comprising h unit of assets in long
position and one unit of the option in short position. At time,
T the value of the portfolio is

hP —V, (1)

measured by the fractal index C?(E) — V¢ (E) # 0.

After an elapse of time, At, the value of the portfolio will
change by the rate h(AP + D;At) — AV in view of the
dividend received on h units held. By Ito’s lemma this equals

h(uPAt + oPAz + D, At)

ov v P+1azv 2p2) e+ 2 pa
“War Tap 29p2° ap?t%

OR

huP + hD aV+aV P+162 2p? |t At
(hat DG tar P T 2ap

+ (hoP aVPA
(ho aPa)z

If we take

av

h=-> 2

the uncertainty term disappears, thus the portfolio in this case
is temporarily riskless. It should therefore grow in value by
the riskless rate in force i.e.

(hwP + hD,) — aV+6V +162V 2p? )i At
“ V8 Tap ™ T 2ap2¢
= (hP — V)rAt.
Thus
DaV 6V+162V 2p2 aVP v
15p ~\at T20p2° ap T

So

v _ v, 10%v o2Pp? =

—+ (P = D)+ -~ 0’Pr =1V 3)

Proposition 1: Let D; = 0 (where D, is the market price of
risk), then the solution of equation (3), which coincides with
the solution of

at+zaP2 o°P* =0 @
with
V(P,t) =0, (5a)
VP
= 0Vvt, (5b)

and P? is assumed constant, is given by

2atP™

V(P,t) = Voexp {257~ - AP} e (using equation (52)) (6)

with

4aP~3t
A+ J— = 0 (using equation (5b)). @)
Where V is the investment output, r the discount rate, and
o2 the variance of the stock market price.
Proof: Let D; = 0 (where D, is the market price of risk),
then equation (3) becomes

S +rP +;ZPZ 2p2 = ¢y, (8)

In order to remove the effect of the discount rate (r) from
equation (8), we let r = 0 and set

V=eTV (9a)
and
P=e™"P. (9b)
Hence equation (8) becomes
v 10V 5.5

By the method of separation of variables, we assume a
solution of the form V = f(P)g(t).

Hence
v .,
—==f"g, (11a)
and
v _ L,
w=fg (11b)

Substituting equations (11a) and (11b) in equation (10)
gives

ZPZ f” _ __g! _
o =r=a (12)
or
, =2
o (13a)
and
" = af. (13b)

These are ordinary differential equations for f and g with
Ing = % t (using equation (13a)) and having solution

2aP” Zt
glt) =Vee % . (14)
Also
f" — af = 0 (using equation (13b))

So that A2 = a and A = ++/a with solution
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f(P) = e*. (15)
Hence, we obtain a special solution of the form
_ -2
V(P,t) = Vyexp {Zj—ft + AP}. (16)
But
v 0
P
—2apP~2 4V . aP 3t -2aP%t
=Vode oZ ‘et 4 S e or e
0-2
-3
=1+ 4“:2 : (as in equation (7)).
Solving for P in the above equation gives
p-3 = -1o?
4at’
and
4 1
—4at\3
P = (AUZ) ’
Equating this result to equation (9b) gives
1
“rtp (—4at)3
e =
t Aa?
and
1
= —4at
P =(25)ert. (17)
Equating equation (9a) to equation (16) gives
_ -2
V(P,t) = Voexp {Z57— + AP} e (18)

Proposition 2: Let D; = 0 (where D, is the market price of
risk), then the solution of equation (3) where P? is not a
constant, coincides with the solution of

v 19%v

w1 2p2 _
o T55p20 P2 =0. (19)
with
V(P,t) =0 (20a)
and
e
—p =0V, (20b)
is given by
1
V(P,t) = Voe 27 “ BT (APY 4 BPR}  (21)
with

A, P17 + BA,P*~1 = 0 (using equation (20b)). (22)

Where V is the investment output, r the discount rate, o2

the variance of the stock market price, A and B are arbitrary
constants.

Proof: From equation (8), to equation (9b) we have
equation (3) reduced to

v . 19%v
-—g?P?2 =0.

3t " 20p2 (23)

By the method of separation of variables, let the solution
of equation (23) be V = f(P)g(t). Hence, Z—‘: =fg and
2
gTZ = f"g. Equation (23) becomes fg' + %f”gazP2 =0.
Therefore

~f"go?P? = —fg'. (24)
By separation of variables equation (24) becomes
2f" _ 20 _ 2
P ik (25)
From equation (25) we have
PZ f_” — aZ
f
P2f" —a?f =0
That is,
2
p2il_q2f =0, (26)

dp?

We then solve equation (26) using Euler’s substitution
method.
Let P = ef, then

InP=tand %=1 27)
ar P
Also
o _4rat _1df (28)
dp  dtdp  Pdt’
a’f _ d (1af\ _14d (af\  dfd (1
Pz~ ap (P dt) “par (dt) tuw (P)’
d?f 1 (d?f df
and & = = (G — %) 29)
Equation (26) becomes
Y 2
Tz o @ f=0. (30)
Let f = e? be the solution of equation (30), hence

f' = 2e*; f"" = A2e*. Equation (30) becomes
Azelt _ /16M _ azelt =0.
Our auxiliary equation becomes
A —1-a?=0.

Therefore
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1+y/1+4a?

2

A= (31)

and

— 2
A, = 1 \/12+4a ' (32)
From equation (27) we have InP = t, but f = e*!, hence
f =P~
Our general solution becomes

f(P) = AP*1 + Bp*2, (33)

From equation (25) we have

I

—29 g2, (34)

olg

The solution of equation (34) becomes

1
g(t) = Voe 27 ¢, (35)

ButV(P,t) = f(P)g(t), from equations (33) and (35) we
have

1
V(P,t) = Voe 2 “t{APM 4 BP2). (36)
But
v _,
oP

1
= Voe 27 “H{A2,PP11 + B2, PR 1)
= AA,PM1~1 + BA,P*271 (as in equation (22)).

Solving for P in the above equation gives

_B/’{Z

pAi-12) —

and

BA2\2 A
P — ( 2) 1~ 2
Adq

Equating this result to equation (9b) gives

1
and
1 _1
p _ (ZBA2\1-22 rt
Po=(a2)i e, (37)

Equating equation (9a) to equation (36) gives

1
V(P,t) = Voe 2% (At 4 ppiz) (38)

where A and B are arbitrary constants; A; and A, are as
defined in equations (31) and (32).
Proposition 3: For D; # 0, the solution of equation (3) is

given as:
B ag} aq}
V(P) = (aqn) {Ae’ll%+3e’12%}, (39)
P
where
y=-2% / s+ and Ay = - /4+8l (40)
Proof
We take
Z=2;V(P) = 2w (2) (41)
Thus
dz . a 1Z2
dp~ P2«
v dv dzZ
dP ~ dZ dP
1 aw
=——Z2BZPW + ZF —
Al +28 =)
—_1 B+1 B+2 AW
(,BZ W+ ZF2 =7,
Hence

d’v _ d (d_V) dz
dP2 ~ dP “dz’'dP

1 aw
_ _ T2 B B+1
aZ BB +1)ZPW +BZ a7

+(B + 2P gpr2 Wy

In this case V is not dependent on r. Substituting into the
given differential equation we have
rZPW = "—Z(ﬁ(ﬁ +1)ZOW + BZPH LY 4 (B + 2)2P+1 2

)+ (o) Q)ertw 2. @)

Cancelling by Z? and collecting like terms we have

O—UZZZdZW+dW
T 27 dze dZ

( B +1)—rB+p2 Z>—rw

( 2(ﬁ+1)Z—TZ+DaZz>

Or

d2w D
0=27240 1 Wy (s 2B+1) - +27)+

w(ZBB+1D —r(B+1)+p22).
Let

Dy

ﬁannd=7Z. (43)

We obtain
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2 d°W aw. _ 2wr _
Z 5z T 2Z — = = 0. (44)
Let 4, and A, be the roots of the equation, then
M+ = 2
1 2= 77
2r
/’{1/’{2 = _m..
Now,
d*w aw
W_ (/’{1 +/12)ﬁ—/11/12W = 0
or
d (dW a W)—)l (dW a W)
dz\dz "*7 )~ "t\dp ?
Then
dW—yy—<dW 1 W)
dz '~ \dp ?
Which gives Y = Ce?2% with solution
e~MZW = [CeM—2)2dz + B (45)
(Where C and B are arbitrary constants).
Hence
W (z) = AeM? + Be*2? (46)
a\B a a
= B =|— Mp A2p
V(P) = ZPW(2) (P) {Ae P + Be P}V(P)
B ag ag
= (%) {Ae’ll% + Beb%}. @7)
2P

3. Conclusion

The Models: equations (6), (21) and (39) suggest the
optimal prediction of the expected value of assets under
fractal scaling exponent (C?(E) — V?(E)) = azi'zl which we
obtained. We derived a seemingly Black Scholes parabolic
equation and its solution under given conditions for the
prediction of assets values given the fractal exponent.
Considering equation (6), we observed that when a =
0,a =0, the equation reduces to V(P,t) = Vye' " .This
means that the expected value is being determined by the
interest rate r and time t. If a = 4,a = 2¢q2, equation (6)

—4q3tP~2 .
reduces to V(P,t) = Vyexp {T + \/fqn} e’ this also
means that the growth rate depends on price, time, and
interest rate.

Considering equation (21), we observed that when our
singularity strength, a = 0, our fractal exponent, « =0,
equation (21) becomes V(P,t) = Voe ™ {AP* + BP*2}. If
our singularity strength, a =4 , our fractal exponent,
a=2q?2 , equation 21 reduces to
V(P,t) = Voe 2o @t+7t{gphs 4 BpA2}  When q = 1, we

have V(P,t) = VOe_Z‘TZH”{AP’11 + BP%2}. This means that
the expected value depends on stock price, interest rate, and
time. If 1; and A, are positive, the stock price increases,
hence the investment output increases. On the other hand, if
A4 and A, are negative, the stock price decreases and this
leads to decrease in investment output. Considering equation
(39), we also observed that when a =0, the equation
becomes V(P) =0, this signifies no signal. If a =4,

. 2q3 B 2 2q 2 243
equation (39) becomes V(P) = (T") Ae™ P + Be™P ¢,

this implies that there is signal. We now further look at it

2B (, 2h 24y .
when g = 1 to have V(P) = (;) {Ae P + Be'P } Hence, if
A, and 1, are negative, the equation decays exponentially.
On the other hand, if A;and A, are positive, the equation
grows exponentially.
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