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Abstract: In this paper we develop the notion of Schur multipliers and Herz-Schur multipliers to the context of Fell bundle,
as a generalization of the theory of multipliers of locally compact groups and crossed products. We prove a characterization
theorem of this generalized Schur multiplier in terms of the representation of Fell bundles. In order to prove this characterization
theorem we define a new class of completely bounded maps; and discuss in detail of its properties. In this process, by the
way, we give a new proof of Stinpring’s Theorem of non-unital version. Then we investigate the transference theorem of Schur
multipliers and Herz-Schur multipliers, which is a generalization of the transference theorem well-known either in the group
case or crossed products. We use the notion of multipliers to define an approximation property of Fell bundles. Then we give
a necessary and sufficient condition if the reduced cross-sectional algebra of a Fell bundle over a discrete groups is nuclear in
terms of this generalized notion. This is a generalization of the classical theorem concerning the amenability of locally compact
groups. As an application, we prove that for a Fell bundle, if its cross-sectional algebra is nuclear, then for any subgroup of the
group on which the Fell bundle is defined, the cross-sectional algebra of the restricted Fell bundle on this subgroup is nuclear.
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1. Introduction

The notion of a Schur multiplier has its origins in the work
of I. Schur in the early 20*" century, and is based on the entry-
wise (or Hadamard) product of matrices. More specifically, a
bounded function ¢ : N x N — C is called a Schur multiplier
if (¢(4,)a; ;) is the matrix of a bounded linear operator on
(% whenever (a; ;) is such. Hence to a Schur multiplier ¢ :
N x N — C we can associate an operator S,, on B (¢?). Based
on a concrete description of Schur multipliers which was given
by A. Grothenieck in [8], Schur multipliers can be identified
with £°° ®.p, £°°, the extended Haagerup tensor product of two
copies of £>°.

Among the large number of applications of Schur
multipliers is the description of the space MA(G) of
completely bounded multipliers, also known as Herz-Schur
multipliers of the Fourier algebra A(G) of a locally compact
group G, introduced by J. de Canniere and U. Haagerup in
[3]. Namely, as shown by M. Bozejko and G. Fendler [1],
M<* A(G) can be isometrically identified with the space of all

Schur multipliers on G x G of Toeplitz type. Furthermore, in
connection with Schur multiplier, Herz-Schur multiplier has
very important application in the study of the nuclearity of the
group C*-algebra, i.e for a discrete group G, the reduced group
C*-algebra C¥(G) is nuclear if and only if there is a net of
completely positive Herz-Schur multiplier ¢; : G — C such
that p; () — 1 forall x € G (see e.g [2]).

Recently, in [10], McKee, Todorov and Turowska
generalized the notion of Schur multipliers and Herz-Schur
multipliers to the C*-algebra valued case: a class of Schur
A-multipliers and a class of Herz-Schur multiplier of semi-
direct product bundle are identified, where A is a C*-
algebra faithfully represented on a Hilbert space H. In
this ‘operator-valued’ case, the starting point is a function
¢ defined on the direct product X x Y, where X and Y
are standard measure space, and taking values in the space
CB(A,B(H)) of all completely bounded maps from A into
the C*-algebra O(H) of all bounded linear operators on H.
The associated operator S acts from O.(L2(X), L2(Y)) ® A
into O.(L2(X), L2(Y)) ® O(H); the function ¢ is called
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a Schur A-multiplier if the map Sy is completely bounded.
Similarly, for semi-direct bundle A x G, we start from a

function ¢ from G into CB(A, A), the associated operator S,
acts from £5(A x G) (the square-integrable cross sections of

A x G) to itself; the map ¢ is called Herz-Schur multiplier of
A x G if S, is completely bounded with respect to the norm
of C¥(A x G). In [9], McKee, Skalski, Todorov and Turowska

use these generalized notions to generalize the classical result
we mentioned in the last paragraph: for semi-direct product
bundle A >< G over discrete group G, C(A >< G) is nuclear

Cc* algebra if and only if there is a net completely positive
Herz-Schur multiplier of A x G such that ¢;(z)(a) — a for

allz € Ganda € A.

In this paper, we will generalize the notion of Herz-Schur
multiplier to Fell bundle B over locally compact group by
borrowing the ideas of [10] and [9], then we will give a
necessary and sufficient condition of that C(8) is nuclear
C*-algebra in terms of multipliers when G is a discrete group,
finally as an application we prove: If ‘B is a Fell bundle over
discrete group G such that C(B) is nuclear, then for any
subgroup H C G the C*-algebra C(*B) is nuclear as well.

The plan of this paper is: In the Section 2, we give some
notations and conventions which we will use in this paper;
in the Section 3, we define Schur multipliers of Fell bundle;
in Section 4, we give a characterization of Schur multipliers
of Fell bundle which is analogous to [10, Theorem 2.6],
and during this process we include the non-unital version
Stinpring’s Theorem in a proposition which will be very
important in Section 6 but with an easier proof; in Section 5
we study the generalization of Herz-Schur multipliers in the
context of Fell bundles, including the generalized transference
theorem between Schur multipliers and Herz-Schur multipliers
(see e.g [10, Theorem 3.8]); finally in Section 6 we study the
problem concerning the nuclearity of the reduced C*-algebra
by aid of the notion of the generalized Herz-Schur multipliers.

2. Preliminary

We refer the reader to [6, I1.13] for the notion of Banach
bundles, [7, VIIL.2, VIIL.3, VIII.16] for the notion of C*-
algebraic bundles, and [7, VIIL.9] for the basic knowledge
about the representation theory of C*-algebraic bundles. As
usual, we call C*-algebraic bundles Fell bundles.

In this section we give a brief review of some basic
definitions and knowledge which we will use in the rest of this
paper. The definitions of notations are given in the paragraphs
labeled as ‘Remark’. When we use some notations we will
refer to the corresponding remarks in order to remind the
reader.

Remark 2.1. If © is a Banach bundle over a locally compact
Hausdorff space M with a fixed Borel measure, we use the
symbol £(D) to denote the space of continuous cross-sections
vanishing outside some compact subset of M, and the symbol
£,(D) to denote the space of the p-integrable cross-sections of

D (see [6, I1.15]). If © is a trivial Banach bundle with constant
fiber A (see [6, I1.13.6]), we write .Z(2) (resp. £,(2)) as
L (M, A) (resp. Z,(M, A)).

Remark 2.2. Recall that, by [6, 11.15.2], if X is a Hilbert
space, then %, (M, X) is a Hilbert space with the inner product

/A (@hg@)dus (fg€ LX), W)

where (, ) is the inner product of X.

The following lemma is trivial, we list it here for reference:

Lemma?2.1. Let M and N be two locally compact Hausdorff
spaces, ¢ : M — N acontinuous map, and © a Banach bundle
over N with bundle space B’. Let € be the Banach bundle over
M which is the retraction of © by ¢ : M — N, whose bundle
space we denote by Z (see [6, IIL13.7]). If f : M — B’ isa
map such that f(m) € B(’b(m) for all m € M, then the map

f: M — Z defined by

f(m) = (m, f(m)) € Zp,

is a cross-section of €. Furthermore, f is continuous if and
only if f is continuous. We call f the cross-section of ¢ by
canonical identification of f.

Remark 2.3. In the rest of this paper, we will identify f
and its canonical identification f, i.e, if f : M — B’ is a
(continuous) map such that f(m) € B, ., we will regard f
as a (continuous) cross-section of €.

Remark 2.4. Throughout this paper, we assume that G is
a fixed group which is either discrete with counting measure
or is locally compact and second countable with a fixed Haar
measure, and we use the symbol p to denote either the counting
measure or the Haar measure according to whether G is
discrete or not. Furthermore, B = (B, 7, -, ) is a fixed Fell
bundle over G. If GG is not discrete, we assume that each fiber
space B, is separable.

We refer the reader to [7, VIIL5] to see how to make . (B)
as a Banach x-algebra.We use the symbol C*(B) to denote the
C*-completion (see [6, VI.10]) of .Z; (*B).

Remark 2.5. We use the symbol B x B to denote the Banach
bundle over G x G which is the retraction from 5 by the
continuous map ¢ : G x G — G,(z,y) — wzy !, and
we denote its bundle space by D. For any continuous map
k: G x G — B with k(s,t) € By—1, by Remark 2.3 we can
regard k as a continuous cross-section of ‘5 x ‘B.

Remark 2.6. In our context, if G is not discrete, then by [6,
Proposition I1.13.21], the bundle space B, and so D are both
second countable.

Remark 2.7. Assume that X is a Hilbert space. We denote
the space of all bounded linear operators of X by O(X),
and the space of all compact operators by O.(X). If 7 is a
representation of a Fell bundle ‘B or a C*-algebra A on X,
sometimes we write X as X (7) in order to emphasis that the
representation 7 is acting on X.

Remark 2.8. If T is a x-representation of ‘B, we use the
symbol 7, to denote the integrated form of 7 (see [7,
VIIL11]).

(mEM)v
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Remark 2.9. If A is a C*-algebra, we denote its multiplier
algebra by M(A). Recall that if A is a concrete C*-
algebra acting on a Hilbert space X, then M(A) C O(X).
Furthermore, if S : A — O(Y) is a non-degenerate *-
representation of A on a Hilbert space Y, then S can be
uniquely extended to M (A). Therefore, we can regard S as
a non-degenerate *-representation of M (A) onY.

Definition 2.1. Recall that, by definition, the bundle space D
of B x ‘B is a (topological) subspace

D:{(Sat;a) : S,tQG, aEBstfl}

of G x G x B, and each fiber space Ds; = {(s,t;a) : a €
Byi-1} of B x 9B is isometric to By (s,t € G). Let
us denote the subspace {[(s,t;a), (¢t,r;b)] : s,t,r € G} of
D x D by Z. We define the map ¢ : Z — D by (recall that
ab € By,-1 fora € By—1and b € By,.-1)

(s,t;a) o (t,73b) = (s,r;ab) € Ds.r, 2)
and map * : D — D by (recall that a* € B;,—1 fora € By -1)
(s,t;a)" = (t,s;0") € Dy . 3)

Since the multiplication and involution are continuous in B,
we conclude that ¢ and * are continuous.

Definition 2.2. Let p : B — O(X(p)) be a non-degenerate
x-representation of B such that p|p_ is faithful. We define
pp : D — O(X(p)) (see Definition 2.1 for the notations) by

po((s,t;a)) == pla) ((s,t;a) € D). @

We have

po((s,t;a) o (t,7:0)) = pp((s,t;a))pp((t, ;D)) )
((s,t;a), (t,r;0) € D)
and
pp((s,t;a))") = pp((s,t;a))" ©)

(s,t € G; (s,t;a) € Dsy).

Furthermore, since p : B — O(X(p)) is strong operator
continuous, for any k& € £(B x B) the map (s,t) —
pp(k(s,t)) is a strong-operator continuous map from G x G
into O(X (p)).

Recall that the bundle space B of B can be identified
with a subset of M(C*(8)) such that the topology of B is
stronger than the relativized topology of B inherited from the
strict topology of M (C*(28)) (see [7] and [S]). Thus, for
a € Band b € C*(*B), we have multiplications ab and ba
in M(C*(8)) such that ab € C*(B) and ba € C*(B). We
define x : D x C*(B) — C*(8) by

(s,t;a)xb=ab ((s,t;a) € D,be C*(B)). (1)

For the sake of convenience, we use the same symbol * to

denote the map from C*(B) x D to C*(8) defined by

bx(s,t;a) =ba ((s,t;a) € D,be C*(B)). (8)

By definitions we have

pint ((8,t;a) xb) = pp((s,t; a))pint (b)
((s,t;a) € D;b e C*(%B)),

and similarly we have

Pint(b* (s,t;a)) = pine () pp((5, ;@)
((s,t;a) € D;b € C*(B)).

We state the following simple lemma without proof:

Lemma 2.2. For k € £(B x B) (see Remark 2.1 for the
notations) and b € C*(*B), the maps (s,t) — k(s,t) x b and
(s,t) — bx k(s,t) are continuous from G x G into C*(B).

Remark 2.10. Let Z be any set, and W C Z a subset. We
use the symbol xy to denote the character function of W, i.e.,
xw 1s defined by

xw@)=1lifzeW,; xw(x)=0ifz¢ W.

Remark 2.11. Our final remark is about the integration
theory of Banach bundles. Let € be an arbitrary Banach bundle
over a locally compact Hausdorff space M with Borel measure
v. We use the symbol J3(€) to denote the set of the linear span
of

{xwk' : k' € £(€) and W is compact subset of M},

(see Remark 2.1 for the notations) where xy is the character
function of W, and xw k' is the cross-section of € defined by
xwk'(x) = xw(z)k () (x € M). By [6, Chapter II], for
any k € £,(¢) (see Remark 2.1 for the notations) there is a
sequence {ky nen C R(C) such that
lkn(x) — k(x)|| — 0 (provided n — o0)
and
[k ()] < [[k(2)]|

for almost € M. In particular, since ||k, (x) — k(z)||? <
([[kn(z)]] + ||k(z)||)? for almost x € M and that the
function  — (||k, (z)|| + ||k(x)||)? is integrable, by applying
Lebesgue’s Dominated Theorem, we have

(n € N)

/ lkn(z) — k(z)||Pdve — 0.
G

3. Schur Multipliers of Fell Bundles

In this section we define the notion of Schur multipliers
of Fell bundles. We assume that p is a *-representation on a
Hilbert space X, and sometimes we will write X as X (p) (see
Remark 2.7). Recall that D is the bundle space of ‘B x ‘B (see
Remark 2.5).

Proposition 3.1. Let k € £5(B x B) (see Remark 2.1 for
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the notations). For arbitrary £ € £4(G, X) (see Remark 2.2),
the map defined by

Pie:G = X,y pp(k(z,y))(E(y))

(see Definition 2.2) is integrable for almost © € G, and the
map

Que:G— X, /G o k() (E())dy

isin £5(G, X). Therefore, we can associate an operator 7 on
the Hilbert space £5(G, X) defined by

T/f(ﬁ)(ff):/GpD(k(wvy))(f(y))dy (€ € £(G,X)). 9

We have || 77| < [|k||2.

proof.  Let k € R(B x B) (see Remark 2.11 for the
notations). Assume that & € £9(G, X) having the form of
& = 3" xv& (see Remark 2.10 for the notation), where
Vi C G are compact and &, € X. Then it is easy to verify that
Py ¢ is integrable for almost z € G. Furthermore, by Fubini’s
Theorem, Q¢ is measurable and is compactly supported.
Combining with

[ 1@ke@l” o < i3l (10)
we conclude that Qy, ¢ is in £2(G, X).

Now we assume that k is an arbitrary element of £5 (B xB),
and ¢ an arbitrary element of £2(G, X). We prove that P,
is integrable for almost 2 € G. Let {&, }nen be a sequence of
simple functions of £2(G, X)) such that ||, (z) — £(z)|| — 0O
for almost x € G, and ||&,, — £||]2 — 0; on the other hand, let
{kn }nen be a sequence of (B x B) satisfying ||k, (z,y)| <
|k(x,v)| and ||k (z,y) — k(z,y)|| = 0in D, , for almost
(z,y) € G x G (so automatically ||k,, — k||2 — 0). Therefore,
we have a null subset NV C G x G such that

[En(2,y) — k(z,y)[| = 0

and
[kn(z, 9)I| < [[k(z, y)|,

provided (z,y) € (G x G) \ N. We define N, =
{y € G (¢,y) € N}, and M = {& € G
N, is not null subset of G}, then M is a null subset of G, and
ifzx € G\ M we have

oD (kn (2, 9))(&n(y)) — po(k(z,y))(EW)Il = O,

for almost all y € (. Furthermore, there is a null set
L C G such that for all n € Nand z € G\ L, the map
y +— pp(kn(x,vy))(€n(y)) is measurable and vanishes outside
compact subsets. Combining these statements, we conclude
thatif x € G\ (M U L), the map y — pp(k(z,v))(&(y)) is
measurable and vanishing outside countable union of compact

subsets. Moreover, there is a null set L’ C G such that
[ IRy < .

forx € G\ L'. Hence if x € G\ (M UL U L'), we have
oo (k)i <

1/2 (11D
( / |pD<k<x,y>>2dy) els < oo.

This proves that P, is integrable for almost 2 € G (i.e, for
xre€G\(MULUL").

Now we prove that Q¢ is in £2(G, X). Our first step is to
verify that Q¢ is measurable. Forz € G\ (M ULU L') we
have

< ( /G o () — k<m,y>||2dy)1/2 el

1/2
T ( / kn@,y)n?dy) € = e

By our definitions of the null subsets L, M,L' C G, if
e G\ (MULUL), the sequence { [, [|kn(2,y)[|*dy}nen
is bounded, so we have

forz € G\ (M ULUL’). This proves that (), ¢ is measurable,
and it is clear that Q) ¢ is vanishing outside a countable union
of compact subsets of G. Furthermore, by the same argument
which derived (10), we have

/G (o k(. ) () pD<kn<x,y>><sn<y>>dyH

/G (o ({2, ) () — pD<kn<x,y>)<fn<y>>dyH =0

/G 1Que (@) de < [EIZ]E]2.

We conclude that Q¢ is in £2(G, X).

The other parts of this proposition is easy consequence of
our previous discussion.

Remark 3.1. We use the symbol &(p, 9B) to denote the norm-
closure of the set {T} : k € £2(B x B)} in O(L:2(G, X)) ,
(see (9), Remark 2.7 and Remark 2.2 for the notations).

Lemma 3.1. If kq, ko € £(B x B), the map defined by

G = Dy y, 2 = ki(z,2) o ka(2,9)

(see Definition 2.1 for the notations) is continuous and
compactly supported for all (z,y) € G x G, and the map

J:GxG—= Dyy,(2,y) = / k1(z,2) o ka(z,y)dz
G

isin £(B x B).
proof. Since k; and k5 are continuous cross-sections, the
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map
p: (l’, 2, y) = (I, Y; Cky (l’, Z)Ckz (Za y))

is a continuous from Gx G x G into D, where ¢i, : GXG — B

is the map satisfying k; (z,y) = (x, y; ek, (x,y)) (¢ = 1, 2) (see

Remark?2.1), and, since k; (¢ = 1,2) is compactly supported,

so is p. Furthermore, by the continuity of p and the equality

kl(x7 Z) ¢ kg(Z,y) = p(x, Y, Z)7

we conclude that the map z +— ki(z,2) © ko(z,y) is
continuous. In order to complete our proof, since

/Gp(x,z,y)dz:/G(x,y;ckl(x,z)ck2(27y))dz

(12)
:/ k1($7z)<>k2(z7y)dz7
G
it is sufficient to prove that
(w,y)H/p(%z,y)dz (13)
G

is continuous from G x G into D. But, by [6, I1.15.19], (13) is
continuous cross-section of B x B. Our proof is complete.

Definition 3.1. For k1, ko € £(B x B), we use the symbol
k1 % ko to denote the cross-section of B x B defined by

(2,y) /G k(2 2) 0 k(2 y)dz (€ Byyr),

(recall that by Lemma 3.1, k1 x ko € £(B x B)), and the
symbol k] to denote the cross-section defined by

(,y) = k1(y,2)" (€ Byy-1).

The following lemma can be verified by routine
computation, we omit its proof:
Lemma 3.2. For any ki, ka € £(B x B), we have (see (9)

and Definition 3.1 for the notations)
P _ P
Tiyiky = Ty Ty

(Th)* = T7..

Therefore, &(p,B) (see Remark 3.1 for the notations) is a
C*-algebra.

Remark 3.2. We denote the set of all simple functions [ €
£9(G x G,C*(B)) (see Remark 2.1 for the notations) having
the form of

= ZaiinXpi, (a; € C*(B), E;, F; C G are compact)
i=1
(14)
by (B). Since, by [6, I1.9.2] and [6, I1.9.4], the linear span of
{xExF : E and F are compact} (15)

is dense in £2(G x G), it is clear that R(*B) is dense in
£2(G x G,C*(%8)).

Since we assumed that p is a non-degenerate x-
representation, the concrete C*-algebra O.(£2(G)) ®
pint (C*(B)) acts on £5(G, X) non-degenerately, hence we
have M (O.(£2(G)) ® pint(C*(B))) C O(L2(G, X)) (see
Remark 2.9). In Lemma 3.3 below, we will prove that
€(p,B) C M(Oc(£2(G)) © pint (C*(B))).

Remark 3.3. Let us recall from [10] that, for any k' €
£9(G x G,C*(B)), the operator T};** on £4(G, X) defined
by

o (&) (x) = /pint(k’(w,y))(é“(y))dy (€ € £(G, X))
is in O.(£2(G)) @ pins (C*(B)).

Lemma 33.Let k € £(B x B) and | € R(B).
following maps from G into C*(*B)

The

Z = If($,z) *Z(Z,y),
2z U(z,y) * k(z, 2)

are in £1 (G, C*(B)) for almost (z, y) € G x G, and the maps
k %1 and [ * k defined by

kxl(z,y) :/Gk(w7z)*l(z,y)dz (z,y € G),
Ixk(z,y) = /Gl(x,z)*k(z7y)dz (z,y € G)

(see (7) and (8) for the notations) are in £2(G x G,C*(B)).
Furthermore we have (see Proposition 3.1 and Remark 3.3 for
the notations)
TETP =T T T = Ty

In particular, since {7/™ : [ € R(B)} is dense
in 0.(£20G)) ® pine(C*(B)), we have €E(p,B) C
M(Oc(£2(G)) @ pint (C*(B))).

proof. Let [ be a function with the form of (14). Suppose
supp(k) C E x F, where E and F are compact subsets of G.
Our first task is to prove that the map z — k(z,z) x I(z,y)
is in £1(G, C*(B)) for almost (z,y) € G x G, the second
is to prove that (z,y) — [ k(z,2) % I(z,y)dz is in £5(G x
G, C*(%B)), and finally we verify T/ T/ = Tp".

Letdefine g : G X G x G — C*(B) by

q(z,z,y) = k(x, 2) 1(z,y)

= Z(k:(x, 2) % i) XE; xF, (%, Y)-

Then ¢ is bounded, measurable and compactly supported by
E x (U, Ei) x (Ui, F}). In particular, ¢ € £, (G x G x
G,C*(®8)). By Fubini’s Theorem, the map z — k(z,z) *
l(z,y) isin £1 (G, C*(B)) for almost (x,y) € G x G.

For any fixed z and y, we define p, , : G — C*(‘B) by
Pzy(2) = q(x, 2,y)(= k(z, 2)*l(2,y)). Then, by the fact that
we proved ¢ € £1(G x G x G, C*(8)) and Fubini’s Theorem,
the map k %[ : (z,y) = [, Pz,y(2)dz is measurable. On the
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other hand, since g is compactly supported by E x (|-, E;) x
(Ui, F;) and bounded, we conclude that k x I : (z,y) —
JoPay(2)dz = [, q(x,z y)dz is bounded, measurable and
compactly supported by E x | J;-_, F;. Therefore, we conclude
that k x I € £2(G x G,C*(B)).

By our previous discussion, for almost (z,y) € G X G we
have C*(B)-valued integration [, k(z, z) x [(z,y)dz. Hence,
by the norm contunuity of piy : C*(B) — O(X), we have

pie [ b2 1) = [ (i, 2) w0

for almost (x,y) € G x G. Therefore, for any fixed £ €
£9(G, X), we have

TP E(x) = /G pie( /G Kz, 2) % 1(z 9)d=)€(y)dy
— T]é)Tlpintf(l’),

for almost + € G. This proves that T} = T[T/™.
T[T} = T}z can be proved by the same argument.

Lemma 34.Let r : B — O(Y) be a non-degenerate *-
representation of B on a Hilbert space Y which is weakly
contained in p. Then the following map (see Remark 3.3 for
the notations)

o TO™ = T (K € £2(G x G,C*(B)))

can be extended to a x-homomorphism from O.(£2(G)) ®
Pint (B) onto O, (L£2(G)) & rint (B). Therefore, we can regard
Ep,r as a *-homomorphism from M (O.(£2(G)) @ pint(B))
onto M(O.(£2(G)) @ rint(B)) (see Remark 2.9) satisfying
(see (9) for the notation)

Epr(T) =Ty (k€ £2(B x B)) (16)
and
2 (T (T)™) = T -
(k € £(B xB); | € R(B)).
proof.  Since r is weakly contained in p, the map S :

pint(C*(B)) — i (C*(B)) defined by S(pins(@)) = rin (a)
(a € C*(*B)) is a *-homomorphism. Then the map S ®
Q, where @ is the identity representation of O.(£2(G)) on
£9(@), is a *-homomorpphism from O.(£2(G)) & pint(B)
onto O.(L£2(G)) @ rint(B), which is an extension of =, ,..

For each k € £(B x B) and [ € R(*B) (see Remark 3.2 for
the notations), by Lemma 3.3, we have

(SeQ@) o) o

=Ty o ((S @ Q)T/™)).

Since {T/™ : 1| € R(B)} is dense in O.(L2(G)) ®

Tint (C*(B)) and S ® I¢, (@) is non-degenerate, (18) implies
that

Epn(T}) = (S @ QUIY) =T}

(k € £(%B x B)). (19)

Now (16) is proved for k € £(8 x B). But since £(*B) is
dense in £5(B), (16) holds for k € £2(B x B).

(17) is a direct consequence of Lemma 3.3.

The proof is complete.

Proposition 3.2. Let k € £5(B x B). Then T/=0 if and
only if k(x,y) = 0 for almost all (z,y) € G x G.

proof. 'The ‘if” part is trivial, we prove the ‘only if” part.
Let R : pint (C*(2B)) — O(Y") be a non-degenerate faithful *-
representation of pi, (C*(28)) on a separable Hilbert space Y,
and 7 : B — O(Y) the *-representation of 8 on Y such that
R o pjyy s the integrated form of r. Since p and r are weakly
equivalent, the map =, .., defined in Lemma 3.4, is faithful *-
homomorhpism, hence 7}] = 0 implies that 7} = 0. Since
pint (C*(2B)) is a separable C*-algebra, by [10], 7] = 0if and
only if k(x,y) = 0 for almost all (z,y) € G x G. Our proof
is complete.

Definition 3.2. Let ©® be a Banach bundle over locally
compact space M with bundle space D’. We call a continuous
map @ : D' — D’ multiplier of D if ® satisfies:

(i) ®(D.) c D, forall x € M;

(5)  ®|D, is bounded linear
sup ]| @] D% | < oc.

Let ® : D — D be a multiplier of 8 x 8. We denote
SUP(4,y)eax || P Dz yll by M. Forany k € £2(B x B), we
define @ - k(z,y) = ®(k(z,y)) (z,y € G), then & - k €
22(% X %)

Definition 3.3. Let ® : D — D be a multiplier of B x B.
If the map S,.0: {Tf : k € £2(B)} — O(L£2(G,X(p)))
defined by

map such that

Spe (1) = Ty,

is completely bounded linear map, then we say that ® is a
Schur (B, p)-multiplier. Fuarthermore, if S,,s is completely
positive, we say ® is completely positive Schur (B, p)-
multiplier.

If ® is a Schur (B, p)-multiplier, we define

[®lle.p = 1902 [leb-

Therefore, if ® is a Schur (B, p)-multiplier, S, 4 can be
extended to a completely bounded map from &(p,B) (see
Remark 3.1 for the notations) into O(£2(G, X (p))). Thus we
will always consider that S, ¢ is a completely bounded map
defined on &(p, B).

The following proposition is useful in our further study:

Proposition 33.If r : B — O(Y)) is a non-degenerate *-
representation of B on a Hilbert space Y which is weakly
equivalent to p, then ® is a Schur (B, r)-multiplier if and only
ifitis a (B, p)-multiplier.

proof. Since r is weakly to p, by Lemma 3.4, the restriction
of E,, on &(p,B), i.e

EPyT‘L‘E(p,‘B) : @(p,%) - Q(Tv%)lef g Tl: (k € 2(% X %))7

is *-isomomorphism from &(p, B) onto &(r,B) with inverse
Erple(rs)-

Suppose that ® is a Schur (*B, p)-multiplier. Then, since
Sp.a: €(p,B) — €(p,B) is completely bounded, =, , o
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Spe 02,1 ¢ €(r,B) — €(r,B) is completely bounded
satisfying =, o S,,5 OE;} = S;. Hence ® is s Schur
(B, r)-multiplier. By the same argument, we can prove that
if @ is a Schur (B, r)-multiplier, then ® is a Schur (B, p)-

multiplier.

4. Characterization of Schur
(B, p)-multipliers

Our main result of this section is the characterization of
Schur (B, p)- multipliers (See Definition 3.3). In order to
achieve this goal, we define a specific class of completely
bounded maps in Definition 4.2.

In the rest of this section, let A be a fixed C*-algebra, M (A)
the multiplier algebra of A (see Remark 2.9), and X a fixed
Hilbert space. Recall that O(X) is the space of all bounded
linear operators of X.

Definition4.1. Let f : A — O(X) be a completely bounded
map. (W, V,R,Y), consisting of a representation R of A on
a Hilbert space Y and bounded operators W,V : X — YV
satisfying:

fla) =W*R,V (a€A),

is said to be a representation of f. If R is non-degenerate, we
say that (W, V| R,Y") is non-degenerate.

IfW =V,wewrite (V,V,R,Y)as (V,R,Y) or (V,R).

Definition 4.2. By a completely bounded map from M (A)
into O(X) with Property (S4) or briefly a (.54 )-map on M(A),
we shall mean a completely bounded linear map f : M(A) —
O(X) which is continuous with respect to the strict topology
of M (A) and strong™ topology of O(X) on the norm bounded
subsets of M (A).

Let C C M(A) be a C*-subalgebra. By a completely
bounded (S¢, 4)-extendable map from C into O(X) or briefly
a (Sc,4)-extendable map on C, we shall mean a completely
bounded map g : C — O(X) which has an extension on
M (A) which is (S4)-map. We say that such extension is an
(Sc, 4)-extension of g.

It is easy to see that if » : M(A) — O() is a *-
representation of M (A) on Hilbert space Y, then there is a
r-stable space Z C Y (i.e. Z is a closed subspace of Y such
thatr,(Z) C Z foralla € M(A)) such that r(A)(Z+) = {0}
and r(A) acts on Z non-degenerately. Based on this fact, we
can prove:

Lemma 4.1.Let f : M(A) — O(X) be a completely
bounded map, then f is a (S4)-map on M(A) if and only if f
has a representation (W, V, r, Y') (see Definition 4.1) such that
r|la : A — O(Y) is non-degenerate. If A and X are separable,
then Y can be chosen to be separable.

proof.  Suppose that f is a (S4)-map on M(A). Let
(W', V' ' Y’) be a non-degenerate representation of f
(notice that if A and X are separable, then Y’ can be chosen
to be separable [11, page 45]), then there is a r’'-stable space
Z C Y’ such that 7' (A)(Z+) = {0} and r’(A) acts on Z non-
degenerately. Let E be the projection of Y’ onto Z, then for

(20)

any £ € X and a € M(A), we have

fa)(&) = W™ (a)V'(&) = W' (a) EV'(€)
+W"r'(a)(I — E)V'(&).

Let us define r : M(A) — O(Z) by r(a) = Er'(a)E
for all a € M(A) (recall that E is in the commuting algebra
of 7’ because Z is r-stable), then r is a non-degenerate *-
representation of M (A) such that r|4 is non-degenerate. Let
{a;}icr C A be a norm-bounded net such that a; — a strictly,
then r(a;) — r(a) in strong*-operator topology of O(Z)
provided ¢ — oo. Hence we have

fa)(§) = Timi o0 f(ai) (€)

= W"™Er(a)EV'(£) @h

(€ € X),
If we define W = EW’' and V = EV’, (21) implies that

fla) =W*r(a)V (a € M(A)).

Therefore, if we set Y = Z, then (W,V,r,Y) is a
representation of f such that (A) acts on Z non-degenerately.

Conversely, suppose that f has a non-degenerate
representation (W, V,r,Y) such that 7|4 is non-degenerate
x-representation of A on Y. Let {a;};cr be a norm-bounded
net of elements of A such that a; — a in M(A) strictly, we
have

lim; o0 f(a:)(§) = fa)(€)  (§ € X).

On the other hand, by the same argument we have
f(@)* (&) = lim;y00 f(as)* (£)

Combining these two qualities, we conclude that f(a;) —
f(a) in strong* topology of O(X). Our proof is complete.

Corollary 4.1.1f f : A — O(X) is a completely bounded
map, then f has a unique (S4 4 )-extension f on M(A), which
satisfies

(€ e X).

fla) = lim; o0 f(as),

provided that a € M(A) and {a;};c;r C A is a norm-bounded
net converging to a strictly, and the right side limit is in
strong*-topology of O(X).

proof. Let (W, V,r,Y) be a non-degenerate representation

of f, then we extend r to the unique non-degenerate *-
representation of M (A) which we still denote by r, and define

f:M(A) = OY) by

(22)

fla) =W*r(a)V  (a € M(A)).

Then fis an extension of f, and by Proposition 4.1, fis a
(S4)-map on M (A). Furthermore, since A is dense in M (A)
in the strict topology, (22) is obvious.

The following corollary contains an alternative and
elementary proof of non-unital version of Stinepring’s
Theorem:

Corollary 4.2. Let f : A — O(X) be a completely positive
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map, then

(i) f has a unique (5S4, 4)-extension f which is completely
positive;

(ii) f has a representation (V, R) (see the second paragraph
of Definition 4.1);

(iii) let {a; } ;s be any approximate unit of A which satisfies
|la;]| < 1, then we have

£l = Timysoo | £ (@) || = || Fllen-

proof (i): By Corollary 4.1, f has a unique (S4 4)-
extension on M (A). Furthermore, by (22), f is completely
positive, () is proved.

(#4): Since M (A) is unital, we can apply the unital version
Stinepring’s Theorem to fto get a representation (V, R) of f
Therefore (V, R| 4) is a representation of f, (i) is proved.

(iii): Let {a;}ics be an approximate unit of A. Since f is
(S.4)-map on M (A) and completely positive, we have

F(Lara))(§) = limioo fai)(§) (E€X).  (23)

It implies that
If(Lareay) |l < Lim ;]| f(as)]| 24
Combining (24) with || f(a;)]| < || fllen = [IF (1arcay)|l, we

have || f]lcb = || f]|cb. Our proof is complete.

Corollary 4.3. Assume that C' is a C*-subalgebra of A. If
f : C — O(X) is a completely bounded map, then f is
a (Sc,a)-extendable map. Furthermore, if f is completely
positive, the extension of f can be chosen to be completely
positive.

proof. Since we can extend f to a completely bounded map
from A into O(Y), then by Corollary 4.1, we conclude that f
has a (S¢, 4)-extension.

Now suppose that f is completely positive. By Corollary
4.2, we have a non-degenerate representation (V,r) of f. Let
us extend 7 to a non-degenerate x-representation 7 of the C*-
algebra C" = {b+tlppa):be Ct € C}~ M (to see the
existence of the extension, notice that C is a closed *-ideal of
C"). We define ¢’ : ¢/ — O(X) by

g (a) =V*r(a)V (ael).

Then ¢’ is completely positive. Since C” is a C*-subalgebra
of A" = {a +tly : a € Ast € C}~IHlca) such that
C' contains the unit of A’ (i.e 157(4)), we can extend ¢’ to
a completely positive map g from A’ into O(X). g|Ais a
completely positive map which extends f, by Corollary 4.2,
our proof is complete.

Combing Corollary 4.1 and Corollary 4.3 we have:

Corollary 44.1et C C A be a C*-subalgebra of A
containing an approximate unit {b;};,c; of A which satisfies
Ib;] <1 (G el)If f:C — O(X)is acompletely positive
map, we have

([ flleb = Timyo0 [ £ (b3)

proof. Let f be a (Sc,a)-extension of f on M(A) (the
existence is proved by Corollary 4.3), then by Corollary 4.2,
our proof is complete.

In the rest of this section, we will apply our definitions and
propositions to C*-algebras A = O.(£2(G)) @ pint (C*(B))
and C = €(p,B) (see Lemma 3.2 and Lemma 3.3). Recall
that if G is non-discrete, both A and C' are separable C*-
algebra by Remark 2.6.

Proposition 4.1. Let us denote O, (L£2(G)) R pins (C*(B)) =
A and €(p,B) = C (see Lemma 3.2). Recall that, from
Lemma 3.3, C C M(A). Let f : C — O(£:(G, X(p)))
(See Remark 2.7) be a completely bounded map. Consider the
conditions:

(i) f is (Sc,a)-extendable;

(i) f has a non-degenerate representation (W, V, R) such
that

R:C — €(r,B),TF — T} (k€ £(B x B))

for some *-representation  of *B which is weakly contained in
p.
Then we have (ii) = (i), and if either G is discrete or
X (p) is separable we have (i) = (i¢). Furthermore, if f is
completely positive, we can choose V = W.

proof. (i) = (it) if X(p) is separable: We denote the
Sc,a-extension of f on M(A) still by f. By Lemma 4.1, f
has a non-degenerate representation (V/, W’ S, Y), such that
S|4 is a non-degenerate *-representation of A, and by Lemma
4.1 again, Y can be chosen to be separable. By [10, Lemma
2.5], there is a separable Hilbert space Z, unitary operators
U:Y — £2(G,Z) and a non-degenerate *-representation
"2 pint (C*(B)) = O(L£2(G, Z)), such that

S(TF™) = UT; "™ U (h € £(G x G,C"(D)).

It is clear that 1’ o piy, : C*(B) — O(Z) is non-degenerate,
thus 77 o pyy is the integrated form of a x-representation of 2B
on Z which we denote by r. Then r is weakly contained in p.
For fixed k € £(8 x B), by Lemma 3.3, we have

(U*T]:U) I} S(T/;i“t) — (U*T;:U) ° (U*T;'opint U)
= UTLP U (h € K(B)).

On the other hand, by Lemma 3.3 again, we have
S(TP)S(TL™) = (T ) = UTL5U - (h € &(B)).

Since R(*B) is dense in A and S|4 is non-degenerate *-
representation of A, we conclude that
STy =U"T,U

(k € £(B x B)). (25)

Now let W = UW’', V UV’, and define a *-
homomorphism R : &(p,B) — &(r,B) by R(T}) =T} (k €
£5(B x B)) (see Lemma 3.4).Since {1} : k € £2(B x B)}
is dense in &(p, B), (25) implies that

fla) =W*R(a)V" (a € €(p,"B)).
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(1) = (i7) is proved.

By the similar argument, we can prove that (i) =
is discrete.

(i4) = (4): Since r is weekly contained in p, then by
Lemma 3.4, the following map

(ii) if G

ST =T (h e £5(G x G,C*(B)))
is #-homomorphism from A onto O.(£2(G)) & 7int (C*(B)).
We define F': M (A) — O(£L2(G, X)) by
F(a)=W*S(a)V (a€ M(A)).
Since S is non-degenerate, by Lemma 4.1, F' is a (.54 )-map
on M (A) and an extension of f. Our proof is complete.
Forany a € £..(G), we define @ € £.,(G) by a(s) = a(s)
forall s € G. We associate an operator M, : £5(G) — £2(G)
defined by

Ma(§)(s) = a(s)&(s)

It is clear that M = Mg, thus M(G) = {M, : a €
L (G)} is a concrete C*-algebra acting on the Hilbert space
£2(G).

For k € £5(B x B), we define

a(s)k(s,

fora € £5,(G) and s,t € G. Then itis easy to verify that a-k,
k- a are in £2(B x B). Furthermore, for any k € £5(B x B)
and a,b € £.(Q),

(e L(@);se@). (26)

a-k(st)= t),k-als,t) = k(s,t)a(t),

(Ma ®IX(p)) (Mb®IX(P)) pk-b'

If @ is a Schur (*B, p)-multiplier, we have

Spa((My @ Ix(p))x(My @ X(p)))
=(Ma ® Ix(p))Sp,0(x) (Mo ® Ix(p))

forallz € €(p,*B) and a,b € £ (G).

Theorem 4.1. Let us denote O, (£2(G)) @ pint (C*(B)) = A
and &(p,B) = C. Recall that, from Lemma 3.3, C C M (A).
If ® : D — D be a multiplier of B x ‘B, and consider the
following two statements:

(i) @ is a Schur (B, p)-multiplier such that S, & is (Sc,4)-
extendable;

(i1) There is non-degenerate x-representation r : B —
O(Y) of B on a Hilbert space Y (or denoted by Y (r)) which
is weakly contained in p, and

V,W e £,(G,0(X,Y)),
such that
p(®((z,y;a)) = (z,y;0))V(y) ((z,y;0) € Dy y)

(see Definition 2.2 for the notations) for almost all (x,y) €
G x G. Then we have (ii) = (i), and if either X (p) is
separable or G is discrete then we have (i) = (7).

W*(x)rD

If G is discrete, then by [7, VIIL.16.11], for any x*-
representation p of B we always have p(B) C pint (C*(B)).
Then we have

E(p,B) C O(L2(R)) @ pins (C*(B)).

Corollary 4.3 implies that every completely bounded
multipliers is (S, a)-extendable. Therefore, we can remove
‘S, 18 (S a)-extendable’ in (), and (i) and (i%) are always
equivalent.)

proof. 'We prove that (1) = (i) if X(p) is separable, the
argument in the case that G is discrete is similar. Since S, ¢
is (Sc, a)-extendable, by Proposition 4.1 there are separable
Hilbert space Y, non-degenerate x-representation r : B —
O(Y') which is weakly contained in p, and bounded operators
Vo, Woin O(£2(G, X)), £2(G,Y)) such that

S pr® (Tlf ) =

WiTIVe (k€ £2(B x B)).

LetC = [{TgVOEQ(G,X) ke ,82(% X %)}] C QQ(G, Y),
and F the prjection of £5(G,Y) onto C. Since C is invariant
under the concrete C*-algebra &(r,B) , we have ET} = T} E
forall k € £5(B x B).

For any d € £ (G) and k € £5(B x B), we have

(Ma@Iy )Ty, =T5, (d€ L£x(G);k € £2(BxB)), (27)

and

Wi Tg. Vo = (Mg ® Ix) WeT; Vo. (28)

Let W = EW,, combining (28) and (27), we have

(T Vo&, (Mg @ Iy )Wn) = (T, Vo&, W(Ma @ Ix)n)

forall k € £5(B) and &, n € £2(G, X). We conclude that

EMy@Iy)\W=EW(M;®Ix) (de€Lx(G)).

Furthermore, since C is stable under the action of the C*-
algebra {My ® Iy : d € £.(G)}, we have

E(My® Iy) = (Mg® )E  (d € £o0(G)).

‘We conclude that

(Mg @Iy )W =W(My®Ix) (d€Lx(q)).

It follows that W € £4(G,0(X,Y)). By the
same argument we can replace Vy by an operator V' &
Lo0o(G,0(X,Y)). By the same argument of the proof of [10,
Theorem 2.6], we have, for any k € £5(B x B),

pp(P(k(z,y))) = W(z) rp(k(z,y))V (y)
(k € £5(B x B)),

for almost all (z,y) € G x G.
Since B x ‘B is second-countable Banach bundle over
second countable locally compact space G x G, £(28 x B)
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is separable. Let {k,, }nen C £(2B x B) be a countable dense
subset of £(B x B). In particular, for fixed z,y € G, the set
{kn(z,y) : n € N} is dense in D, ,. On the other hand, for
each n € N we define

N, ={(z,y) € G x G : W(z)*rp(kn(z,y))V(y)
# pp(®(kn(z,y)))}-

Then N = (J,,cn Na is a null-subset of G x G. If (z,y) €
(GXG)\N, then forany a, , € D, ,, since there is a sequence
{kn, }ien C {kn}nen such that k,, (z,y) — a,,,, we have

pp(P(az,y)) = W(x)rp(asy)V(y)-

The proof of (i) = (i¢) is complete.
(#4) = (i) : For any k € £5(B x 9B), we have

(Spa (TL)E, 1) = /G W () rp (k(, 1)V ()€(y), n(x))ddy
— (W TpV)Em) (6 € (G X)),

Hence,
S,,,q)(T,f) =W*T[V.

Since r is weakly contained in p, by Proposition 4.1, our
proof is complete.

5. Herz-Schur Multipliers

In this section, we fix p : B — O(X) to be a non-degenerate
x-representation of 8. We remind the reader that pj, is the
integrated form of p.

Let ¥ : B — B be a multiplier of 8 (see Definition 3.2).
For each f € £(B), we define ¥ - f € £(*B) by

v f(z) = ¥(f(x))

Definition 5.1. Let ¢ : B — O(Y) be a *-representation of
B on a Hilbert space Y such that ¢| B, is faithful. A multiplier
U : B — B of 9B is called (s, B)-multiplier if the map Sy,
which is defined on {Gn¢ (f) : f € £1(B)} C O(Y) by

Sy (Sint(f) = st (¥ - f)  (f € £4(B)),

is completely bounded. In this case, S§, can be extended to
a completely bounded map on {gi(f) : f € £,(B)}9M)
which we still denote by S§,.

Remark 5.1. Notice that if r and ¢ are weakly equivalent *-
representation of 9B, then it is easy to see that ¥ is (g, B)-
multiplier if and only if U is (r, B)-multiplier, and in this case

(z€@).

15 lleb = 1155 fleb-

We use the symbol Ags to denote the regular *-representation
of C*(*8), and we denote the reduced C*-algebra of B, i.e
C*(B)/Ker((A )int), by Choq(B). For the details about
regular *-representationand the reduced C*-algebra, we refer
the reader to [5].

Let A : G — O(£2(G)) be the left regular representation of
G. By [7, VIIL.9.16], we can form a *-representation p ® A of
B on £2(G) ® X (p), which is weakly equivalent to Ay (by
[5]), defined by

(PN =Xry @pp, (b€ DB).

From [5] we can identify C; ,(8) with

{(p@ Nine(f) : f € £1(B)} OG0,

Recall that, for any f € £(8) and £ € £5(G, X)), we have

(0 ® Nimt ()(©)() = / o(f () (€(y™ ")) dy,

G

for almost all x € G.

Definition 5.2. We call a multiplier ¥ : B — B of ‘B
Herz-Schur multiplier of 9B if ¥ is (p ® A, B)-multiplier.
Furthermore, if S\g@’\ is completely positive, we call ¥
completely positive Herz-Schur multiplier of 8.

If ¥ is Herz-Schur multiplier, we define

A
1%]l5.6 = 1557 leb-

Remark 5.2. By Remark 5.1, Definition 5.2 is independent
of the choice of *-representation of p : B — O(X) satisfying
that p| g, is faithful.

Therefore, if ¥ is a Herz-Schur multiplier, S€,®>‘ can be
extended to {(p ® N)ine(f) : f € £,(B)}~CEA(GXD) We
regard S\’f,@’\ is completely bounded map defined on C; 4 (B).

In the following, if ¥ is a Herz-Schur multiplier, we will
denote S2%* briefly by Sy.

Proposition 5.1. Let ¢ : B — O(Y') be a *-representation
of 9B, and ¥ : B — B a multiplier of *B, the following are
equivalent:

(i) ¥ is a (s, B)-multiplier;

(i1) There is a non-degenerate x-representation r : B —
O(Z) on Hilbert space Z which is weakly contained in ¢, and
bounded operators V,W € O(Y, Z) (here Y = X(<)) such
that

(¥(ay)) =Wrr(az)V
forall x € G and ||Sg|leb = ||V
proof. (i) = (i) : Since S St (C*(B)) —
O(Z) is a completely bounded map, let (W,V, R, Z) be its
representation.

Therefore, let  : B — O(Z) be the *-representation of B

whose integrated form is R o g, we have

S\}(Qnt(f)) =Wrin(f)V
—w / r(f@)dz V. (f € (D).
G

(ay € By)

Now let y € G and ay € By, and {g;i}icr C £(G) a
net such that supp(g;) — v, g; > 0 and [ gi(x)dz = 1.
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Furthermore, let f € £(*8) such that f(y) = a,, we have

Sy Gint(gif))  —  <(U(f(y)) = c(¥(ay)).

strong operator

On the other hand,
we ([ e )v W)
a strong operator
=W*r(ay,)V.

Therefore, we have

s(¥(ay)) =Wrr(ay)V (y € Giay € By)
(#4) = (i) : Since r is weakly contained in ¢, then we have a
k-homomorphism R : Gint (C*(B)) = 7int (C*(B)) satisfying

R(sine(f)) = rins () (f € £2(B)).

Therefore, for arbitrary £ € Y, we have

Sint (V- £)(§) = W Rt (/))V(E) (€ £1(B)).

S0 Gint (¥ - f) = W*R(Gine(f))V for all f € £,(B), and
we conclude that S, is completely bounded.

Let U : B — B be a multiplier of ®B, then we define a map
N(¥) : D — D (recall that D is the bundle space of B x B )
by

N(V)((z,y;a)) = (z,y; U(a))

(29)
(z,y € G;(z,y5a) € Dy y).

It is routine to check that N (W) satisfies (¢)-(it) of
Definition 3.2, thus N () is a multiplier of B x B.

Theorem 5.1. Suppose that p weakly contains Ags. Let U :
B — B be a multiplier of 8. The following are equivalent:
(i) W is (resp. completely positive) Herz-Schur multiplier of
B;

(ii) N(¥) is (resp. completely positive) Schur (p,B)-
multiplier.

If either (¢) or (4¢) holds, we have

1¥][5.6 = [IN(V)]s-

proof. (i) = (it) : By Proposition 5.1, we have a x-
representation  : B — O(Y') on Hilbert space Y which is
weakly contained in Ay, and bounded operators Wy, Vy €
O(X,Y) such that

pRNY(ay)) =Wir(a:)Vo (z € G;a, € By,).

By Proposition 4.1 and the same argument of (i) = (i4)
of Proposition 4.1, it is not hard to prove that N (W) is Schur
(P ® 1o (ay), B)-multiplier, such that

1Sp@10005@n M@ leb < VW= [[Swl|cb-

By Proposition 3.3, N(¥) is (p, B)-multiplier.
(#4) = (i): By the same argument of (i7) = (i) of the proof

of [10, Theorem 3.8], ¥ is Herz-Schur multiplier and satisfies

(P ® Nint (¥ Fllleb < 1Sn(w) lleb-

Hence, [|(p @ N)int(¥ - f)lleb = [[Sn(w)llen- The proof is
complete.

Corollary 5.1.If ¢ : B — O(Y) is a *-representation of
B which weakly contains Ay, then any (¢, B)-multiplier is
Herz-Schur multiplier.

proof. This is the combination of Theorem 5.1, Proposition
5.1 and Theorem 4.1.

6. Nuclearifty of Cross-Sectional
Algebra

In this section we assume that B is a Fell-bundle over
a discrete group G, and p a fixed *-representation of ‘B
which weakly contains Ags (the regular x-representation of B).
Recall that, under these assumptions, we have

E(p,B) C Oc(L2(G)) @ pint (C*(B)).

Therefore, by Lemma 4.3 and Theorem 4.1 we have

Corollary 6.1. Let ® : D — D be a multiplier of 8 X ‘B,
then the following are equivalent:

(i) @ is (resp. completely positive) Schur (%8, p)-multiplier.

(i1) There are non-degenerate x-representation r : B —
O(Y') on a Hilbert space Y which is weakly contained in p,
and VW € £,(G,0(X,Y)) (resp. V = W) such that

po(®((z,y;a)) = W*(z)r(a)V (y)
(z,y € G5 a € Byy-1).

Let ® : D — D be a multiplier of B x ‘B, we define
% : pp(Dz ) = pp(Drz) (v € G) by

L (pp((2,75a)) = pp(P((z, 75 a))

Remark 6.1. Let us recall that each D, , = B, (z € G).
However it is not necessary that all 2 are identical.

Proposition 6.1. Let ® : D — D be a completely positive
Schur (p, 9B)-multiplier, then each ®£ is completely positive.
Furthermore,

((z,m;a) € Dy y).

|®lle = sup{[|®f[lcb : = € G}.

proof. By Corollary 6.1, each ®% is completely positive.

Let {a;};c; be an approximate unit of the C*-algebra B,
with |la;|| < 1 (¢ € I). Let A be the collection of all finite
subsets of G. We define the order on A x I by

U,i) < (V,j) & UcVandi<j ((U,),(V,5) € AxI).

We define ay; = a; for all (U,i) € A x I. Itis clear
that {ay,i}(v,i)eax1 1S an approximate unit of B since it is
a subnet of {a;}ier. By [7, VIIL5.11] and [7, VIIL.16.3], we
have ||ay ;b — b]| — 0 for all b € C*(%B).



28 Weijiao He: Herz-Schur Multipliers of Fell Bundles and the Nuclearity of the Full C'*-Algebras

We define ki ; € £(B x B) by

k. (z,x) = (z,2;00,) (ze€U);
kw.i)(y,z) =0 otherwise.

Hence, if (U, i) — oo, we have

im @y )see Th TP =T (k€ £(B xB)).  (30)

ku,i
Since {Tf™ : k € £(G x G,C*(B))} is dense in
O0c(£2(Q)) ® pint(C*(B)), (30) implies that {7} '} is an
approximate unit of O (£2(G)) ® pine (C* (B)) with norm not
greater than 1.
On the other hand, for each fixed z € G, since p|B. is
a non-degenerate x-representation of B., we conclude that
llpp(ku.i(x,2))|| <1, and the net

{pp(kvi(%, 7))} wiyeaxr

is an approximate unit of the concrete C*-algebra pp (D, ;) =
p(B.) C O(X(p)). By Corollary 4.4, we have

1 2lle = limgocllSpa(TE, )
= sup{|[@2] : z € G}.

For any multiplier ¥ : B — B of B, we define ¥7 :
p(Bz) = p(Bz) by Wh(p(az)) = p(¥(az)) (az € By) forall
z € G.

Corollary 6.2. If ¥ : B — B is a completely positive Herz-
Schur multiplier of B, then we have

1¥l[5.6 = [[T€]lcb-

Definition 6.1. We call a Fell bundle 8 nuclear if there exists
anet {U},c; of completely positive Herz-Schur multipliers of
B such that

i |2 < 1foralli e I;

ii. Each (U;)% has finite dimensional range (z € G;i € I);

il ]| (;)2(p(az)) — plaz)|| — 0 provided i — oo for all
se€ Ganda, € B,.

Assume that A is nuclear C*-algebra. Recall that there is a
net {¢; }ie s of completely positive contractive maps on A such
that the range of each ¢; is finite and ||¢;(a) — a|| — 0 for all
a € A provided i — oo. We call {¢; };cr an approzimation
net of A.

Recall that Cf; 4 (B) is *-isomorphic to (p ® A)int (C*(B)).
In the following we assume that p : B — O(X(p)) is
weakly equivalent to A\ys. By [5, Proposition 19.3], there is
a conditional expectation

E: pmt(o*(%)) Qmin C:(G) — pint(C* (%))

satisfying

ECY (@) @A) = pii(a)  (a € C*(B)).

zeG

‘We have

E(a(lox (o) ® Ay)) = E((Lox(p)) @ Ay)a)

for a € pint(C*(B)) @min C; (G), =,y € G.
Remark 6.2. C} 4(B) = (p ® N)ing(C*(B)) is a C*-
subalgebra of pint (C*(B)) @min C;(G), for we have

3" 0(f(@) ©As € pine(C(B)) @i C(G) (f € £(B)).

zeG

Let F' @ Ckoq(B) — Cfi.q(B) be a completely positive
map, then we can regard F' as a completely positive map
on (p ® Nint(C*(B)). Let (V,r) be a representation of
F (see Definition 4.1), where r : pint(C*(B)) — X(r),
V € O(L2(G, X(p)), X(r)) (notice that p weakly contains
7). Since it is easy to verify that £(F(p(a.) ® Az)(Lo(x(p)) ®
Az)¥) € By for all x € G, we can define the multiplier
hp:B— B by

hp(az) = E(F(p(az) @ Ae)(lox(p) ® Ae)”) (a2 € Bu).

Proposition 6.2. hr is a completely positive Herz-Schur
multiplier such that

lhrlls.e < |1F|lcb-

proof. Since p
We have

pp(N(hr)((7,y;a)))
=E(((Lox(p)) ® A)V)r(a)(V(1ox () @ Ay)))

for all @ € B,,-1. Since: (1) £ is completely positive; (2)

r is weakly contained in p; (3) £ is completely positive; (4)

x = V(1ox(p)) @ A;) is bounded, by Corollary 6.1, N (hr)

is a completely positive Schur p-multiplier. By Theorem 5.1,

hg is completely positive Herz-Schur multiplier.
Furthermore, by 6.2, we have

5, is faithful, we identify B, with p(B.).

1hrlls.e = [I(hr)ell < [[F]lcb-

Theorem 6.1. The following are equivalent:

(i) B is nuclear;

(i) C};q(B) is nuclear C*-algebra.

If either of this hold, we have C*(B) = C};,4(B).

proof. By the aid of Proposition 6.2, we can prove the
equivalence of (¢) and (i¢) by the argument of [9, Theorem
4.3]. If (i4) holds, then by [4, Theorem 25.11] C*(*B) =
Cﬁed(%)'

Corollary 6.3. If B is a Fell bundle over discrete group G
such that either C*(*B) or C}% 4(B) is nuclear C*-algebra,
then for any subgroup H C G, C*(By) and C}, 4(B ) is
nuclear C*-algebra. Furthermore, %5 is amenable.

proof.  Notice that if C*(8) is nuclear, then C}; 4(B)
is nuclear because the quotient C*-algebra of a nuclear C*-
algebra is nuclear.

If Cf.q(*B) is nuclear, then by Theorem 6.1 we have a
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net {¥; };cr of Herz-Shur multipliers satisfying (i) — (4i%) of
Defnition 6.1. It is easy to see that each ¥, |, is completely
positive Herz-Schur multiplier of ‘By. Furthermore, since
{W;}ier satisfies (i) — (iéi) of Definition 6.1, {U;|s, }
satisfies (i4) — (i44) of Definition 6.1, and by Corollary 6.2
{U;|s, } satisfies (i) of Definition 6.1. By Theorem 6.1, we
conclude that C}; 4(B #) is nuclear. By Theorem 6.1 again,
ted(Br) = C*(Bp), thus By is amenable.

7. Conclusion

Our conclusion is that for a Fell bundle B over a discrete
group G, the cross-sectional C*-algebra C*(B) of B is
nuclear if and only if B has Herz-Schur multipliers which
we developed in this paper. Furthermore, we conclude that if
C*(B) is a nuclear C*-algebra, then for any subgroup H C G,
C*(Bpg) is nuclear, where By is the restricted bundle of 3 on
H.

References

[1] Marek Boz'ejko and Gero Fendler, Herz-schur
multipliers and completely bounded multipliers of the
fourier algebra of a locally compact group, Unione
Matematica Italiana. Bollettino. A. Serie VI 3 (1984),
no. 2 (1984).

[2] Nathanial P. Brown and Narutaka Ozawa, C*-algebras
and finite-dimensional approximations, Graduate Studies
in Mathematics, vol. 88, American Mathematical Society,
Providence, RI, 2008. MR2391387.

[3] Jean De Canniere and Uffe Haagerup, Multipliers of the
fourier algebras of some simple lie groups and their
discrete subgroups, American Journal of Mathematics
107 (1985).

[4] Ruy Exel, Partial dynamical systems, Fell bundles and
applications, Mathematical Surveys and Monographs,
vol. 224, American Mathematical Society, Providence,
RI, 2017. MR3699795.

[5] Ruy Exel and Chi-Keung Ng, Approximation property of
C*-algebraic bundles, Math. Proc. Cambridge Philos.
Soc. 132 (2002), no. 3, 509-522. MR1891686.

[6] J. M. G. Fell and R. S. Doran, Representations of
*-algebras, locally compact groups, and Banach C*-
algebraic bundles. Vol. 1, Pure and Applied
Mathematics, vol. 125, Academic Press, Inc., Boston,
MA, 1988. Basic representation theory of groups and
algebras. MR936628.

[7] J. M. G. Representations of *-algebras, locally compact
groups, and Banach *-algebraic bundles. Vol. 2, Pure and
Applied Mathematics, vol. 126, Academic Press, Inc.,
Boston, MA, 1988. Banach *-algebraic bundles, induced
representations, and the generalized Mackey analysis.
MR936629.

[8]1 A. Grothendieck, Rsum de la thorie mtrique des produits
tensoriels topologiques, Boll. Soc. Mat. Sao-Paulo 8
(1956), 1-79.

[9] Andrew McKee, Adam Skalski, Ivan G. Todorov, and
Lyudmila Turowska, Positive Herz-Schur multipliers and
approximation properties of crossed products, Math.
Proc. Cambridge Philos. Soc. 165 (2018), no. 3, 511-
532. MR3860401.

[10] Andrew McKee, Ivan Todorov, and Lyudmyla Turowska,
Herz-Schur multipliers of dynamical systems (2016).
Preprint. arXiv:1608.01092 [math.OA].

[11] Vern Paulsen, Completely bounded maps and operator
algebras, Cambridge Studies in Ad-vanced Mathematics,
vol. 78, Cambridge University Press, Cambridge, 2002.
MR1976867.



