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Abstract: The aim of this paper is to investigate analytically the motion of oscillating dumbbell, two micro-spheres connected
by a spring, in a viscous incompressible fluid at low Reynolds number. The oscillating dumbbell consists of one conducting
sphere and assumed to be actively in motion under the action of an external oscillator field while the other is non-conducting
sphere. As result, the oscillating dumbbell moves due to the induced flow oscillation of the surrounding fluid. The fluid flow
past the spheres is described by the Stokes equation and the governing equation in the vector form for the oscillating dumbbell
is solved asymptotically using the two-timing method. For illustrations, applying a simple oscillatory external field, a systematic
description of the average velocity of the oscillating dumbbell is formulated. The trajectory of the oscillating dumbbell was found
to be inversely proportional to the frequency of the external field, and the results demonstrated that the oscillating dumbbell moves
in a circular path with a speed that decreases inversely with the length of the spring.
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1. Introduction

The study of particle motion in a viscous fluid is a key to
understanding the physical processes associated with particle
suspensions at low Reynolds number. It has been of interest to
scientists for many years and is still an active area of research
[2, 3, 7, 8, 24, 25, 27]. The interactions between particles in
the viscous fluid plays important roles in many applications in
medicine and technology, such as minimizing surgical invasion
and controlling drug delivery [13, 14, 16, 18, 20].

To successfully design a micro-robot, the motion of linked
two (or more) micro-spheres must be studied and formulated.
For example, the motion of dumbbells, in which two particles
linked with a thin rod of a fixed length, has been studied by
many researchers [1, 6, 12, 22]. In this article, we studied an
extended case, in which the length is no longer fixed but varied
between two lengths.

A conducting or active micro-sphere suspended in an
external oscillatory force tends to accelerate in the direction
of the applied external field, while the dumbbell moves due to

the local surrounding fluid velocity generated by the motion
of the active sphere. There is, however, a secondary effect
arising from the fact that the oscillating dumbbell has not
solely moved due to the external field, but its motion is also
distorted by the presence of the other sphere. The key question
is how does the surrounding fluid influence the motion of a
oscillating dumbbell; will it also change the direction the active
sphere moves, and if so, what trajectory does the oscillating
dumbbell follow? Does the size of the micro-spheres or the
length of the spring between the spheres have any effects on the
motion of the oscillating dumbbell? In an attempt to answer
these questions, we develop an analytical framework to study
the motion of oscillating dumbbell in Stokes flow driven by
an external oscillatory force. This analytical theory serves
as a preliminary investigation on the effect of an external
oscillatory field on the motion of a suspension of conducting
particles.

This paper aims to provide a systematic and explicit
description of a two-dimensional motion of oscillating
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dumbbell in Cartesian coordinates (X,Y") and calculate its
average velocities. Two micro-spheres of radii B, < 1076
meter are considered submerged in a viscous fluid at low
Reynolds number, Re < 1, and suppose that one sphere
is passive and the other is active which is accelerated by an
external oscillatory field such as magnetic field [4, 9, 11, 17],
electric field e.g. [10] and molecular Brownian force [23].
Formulation of the problem leads us to study the motion
of an oscillating dumbbell with time-periodic forces. The
problem is described by the Stokes equation, where the fluid
inertial effect is neglected, and is solved by employing the
two-timing method [11]. The results present in general form
and discuss it in detail through an example. Treatment of the
problem is simple, but it can be considered as the basis for the
development of a full theory of suspension mechanics.

2. Formulation of Problem

Oscillating dumbbell, two solid spherical spheres connected
by a spring of stiffness £ and length [ is considered, see
Figure 1. The oscillating dumbbell involved two homogeneous
spheres; one of them is active and positively buoyant and the

M = X+,

2 =X + B,

other is passive and negatively buoyant. The active sphere
is driven by an external field which oscillates periodically
with constant frequency w. Geometrically, the centers of the
spheres and the length of the spring are denoted by

>

(-

Figure 1. Diagram of oscillating dumbbell.

1 =a® — 23 (1)

where X = (X,Y) is the displacement vector of the system and it is considered a reaction center of the spring’s ends. We use
the subscript 7, j = 1, 2 for Cartesian components of vectors and tensors and superscript p, v = 1, 2 to identify the spheres. The

vectors o, 3 are define as

a=an=r{ln, B=/ppn=—-riin,
where 7 is unit vector along I such thatn =/l and [ =| L |.
The unit vectors n, 1w and the angle  are given by

n= (Cf’s ‘p) , A= ( Sm“ﬁ) 3)

sin COS ¢
The oscillating dumbbell moves due to the fluid flow only;
where the forces exerted by the spring on the spheres can be

considered negligible, since the spring thickness is smaller in
comparison with the radius of spheres. Hence,

Ria+ Ry =0. 4)

The length of spring [ is changing periodically due to the
oscillations of an active sphere which is given by

l=L+el(r), T7=uwt, e=const 5)
where L is a constant (averaged value) and lis a 27-
periodic function of 7 with zero average value. Throughout
the paper, a ’tilde’ above a function denotes a 2m- periodic

function with zero mean value. We consider a high-frequency

Ty = RQ/(Rl + RQ),

re = R1/(R1 + Rs) )

asymptotic problem of oscillating dumbbell in a viscous
incompressible fluid which oscillates as a rigid body due to
an external field. The rigid-body oscillations are prescribed
as a two-dimensional transitional spatial displacement of fluid
particles, £(7) = (&1(7),&2(7)), through the related induced
acceleration Ett = wzéT, where the subscripts ¢, 7 stand for
related partial time derivatives. This problem is classified as an
oscillating (non-inertial) system of reference, in which a fluid
at infinity is termed in a state of rest. In this frame, according
to Einstein’s principle of equivalence, there is an equivalence
of gravitational and inertial mass, and so there is no influence
of gravity field on the micro-spheres such that the equations of
fluid motion are standard [21]. Hence, the micro-spheres float
by the buoyancy force

£ = -MWg(7), ©)

which produces the potential energy of the spheres [22]

" = -—MWg.2®, I, = k(- L)/2 (@)
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where M (*) is equal to the difference in the mass of a sphere
and that of displaced fluid and g(7) is equivalent to the induced
acceleration

g(r) = w? &, (8)

The potential energy of the spring [11], is defined as

Iy, = k(1 — L)?*/2 )

The total potential energy of the oscillating dumbbell is
given by

n  =0%+m0% 4+,

=Mg-l+k(l—L)?/2 (10)

where M = M) = —M®),
The micro-spheres experience Stokes force which is
described by

fhy) = 67T’I7RV(SE§V) - uuz/)a 1 7é v (11)

where 7 is a viscosity of the fluid and wu is the velocity of the
flow due to the movement of other sphere [15] which is defined
as

3R,

Uy = 1 12)

l

2 + il m}

such that w1 represents the fluid disturbance generated by
the movement of the first sphere on the second, while wo;
represents the fluid disturbance generated by the movement
of the second sphere on the first. We assume that the fluid
flow past the micro-spheres is solely described by the Stokes
equation where all inertial terms are neglected, hence, kinetic
energy K = 0.

The geometric configuration of the problem contains two
characteristic lengths: the length of the spring L and the radius
of the spheres R. Using the reference scales 7', G, M and F;
characteristic time-scale, constant of gravity, mass and Stokes
force where

R=(R1+Ry)/2, T=1/w, G=max|g(r)|, F=6mmRL/T (13)
The dimensionless variables (marked with asterisks) are chosen as
= Lx* | = LI*,R, = RR},t =Tt", g = Gg*, (14)
= Fry, — FFY), (15)
Four independent small parameters of the problem are
e=1/w*, §=3R/AL, y=MG/F, K=kL/F; €d<1, (16)

where w* is the dimensionless frequency of the oscillation.

The substituting (13), (14) and (15) into (11), (6) and (10) yield the dimensionless form (all asterisks are omitted for brevity)

F") = —R,a") + 6R,R,Sz",

F, = 77.63

II=vg-1+K(-1)?%/2,
1
S = Sij = 7(511 + ninj),

a7
(18)
19)

(20)

where d;; is a Kronecker delta; J;; = 1 when ¢ = j and 0;; = 0 when ¢ # j.
The oscillating dumbbell represents a mechanical system which can be described by choosing generalized coordinates as

q= (qlquaQ37Q4) = (Xa}/ala(p)

ey

To describe the motion of the oscillating dumbbell, we use the Lagrangian function £ = £(q, ;) which is defined as [11]
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L(g,q)=K—I=—-IT=—-yg-1-K(1-1)/2. (22)
The Lagrange equations are
d oL oL ) Bm
En — 5. — Wm, m = 23
dt Oqmi  Oqm =@ Q ;; ik 8q (23)

where Q = (Q1,Q2, @3, Q4) is the generalized external viscous force exerted by the fluid on the oscillating dumbbell and
subscript m = 1, 2, 3, 4 denoted the generalized coordinates.
Using the left part of (23) yield

Q1 =0, Q2 =0, Qz=7vg-L+K(-1), Qi=7vg1,. (24)

Using the right part of (23) yield

Qu=Fi +F, Q= Fy + Fy, 25)
Q3 =711c08 @ F(h) + 7y stnp FZ(h) — T €08 P F(h) — Ty SN Fz(h)7 (26)
Qq=-—-r1lsing Fl(h,) +rilcosp F2(h,) +ralsing Fl(h) 27
—raolcosy Fz(i) (28)
Combining (24), (25), (26) and (28) yield:
FPU+FrP =0,  FEP+FEP =0, (29)
r1C08 gpFl(}ll) + Tlsz’ngoFQ(h) — T9C0S <pF1(,21) — rgsing)F?(z) =vg-L,+K(1-1), (30)
—rylsine Fl(l) +rilcosp FQ(;L) +rolsine Fl(z) —rolcosp FQ(}QL) =vg-l,. 3D

Integrating (30) with respect to [ and then simple simplification yield

r cos F® cos ~
lry 1?) < . —lry 1’5 . z’yg-l+K(l—1)2/27 (32)
( F2( ’ sin F2( h) sin
which can be written in the form

(rlF,E” - r2F}51)) n=~g-n+K(I-1)2/2. (33)

Similarly, (31) takes the following form

(nE" = rFV) a =g n (34)

For future use, we write (29), (33) and (34) as

FV 4 F® =0 (35)
F~-n=rg -n+K(1-1)?2/2, (36)
F~-n=~g-n, (37)

where
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F~ = (RF" - RiFY) 2R, (38)
The use of (17) into (38) yield
F=— (Rlelt +0R1RyS (RXt + R1R2lt/R)) /2R. (39)
The use of (17) into (35) and the use of (39) into (36) and (37) yield:
X, — 6R RoS (Xt — R, /4R) JR=0 (40)
(lt +6S (RXt +R1R2lt/R)) = —2Ry§-i/Ri R 1)
(lt +6S (th + RiRoly/ R)) n=-R(27g-n+ K(—1)2/l) /RiRs 42)
where R = Ry —Ry. An approximate solution to the equations
(40), (41) and (42) is presented in the next section using an
asymptotic procedure containing the two-timing method. T=wt, s=t/w a>-L (43)

3. Two-timing Method and Asymptotic
Procedure

3.1. Definition

Two-timing method constructs an asymptotic solution to
the equation of motion (40), (41) and (42) by introducing
two dependent time-scales s and 7 as mutually independent
variables, called slow and fast times, respectively, see Figure 2.
This method converts (40), (41) and (42) from an ODE with the
only independent variable ¢ into a PDE with two independent
variables s, T.

o A

Fast motion, x Slow motion, xg

Figure 2. Diagram of the fast and slow motions.

The proper relations between s, 7 and tis defined by [19]

For different values of « there are multi paths for the
asymptotic solution. In a rigorous asymptotic procedure w —
00, there is a unique path can be lead to valid solution. If
such a limit brings valid an asymptotic result, then it is called
a distinguished limit. In this paper, we have chosen a@ = 1;
hence,

T=wt, s=t/w, (44)
such that they lead to a valid asymptotic procedure of

successive approximations [5, 26].

3.2. Functions and Notation

For making further progress analytically, we introduce a
few convenient notation. We assume that any dimensionless
functions f (s, 7) (which could be scalar, vectorial, or tensorial
one) [2], has the following properties:

1. Subscripts 7 and s stand for related partial time
derivatives.
f = f(s,7) belongs to class O(1) such that f = O(1),
and all partial s and 7 derivatives of f (required for our
consideration) are also O(1).
(iii) We consider only periodic functionin T {f € P :
f(s,7) = f(s,7 + 2m)}, where s-dependence is not
specified.
(iv) For arbitrary f € P, the averaging-operation is

2.

To+27

/.

The bar-function f = f(s) (or mean-function) does not
depend on 7. N

(v) The ftilde-function, f(7)(or purely oscillating
function) represents a special case of P-function with

1
T o

(r) f(s,7)dr = f(s), Y 19. (45)
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Zero average

_ (77) =(F) =T (49)
(f)=0. (46) T
A unique decomposition is valid 3.3. Successive Approximations
The choices 7 = wt and s = t/w lead to the following chain
f=T+7 (47 e

6. (vi) A special notation f’ is the tilde-integration of

F(r), d/dt =wd/0T +1/w 0/0s
=w(0/0r+€* 0/0s); e=1/w. (50)

— T 27 B
T — . . . .
fr= ) f(s,0)do - P A ( . f(s,0) dg) dpi- (48) However, we consider series expansions in e, at most O(€?)
and keep at most linear in § terms. The unknown X is written
The tilde-integration is inverse to the T-differentiation as series in €

X(s,7) = (70 + 350) te (Yl + 351) +e? (Yz + 352) +0(e) 1)

Differentiate (51) with respect to ¢ gives

X = (YOt + ijo:s) +e (Ylt + Xvu) +¢? (th + szt) + 0(62) (52)

The use of (50) into (52) yield

X, = w ((YOT +eX0,) + (fof + ezf()s» + we ((YlT o)+ (3(} + ))
Fwe? ((ET o)+ (ET n )) ¥ (53)

and with similar expressions for [. The two-timing method study only the class of solutions with

Xo(s,7) =0, Il =0 while Xo(s,7) #0 and lo(s,7) # 0. (54)
Physically, this constraint means that the amplitude of oscillations is small compared with the amplitude of the averaged

solution such that when X (s, 7) # 0, the main term of velocity grows to infinity as w — oo.
Hence, (53) is given in the form

X, = w (EET +é (sz + YOS) + 0(62)) . (55)
Taylor series expansion of the tensor S;; (20) about I = I, takes the form

Si;j (1) = Si;(Lo) + Si; (ko) (1 — 1) + O(€), (56)

where I — 1y = ely + €215 + O(€?). Hence, (56) can be written as

881‘]‘ (lo)
Tk

Si; (1) = Si5(lo) + €l + O(é?), (57)

where o, L1, Sij(lo) and 0S;;(lp)/Oxy, are given by

=" —x(?, ly=a) -z, (58)
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1
Sij(lo) = —[0i; + noino;], Mo =lo/lo; lo=|1o |,

lo
0S;; (1 1
i) _ - (—dijnok + dikToj + 6jkM0i — 3M0iTh0; Mok ) -
aal‘k ZO

For future use, we write the first and second terms in the right-hand side of (57) as

0S;;(lo)
6$k ’

So =Si;(Lo), S1=S15(lo) = ik

The use of (55) and (57) into the system (40), (41) and (42) yield

— — _ R R —

€X1r + (Xor + Xos) + O(2) — 6 IR 2(So + €S1 + O(e2)) (eX1~
— R~ L

+62(Xor + Xos) + O(e?)) — ﬁ(d” + 2 (lar +1os) + O(€%)) = 0

[elir + € (loy 4 los) + O(€2) + 6(So + €S1 + O(2))(R(eX 17 + €2(Xar + Xos) + O(€2))

—2R~y _

(lir + € (lar +10s) + O()] a0 = et G120

+

Ry, ~
R

[elir + (lar + los) + O(e?) + (S + €51 + O(€2))(R(eX1r + €2(Xor + Xos) + O(€?))

-R
R Ry

RiRy, ~ -
+%(EI1T + 62(l2'r + lOs) + 0(62)))] Ny =€

(279 -mo+ K(L—1)*/1)

The successive approximations of (62), (63) and (64) lead to:
terms of order ¢” give the identities 0=0. Terms of order ¢ yield

j(vrh- = (5R1R2§0()217 - RE7/4R)/R’

. .~ ~ ~ —2R~y _ .
[l + 0So(R X1 + Ry Ralir /R)| - g = 31 RZ g - o,

- . - 2R, _
[lh + 6So(RX 1, + R1R211T/R)} 0= o (78 mo+ K(L=1)°/20).

The use of (65) into (66) and (67), keep at most linear in ¢, yield

(U1 + 8SoR1 ol /R - g = AR

~ ~ —2R |, _
{ll-,— +(5S0R1R2l17—/R:| ‘Noy = m ('yg "My + K(l — 1)2/2l) .

Terms of order €? yield

~ R RiRs. — R~
SO(X2T+XOS—E(I2T+IOS))—5 ! 281(X17_El17)

~ — R{R
Xor + X5 — 052

=0

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)
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~ - Ao~ — RiRy ~ - \ o~ RiRy~ .
[lar +los + S0 (R(Xar + Xos) + —— (lar +los)) + 0S1 (RX 1, + —211,)] - 79 = 0 (71)
~ - Lo~ - RiRy ~ - N~ RiRy~
[lor +los + S0 (R(Xar + Xos) + —2(lar +1os)) + 0S1(RX 1, + —=211,)] 1o = 0 (72)
The use of averaging procedure (45) and (46) into (70), (71) and (72) yield
- RiRy, — RiR:R - RiR:R  ~
Xos —0 7 SoXos — 5@ Solos + 5W (S1li-) =0 (73)
. JR— R R - P R R ~
<l03 + 6RS0X 05 + 0 —=2 Solos + 6R(S1X1,) + 6 —=2 <Slzh>> Ay =0 (74)
- PR R R - P R R ~
(108 +6RSoX 05 + 6 1R 2 Solos + OR(S1 X1,) + 6—=2 <81le>) e (75)
The equation (73) can be written as
- RiRy — RiR:R - RiRR . ~
Xos =10 7 SoXos +0 1R Solos — 5@ (S1lar) (76)
The use of (65) and (76) into (74) and (75), keep at most
linear in 4, yield
Tos = —5R1RR2 (Sql3,) (82)

(l(Js + 6R1R2 SOZOS + )

R Ry
R R

<SJL>) g =0 (77)

R Ry
R

(los + 5R;%R2 Solos + 0

<Sll}>) ‘g =0 (78)

The system of equations, (77) and (78) lead to

_ R R - R R ~
o +0—5 Solos + 0= (S1lar) =0 (79)
which can be written as
To = —A76EE (5,7,) (80)

where the matrix A = I + §R1R2So/R such that 7 is the
identity matrix. Using simple algebraic transformation, the
inverse matrix of A is given by

R Ry

fu R, Bk,
Ri

Ayl=(01-9 =i

)oir — 0 N0 ok (81)

The use of (81) into (80), keep at most linear in 4, yield

The substituting (82) into (76), keep at most linear in 4, yield

RiRsR

Xos=—-B7'¢
0 AR?

<S1ET>

(83)
where the matrix B = I — 0R1 R2Sy/R. The inverse matrix
of B is given by

R Ry
RI

RiR
)oik + 5%7%01‘”01@

B,'=(1+4¢ (84)

The use of (84) into (83), keep at most linear in ¢, yield

RiRsR

X, = —gitiell
Os 64R2

(Silhy) (85)

Expressions (85) still contain unknown functions (Sll~17>,
which can be determined from (60) and (61). Hence,

(86)

which represents the main result of this paper.
Equation (86) shows that the oscillating dumbbell moves
with a constant velocity in the fixed direction ng. It is clear
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that X, is inversely proportional to the length of the spring
[ and it does not depend on the spring stiffness k; and in the
limit as length [ — oo, then X s — 0.

Integrating of (86) lead to the displacement vector

Y(] = —5U’fl0 + C or (Yo — C)2 = 52U2 (87)
where U = R~? (§7g) /IR, R, and C is a vectorial constant
of integration. The equality (87) represents that Xy changes
along a circular path of radius 6 U.

It is interesting that the average velocity X, can be
arranged by appropriate choice of the induced acceleration,

g(7).

3.4. An Illustrative Example

Let us consider a particular example

~ asinT
g(r) = (b cos 7')

where a and b are constants. The use of the integral (48) gives

(88)

Calculating (g7 gy) using the definition of average (45)
yields

Y~y _ab (0 -1
Substituting (91) into (86) gives
X5 = ,5@ n (92)
07 "TOR Rz
Integrating of (92) leads to
Xo=—-6A1y+C (93)

where A = Ua b/2.
In this paper, we consider motions (40) with large w where
all functions and its derivatives belongs to class O(1). Hence,

C = (a — 0P,b— 6P), where p = Ry?ab/2R Ryl (94)

—acosT The use of (58) and (59) lead to
gT(T) = ( bsinT )a (89)
and thus 1o = (—sin ¢, cos @) where ¢ = . (95)
ey~ —a’sinTcosT —abcos®T
gi gk = ( absin® 7 b2 sin T cos 7') : ©0)
5 : : 05 : :
Ty
05}t ) O bemeeas i
Y OSSO ES N LY S — —
-1 45 0 0.5 -1 05 0 05

Figure 3. Trajectory of the oscillating dumbbell for different w.

The slow time scale s = ¢/w implies that in order to obtain
dimensionless trajectory of the oscillating dumbbell we have
to multiply X ¢ by 1/w.

The trajectory of oscillating dumbbell for different
frequencies is plotted in Figure 3. It is clearly shown that
the circular path of the oscillating dumbbell is decreased as
the frequency increased which a small oscillation leads to
a large motion of the surrounding fluid. This result agrees
with the classical studies of the oscillatory motion of particle
suspensions at low Reynolds numbers [12, 13].

4. Conclusion

In this paper, we investigated analytically the dynamics
of two micro-spheres, that are elastically connected by a
spring, one of them is magnetized and driven by an external
oscillator field. We constructed an asymptotic procedure with
the dimensionless inverse frequency € = 1/w and derived the
average velocity of the system using the two-timing method.
Our choice of slow time s = et and fast time 7 = t/e
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lead to a result that agrees with the experimental studies of
an oscillating sphere in a viscous fluid [7, 12]. It shows the
strength and analytical simplicity to describe the oscillatory
motion of the dumbbell at low Reynolds number. It is worth
noting that the average velocities of the oscillating dumbbell
is given in the most general form which could be applicable to
study a full three-dimensional problem.
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