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Abstract: The study of finite sum of weighted composition operators on L
p
 - spaces has received considerable attention in 

2012. Characterizations, basic properties of this operators have been obtained. Weighted composition operators are a general 

class of operators and they appear naturally in the study of surjective isometries on most of the function spaces, semi grup theory, 

dynamic systems etc. This type of operators are a generalization of multiplication operators and composition operators. In this 

paper the relations among completely continuous and M  - weakly compact of finite sum of weighted composition operators 

between L
p
(µ) -  spaces described, we also obtain some necessary and sufficient conditions for Fredholmness of the finite sum of 

weighted composition operators. 
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1. Introduction 

Weighted composition operators are a general class of 

operators. There are many great papers on the investigation of 

weighted composition operators acting on the spaces of 

measurable functions. For instance, [10-15]. The finite sum of 

weighted composition operators were studied on ��-spaces [9, 

15]. The basic property of weighted composition operators of 

measurable function spaces are studied by Lambert [1, 2], 

Singh and Manhas [5], Takagi [6] and sum other 

mathematicians. Let (X , Σ, µ) be a complete σ-finite measure 

space and suppose �� :  X→ �	is a Σ  -  measurable function and 	� :  X→ � be a non singular measurable transformation ,  i .  e 

the measure 
�	��
 is absolutely continuous with respect to 

the 
  ,  where 
�	��
���  = 	
�	��
����  for all � ∈ Σ	  For 

any �����
� ,  by the Radon-Nikodym theorem ,  there exists a 

unique 	��
�Σ� -measurable function �� 	 such that  � ���	�
	� � � �	�
	�  for  all  � ∈ 	Σ.   Hence we obtain an 

operator �� 	 which is called conditional expectation 

operator .  If �  is any Σ  -measurable set for which � ���	�
	������� 	exists ,  the linear operator �����: �
�
� → �
�
� 

define by � ������	�
 �	� � ���	�
	������� 	 is called Weighted 

Frobenius-Perron associated with the pair ���, 	��. 

In this paper we consider finite sum of weighted 

composition operators and weighted Frobeninus-Perron 

operators defined on ���Σ� and �
�Σ� respectively of the 

form 

" � ∑ ��$��%�&
 , � � ∑ �����%�&
  

Also we give some sufficient and necessary conditions for 

completely continuous, ' -weakly compact and 

Fredholmness of finite sum of weighted composition operator " on ���Σ� and finite sum of weighted Frobeniuse-Perron 

operator � on �
�Σ�. 

2. Completely Continuous and (-weakly 

Compact 

We recall the definitions of completely Continuous and '  -  weakly compact: 

Definition 2.1 

Let )
 and )* be two Banach spaces over � .  A bounded 

linear operator +: )
 → )*  is said to be completely 

continuous if it maps weakly convergent sequences in )
 into 

strongly convergent sequences in )* .  In the sequal ,  we adopt 

the following decomposition of (X , Σ  , µ)  : 
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, � �⋃�&
% 	���⋃)                 (1) 

where �����∈ℕ	is acountable collection of pairwise disjoint 

atoms and )  ,  being disjoint from each �� ,  is non  -  atomic . 

Definition 2.2 

A bounded linear operator +:	���
� → �/�
�  ,  where 1 ≤ 2, 3 ≤ ∞ ,  is '   -  weakly compact if lim%→8 ||+�%||:;�<� � 0,  for every bounded sequence ��%��∈ℕ  in ���
�	 such that 
�$>?	�@⋂$>?	�%� � 0 

whenever B ≤ C.  This type of operators was introduced by 

P .  Meyer  -  Nieberg [1] in the study of Riesz spaces . 

 In this theorem we give some necessary and sufficient 

conditions for " to be completely continuous as an operator 

from �
�
� into �
�
�. 

Theorem 2.1 

Let " be a finite sum of weighted composition operators 

from �
�
�  into �
�
�	 and D ∈ �8�
�  where 	D �∑ ℎ����|��|��%�&
 �	��
  . If D�)� � 0, µ − a. e	 then "  is 

completely continuous . 

Proof 

We suppose that D�)� � 0, µ − a. e.	  Let ��%��∈ℕ	 be an 

arbitrary sequence in �
�
�	such that �% → 0	weakly .  Putting � � ⋃�&
% 	�� .  We have  

||"�%||:��<� � � |"�%|	I �
 ≤ ∑ � D�|�%|�
 � � D|�%|�
 + � D|�%|�
 � � D|�%|K��
	I	L	�	I%�&
 ≤ M|D|M:N�<�||�%K�||:��<�     (2) 

From the weak convergence of the sequence ��%��∈ℕ ,  we 

see that �%���� → 0	 for each fixed O ∈ ℕ	  .  Thus �%K� →0, 
 − a. e	 on X .  It follows that the sequence ��%K��%∈ℕ	converges in 
-measure .  This ,  together with the 

fact that �%K� → 0 weakly in �
�
� .  Yields ||�%K�||:��<� →0 [4] .  Hence " is completely continuous . 

In the next theorem we give some necessary and sufficient 

conditions for " to be compact as an operator from �8�
� 

into �8�
�. 

Theorem 2.2 

Let � � ∑ |��|%�&
  , QR��� � ST ∈ ,: |��T�| ≥ VW	 and " 

be a bounded operator from �8�
�  into �8�
�  .  Then the 

followings hold . 

(a) If for each V ,  QR��� consists of finitely many atoms 

then " is a compact operator from �8�
� into �8�
�. 

(b) If "  is a compact operator from �8�
�  into �8�
� 

then " is '-weakly compact . 

(c) Let (X , Σ, µ) be a finite measure space and the sequence S
����W�∈ℕ	  has no subsequence that converges to 

zero .  If ��′s are non-negative , 1 < 2 < ∞ and for each V > 0 ,  ∑ ��� ≥ V	%�&
  then "  is a compact operator 

from �8�
�	 into �8�
�  if and only if for each V > 0 ,  QR��� consists of finitely many atoms . 

Proof 

(a) Let V > 0 and � � QR��� � ⋃[&
\ �[R ,  where �[R 's are 

disjoint atoms .  Suppose that "] � "'^_  where '^_� � ∑ ���[R�\[&
 K�à  .  It follows that "]  is finite 

rank operator on �8�
�  .  Hence for every � ∈�8�
� ,  we have  

|"]� − "�| � | ∑ ����	�KI\��	�%�&
 | ≤ ∑ |��||��	�|KI\��	�%�&
 ≤ V||�||:N�<�               (3) 

Thus we get that ||"]� − "�|| ≤ V and so " is compact. 

(b) Choose any bounded sequence ��%��∈ℕ in ���
� such 

that 
�$>?	�@⋂$>?	�%� � 0  whenever B ≤ C .  Let c � ⋃@d%∈ℕ�$>?	�@⋂$>?	�%� .  Then , 
�c� � 0 and at 

most one �% satisfies the condition that �%�T� ≠ 0 for 

every T ∈ ,\c  .  Therefor ,  �%�T� → 0, µ − a. e	on , .  To 

prove the desired result ,  we assume the contrary that 

there exists a constant Vf > 0 with ||"�%||:N�<� ≥ Vf 

for all C  .  Sinc "  is compact ,  there exists a 

subsequence ��%g�\∈ℕ  and a function h  in �8�
� 

such that ||"�%g − h|| → 0 as i	 → 0 .  Then we have 

that lim\→8 "�%g�T� � h�T�, µ − a. e	 on ,.   So ||"�%||:N�<� → 0 .  This is contradiction. 

(c) By part (a) we only show that " is compact operator 

then for each V > 0  ,  QR��� consists of finitely many 

atoms .  Suppose on the contrary .  Then there exists V > 0 

such that QR���  contains infinitely many atoms .  Let S�[W�∈ℕ	  be disjoint atoms in QR���  .  Put h[ �^_`
j<k�`lm  .  Let � ∈ Σ  with 0 < 
��� < ∞  .  Since 

sequence S
��[�W�∈ℕ	  has no subsequence that 

converges to zero, then Sn; 	�[ ⊆ �  is finite and so 
k�[ ∩ �l � 0  for sufficiently large n  and 

M� h[K��
	I M � <k�`∩�l
j<k�`lm → 0  as n → ∞  .  It follows that 

h[ → ∞ weakly .  Since "  is compact it follows that |M"h[M|8 → 0  On the other hand we have  

 rM"h[Mr8
� 
�,� ≥ rM"h[Mr�

� � � | ∑ �� ^_`s��
j<k�`lm%�&
 |��
	I  (4) 

≥ t u ��� K�`�	�
k�[l �
	
I

%
�&


 

� t ���
�

�&

 

≥ V 

Thus we get that |M"h[M|8 ≥ j R<�I�m
 .  But this is a 

contradiction . 

3. Fredholmness of the Finite Sum of 

Wieghted Composition Operators 

In this section we assume 1 ≤ 2 < ∞. Ths special case of 
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Fredholm weighted composition operators �$�  has been 

studied in the study [3]. We will prove the general case for the 

finite sum of weighted composition operator ". 

Lemma 3.1 

Suppose �,, Σ, 
� is non – atomic, ��k	[l � 0, O ≠ n and 

let " be a bounded operator from ���
� into ���
�. 

(a) The nullity of "  (i. e. dim ker ") is either zero or 

infinite. 

(b) The codimention of yzC�"�{{{{{{{{{{{  in ���
�  (i.e. 

dim :m�<�.	|}%�~�{{{{{{{{{{{) is either zero or infinite. 

Proof 

We first prove (a). If " is injective, then dim ker " � 0. 

Otherwise, there a non – zero function � ∈ ���
� such that "� � 0. As �,, Σ, 
� is non – atomic and the set � ≔ ST ∈,: |��T�| > 0W is of positive 
	– measure, we may choose a 

sequence S�%W%&
8  of pairwise disjoint,	Σ	– measurable sets in � with 0 < 
��%� < ∞. Let �% ≔ �K% for C ∈ ℕ. They are 

non – zero and linearly independent. Moreover, 

M|"�%|M:m�<�� � � | ∑ ���%�	�|%�&
 � �
	I � � r∑ ����	�K���	�%�&
 �r�	I �
                  (5) 

� � r�∑ ����	��k∑ K���	�%�&
 l − ∑ ����	�K���	[��[%�&
 	r�	I �
  

So 

M|"�%|M:m�<�� ≤ 2��
 u ��t ���	�� �t K���	�
%

�&

�%

�&
 	
�
�	

I
�
 + 2��
 u | t ����	�K���	[|

��[
� �
	

I
 

� 2��
 � M∑ ���	�%�&
 �M�k∑ K���	�%�&
 l�	I �
 + 2��
 � | ∑ ����	�K���	[|��[ � �
	I          (6) 

Then 

	M|"�%|M:m�<�� ≤ 2��
	 u |"�|� t � 2i
, … , i%� K��\��	� …	K��\��	%\��⋯�\�&�,\��f
�
	

I 	+ 2��
 u | t ����	�K���	[|
��[

� �
	
I

 

≤ 2��
 ∑ � �\�,…,\��\��⋯�\�&�,\��f � |"�|�K���	� …	K���	%	I �
 + 2��
�C�C − 1����
 ∑ � |����	�|�I��[ K���	[�
	  (7) 

And so 

M|"�%|M:m�<�� ≤ 2��
 ∑ � �\�,…,\��\��⋯�\�&�,\��f � |"��|�	∩���� �������� �
 + 2��
kC�C − 1�l��
 ∑ � |����	�|�	��̀�������[ K���	[�
 (8) 

So 

M|"�%|M:m�<�� ≤ 2��
 ∑ � �\�,…,\��\��⋯�\�&�,\��f � |"��|�	∩���� �������� + 2��
kC�C − 1�l��
 ∑ � |����	�|�	��̀�������[ K���	[�
 (9) 

|�� �	[�
��%�� ||��	��	[�
��%��|�
 �	[�
��%�� 

Then 

M|"�%|M:m�<�� ≤ 2��
 ∑ � �\�,…,\��\��⋯�\�&�,\��f � ||"��||�	∩���� �������� �
 + 0 � 0.             (10) 

So that �% ∈ ker "  for all C . In this case, we have dim ker " � ∞. 

For (b) we suppose that dim :m�<�	|}%�~�{{{{{{{{{{{ ≠ 0. As dim :m�<�	|}%�~�{{{{{{{{{{{ �dim "∗ , there is a non-zero function h ∈ ���
�  (where 
� + 
/ � 1) such that "∗� � 0  or ��"��h̅ �
 � 0  for all � ∈ ���
�. Set � ≔ ST ∈ ,: |��T�| > 0W. Since �,, Σ, 
� is 

non – atomic, there exists a sequence S�%W%&
8  of pairwise 

disjoint, 	Σ	– measurable sets in � with 0 < 
��%� < ∞. Let h% ≔ hK% for C ∈ ℕ. Moreover, we have h%�"�� � � �"�	I �h%�
 � � �"�	�� �h�
 ≤� �"�	I �h̅�
 � 0  for evry � ∈ ���
� , i.e. h% ∈ ker "∗ . 

Hence dim ker :m�<�	|}%�~�{{{{{{{{{{{ � ∞. 

Lemma 3.2 

Suppose �,, Σ, 
� is a non – atomic rich measure space, ��k	[l � 0, O ≠ n  and let �  be a bounded operator from �
�
�	into �
�
�. Then codimention of yzC���{{{{{{{{{{ in �
�
�	(i.e. dim :��<�	|}%���{{{{{{{{{{) is either zero or infinite. 

Proof 

we suppose that dim :��<�	|}%���{{{{{{{{{{ ≠ 0 . As dim :��<�	|}%���{{{{{{{{{{ �dim �∗ � dim " , there is a non-zero function h ∈ �8�
� 

such that "� � 0  or ��"��h̅ �
 � 0  for all � ∈ �8�
� . 

Set � ≔ ST ∈ ,: |��T�| > 0W . Since �,, Σ, 
�  is non – 
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atomic, there exists a sequence S�%W%&
8  of pairwise 

disjoint,	Σ	– measurable sets in � with 0 < 
��%� < ∞. Let h% ≔ hK% for C ∈ ℕ. Moreover, we have ||"h%||:N�I� ≤M|"�|M:N�∪���� 	O������� +	∑ rM����	OMr:N�	n���������[ ≤
M|"�|M:N�I� + 0 � 0 for evry � ∈ ���
� , i.e. h% ∈ ker " . 

Hence dim ker :��<�	|}%���{{{{{{{{{{ � ∞. 

Theorem 3.1 

Suppose �,, Σ, 
� is non – atomic and " be a Fredholm 

operator from ���
� into ���
�. Then there exists a constant � > 0  on �  such that D ≥ �  for every set � ∈ 	Σ  with 
��� < ∞ , where D � ∑ ℎ����|��|��%�&
 �	��
 . Morever if 
�,� < ∞ then D ≥ � on ,. 

Proof 

Assume "  is Fredholm. It is injective by Lemma 2.2. 

Since the range of " is closed, there is a number � > 0 such 

that 

||"�||� ≥ �||�||� for all � ∈ ���
�. 

In particular choosing � � K�  and � � �m
%m�� , where � ∈ 	Σ and 
��� < ∞, we obtain 

	��
��� ≤ M|"K�|M�� 

≤ 	 u | t ��K��	�|%
�&


� �
		
I

 

≤ C��
 ∑ |��|�K��	��
	%�&
         (11) 

	� C��
 u DK��
	
I

. 
Theorem 3.2 

Suppose �,, Σ, 
� is non – atomic and � be a Fredholm 

operator from �
�
� into �
�
�. Then there exists a constant � > 0  on �  such that ∑ |��|%�&
 ≥ �  for every set 	� ∈ 	Σ 

with 
��� < ∞. 

Proof 

Assume � is Fredholm. It is injective by Lemma 3.2. Since 

the range of � is closed, there is a number � > 0 such that 

||"�||:��<� ≥ �||�||:��<� for all � ∈ �
�
�. 

In particular choosing � � K�  and � � � , where � ∈ 	Σ 

and 
��� < ∞, we obtain 

�
��� ≤ M|	�K�|M:��<�	
 

� 	 u | t �����K��|%
�&


	 �
		
I

 

≤ � ∑ ���|��|	K���
%�&
	I 	           (12) 

� u t |��|%
�&


K��
	
I

 

� u t |��|%
�&


�
.	
�

 

Theorem 3.3 

Suppose �,, Σ, 
� is non – atomic and " be a bounded 

operator from �*�
� into �*�
�. The following statements 

holds: 

(a) If "  be a Fredholm operator then there exists a 

constant � > 0  on �  such that D ≥ �  for every set � ∈ 	Σ  with 
��� < ∞ , where D � ∑ ℎ����|��|*�%�&
 �	��
. 

(b) If there exists a constant � > 0 on � such that D ≥ � 

for every set � ∈ 	Σ  with 
��� < ∞  then "  be a 

semi-Fredholm operator. 

Proof 

(a) Assume " is Fredholm. It is injective by Lemma 2.2. 

Since the range of " is closed, there is a number � > 0 

such that 

||"�||* ≥ �||�||* for all � ∈ �*�
�. 

In particular choosing � � K�  and � � ��
% , where � ∈ 	Σ 

and 
��� < ∞, we obtain 

	�*
��� ≤ M|"K�|M** 

≤ 	 u | t ��K��	�|%
�&


* �
		
I

 

≤ C��
 ∑ |��|*K��	��
%�&
           (13) 

	� C��
 u DK��
	
I

. 
(b) Assume that there is some � > 0 such that D ≥ �	
 −z. � , on $>?	D � ST ∈ ,; D�T� ≠ 0W . We know that ker " ⊆ 	 �*|�∖�� 	¡�
� , where �*	�∖�� 	¡�
� �S�; ��$>?	D� � 0W . Since "∗"� � D�  for every � ∈ �*�
�, 

||"�||* � �"∗"�, �� � � D|�|*�
 � � D|�|*�
 + � D|�|*�
 ≥	|�∖�� 	¡
	¢£¤	¥	I 	�||�||*          (14) 

Obviously " is injective and so is semi-Fredholm. 
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4. Conclusion 

In this paper, determine the completely continuus, 

M-weakly compactness and Fredholmness of finite sum of 

weight composition operators is discussed. Firstly, the 

necessary condition for completely contininuuse and 

M-weakly compactness and the necessary and sufficient 

conditions for compactness of finite sum of weight 

composition operators are obtained. Then, discuss 

Fredholmness of this operators on ��-spaces and finite sum of 

weight Frobeniuse-Perron operators on �
-spaces. 
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