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Abstract: The model of economic dynamics with a fixed budget is considered. The conditions are derived under which the
model with a fixed budget has an equilibrium state with the equilibrium prices. The necessary and sufficient conditions for the

existence of equilibrium prices are found.
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1. Introduction
Let’s consider a model defined at the moment t by the
productive mapping a(x) [1-3, 10]:

n

a(x) = {J? =&Y,..,x) e (RH™M0 < zfz’- <

i=1

n
< Z B -x* + (F*(xV),

i=1

S (™)), xk

= (x*, .., xF) k= L—n},

where x = (x1, ..., x™) € (RM)", B¥ is a diagonal matrix, the
main diagonal of which has a form

Wk, L vEy), vk e [0,1] (ki = T, n),

i

. X .. PR
Fl(x) = g{_glﬁ,clf >0(,j=1,n).

The productive mapping a” of the branch k is in the form

a®(x) =(0,B*x + (0, ...,0, F¥(x),0, ...,0)) (x € R}).

Let’s define the conditions under which the model with
fixed budgets

M ={y,U(¥),Q}

has an equilibrium state P, x, .., x"
prices P =(PY,..,P" Here as usual
u) =(U¢), .., UM¢,)), in its turn U'(x) =
[£,B¥x] + £t - F¥(x); O = (4%, ..,A") is a budget vector,
£ = (#1,...,£™) is a prices vector.

Let! ={1,2,..,n}.

The following sets are introduced in [4]

,y) with equilibrium

L(x) ={ieIlx! = 0}.
L(x) ={i € I|x' > 0},
xt xJ
R¥(x) = {l € I|—— min ]k},(k e,
Q¥ (x) = I\R*(x),k € L.
The problem of k — th consumer is as follows:
Uk, x) > max,x €V ={x>0,[P,x] =1}. (1)

Let ¥ be a maximum point in (1) (k € I).

2. Main Part

Definition. The equilibrium (P, %', ...,¥™,Q,y) is called
equilibrium without loss if for all k € I is valid

R¥(x*) =1



International Journal of Theoretical and Applied Mathematics 2017; 3(6): 203-209 204

Definition. The prices P = (P!,...,P") defined in the
equilibrium without loss is called an equilibrium prices
without loss.

Note that due to the consequence of the lemma 1 [4] we
have I, (x*) = @.

First, consider the consumer problem without loss, and
then the equilibrium without loss.

Note that the solution of the k — th problem without loss
has the following property

¢ =y*k-ck ke, ()

where y* > 0 is some constant that is equal to the value of
the k — th production function in the point X%,

Indeed from the conditions R*(x*) =1,1,(x*) = @ we
get that

x—kl fkn

== -=CW=yk,)?ki >0 (k,i€l.

Consider the problem of kth consumer without loss. To
analyze the problem (1) we apply the necessary and sufficient
conditions for the extremum, wherein in the point X the

maximum is reached if and only if when
(U*)'(x,9) <0 forall g € Gz(V),
where
Gz:(V)={geR"|[P,g]=0,9'20Vi€EL(X)}
As is known [2], (U*)' (%, g) = q*(g), where

i

g
k — k k. -
q“(g) =[5, 91 +¢ oin (k€ D).

Then in our case (without loss) we get that the necessary
and sufficient optimality conditions for X of the branch k take
the forms

q"(9) = [, g] + € min,; Sz <0vVgeQ=
{geR"|[P,g]l =0} ?3)

Lemma 1. The number p* (k € I), defined in the lemma 4
[4] in the case of without loss (R¥ (%) = I) coincides with the
maximal growth rate of the total wealth of the k — th branch
and is equal to

K _ R+[ek ¥
= e K€D @
where €% = (¢1 - v*1, .., €7 - V<),

Proof. In the case, when R*(x) =1, as follows from
lemma 4 [4] the number u* is in the form of (4).

From the other hand let X be a maximum point in the
problem (1) of the kth consumer that is indeed similar to the
following relations

Uk(ex) _ Ukex)
Px] ~  [Px]

maX,so (keD,

where the functions U* (¢, x) are defined in the introduction.
From the definition of u* and (2) we get that

maX,so 1 (x) = ¥,

where p* is of the form (4).

Lemma is proved.

Theorem 1. Let strongly positive vector P = (P, ..., P™)
be given, index k € I and the number u* is defined by (4).
The vector X is a solution of the problem (1), satisfying the
relation

R¥(x) = 1.
Then and only then
vk <pk-Pivjel, (5)
Pe ﬁ (&5 +0g"), (6)

where £X,9G" are defined in the lemma 3 [4] for the case
R¥(x) = 1.

The proof follows from the consequence of 1 [4], theorem
1 [4] and lemma 1

Remark. By given u* (k € I), the equality (3) may be
considered as a system of n linear equation with respect to
variables- coordinates of equilibrium vector of prices P
without loss

1
[P,c*] = #—k [¢F + [¢%,c*]] (k € D),

where c® = (ck, ..., c™), £k = (£1 - V¥, L, £ - vE™) and in
contrary by the given prices P from the equality (3) are
defined uniquely the maximal growth rate u* of the total
wealth of the k — th branch (k € I).

Let’s consider the following problem. Let v*! > 0,c% >
0 (i,k €I) be given. By which ¢/ > 0,u* >0 (i, k€l
there exists the vector P = (P!, ..,P™), that for some
AL, ..., A,y is an equilibrium prices without loss in the model
M, defined by the set {£, 1%, ..., A%,y }.

Note that it follows from the lemma 3 [4] that in the case
of lossless (R¥(x) = I) subdifferential G* takes the form
(5, 6]

0 = {f = £5 (f", . M |30 2 0:Siai = 1, f1 =
£k.gl .
ik Vie I} @)

It can be shown that for each set u* > 0, ..., u™ > 0 there
are weights A%, ..., A" such that the growth rate in the model
defined by the weights A%, ..., A", coincides up to those cells
in which A = 0 and the growth rate does not depend on the
choice of the equilibrium price P.

Lemma 2. Let the numbers £ > 0, u* > 0,v/1 > 0,c >
0(i,j,k €I) be given and (P,x',...,x™) is an equilibrium
without loss in the model with utility functions U J, defined in
the introduction section by the budgets A' = [P,x’/] and
distributed by the vector y = Y™, x" (j € I). The relation
(6) is fulfilled for V k € I then and only then when for any
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v/t > 0and u’ (i,j € I), satisfying the relations
Yiau @i+ ul-c)y=0viel, (8)
the inequality below is valid
ZjEI(ZiEIVﬁ vt w (0 4+ T v cY)) < 0. (9)

Proof. It follows from (7) that

og* = {(ﬁl, B ) g = gkl 0} (k€ ).

iel
Denote the set of the form ﬁ (£% + 9G"*) by ®*, that

considering lemma 3 [4] (in the case R¥(X) = I) indeed has a
form

1 . . . . . .
Cbk — {IF (]/1, ___’yn) | yl = i _vkt +ﬁl'zclk _Bl

i€l

=ek,/3izo}=

1 S .
={#—k-(yl,...,y")|ZC"‘-(W—W-V"‘)=£”‘.W

i€l

>€i_vki —

1 . . . o .
={'u_ky| chk.yl=€R+Zf1_vkllclk’yl

i€l i€l

> -vki} (k €D.

Since for all k € I due the conditions of the lemma3 [4]
(6) is fulfilled we have

Pe ﬂ &%, where P = (P!, ..., P™).

k€El

Thus
w - PE> PVt jED,
uj-ZPi-c” = +z{’i-vji-cij Gen.
i€l i€l
This system may be written as a system of inequalities
w Ptz evit(i,jE D),
Wi PLecll 2 00 4+ g 81t cl (e,
S Pl el = = (8 + By €101 V) (j € D).

(10)

Let’s introduce the denotations

flt=e'-p,
[ f/=ul (Y, c¥,..,cY),

B . . 11
Bl = £y (i j € D), (an

Bl =t/ + 30 vt ¢,
ﬁn+]’ — _ﬁj,
where e' is i — th ort in the space RT.

Rewriting the system (10) in new denotation considering
(11) we obtain

[F1L, Pl = B (i,j €,
[f,P1zp GED,
[f"*,P] = ™ (j € D).
Then, by the theorem of [7] for the compatibility of the

system (12) is necessary and sufficient that for any v/! >
0,v/ = 0,v™" >0 (i,j € I) from the equality

z vji-fﬁ+z vj.fj+z pHi .ty =

ijel jel jel

(12)

follow the inequality

Z vﬁ-ﬁ’ﬁ+z vj.ﬁj+z v"+j'ﬁn+jS0-

ijel jel jel

In our case necessary and sufficient conditions have a form

Z”j W+ W — ™) ) = 0for Vi €,

jel

% jer et V- €6 VI (0 = 0" (8 + i £ v
ci) <o. (13)

Letw =v/ —v" viel
Then it follows from (13) that u’ are such that

Zuj-uj-cijSOforViel.

jel

Substituting u’ (j € I) into (13) we get (8), (9).

Lemma is proved.

Consider the matrix C = (c¥ 73_,-:1- Let |C| be its
determinant. It is valid Lemma 3. Let the numbers v/! >
0,c >0(i,j€I) be given and |C| # 0. The following
conditions are equivalent

1. numbers v/ > 0,u’ (i,j € I) are such that (8) and (9)

are fulfilled;

2. numbers £, u/ (i,j € I) are such that for Vi,j €I is

valid

, .. . J
O R G S G T A
c™) k| <o, (14)

where CF is (n —1) X (n — 1) matrix obtained from the
matrix C by removing k — th column and i — th row.
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Proof. The system of equalities (8) we rewrite as follows

Zjel/ij'uj'cij=_Zje1/ij'vﬁ,ViEl- (15)
Consider the equation
A-u=-b, (16)
where
ptectt p2.c1z2 o oynecln pl
1, .21 2, 22 n, .2n 2
A=|Hc MC---#C’bzb‘
it Semlo2.nz un .o pn
m=Zuk-vkm (mel.
kel
Note that
jar = [w-1c
jel

where |C| is a determinant of the matrix.
As is known [8] the equation (16) has a solution (note that
|C| # 0):

_lar

w =
lar

€,
where A’ is n X n matrix obtained from the matrix A by
replacing j — th column by the row b.

Expanding the determinant of the matrix A/ over the
element of the j — th column (t refers the column b), we get

T

JjEeI

|AJ'|_

u
ﬂuk-Z(—l)mﬂ‘-bm- lcil GeD,

jeI mel

here C,{l is (n—1) x (n—1) matrix obtained from the
matrix C by removing j — th column and m — th row.

Substituting the values of |A|, |Aj | into the solution of the
equation (16), we obtain

u = Ymer(— pmHit. (Zkel# Cr]n| GeDn. (17)

pkmy.
W ICI ™ |

Note that (16) is indeed matrix form of the system of

equations (15) relatively u.
Then

Z(Zvﬁ.gi.vﬁ+uj.<gj+zgi.vﬁ.cii>> =
i€l

jel \iel

= Sjer [Zier v/t £ v (8 4 B - vI - cT) x (18)
S (S 1]
mel kel
where |C| # 0.

The expression (17) after some transformations may be
reduced to the form

z:]'EIZL'EI dji ' vji = [d' U], (19)

where d = (d'%,d*?,...,d"™),v = (v}, v, ..., v™), and
d’t are corresponding coefficients at v/, depending on
VARV L NTEE
A/t = AL,V e, ) (i € 1.
To reduce the expression (19) to the form (19), it is
necessary in (18) pass from vkm to v/*. To do this we accept

reindexing "k" & "j","m" & "i

JZ (W—i—Zf‘ Vit )

i€l

. Z(_l)m+j+1 . (Z ,Ltk . vkm
mel kel

_ k m ., m, m
Zw @ <{’ +Z£ )
mel
_Z(_l)i+k+1_ Z'uj_vji %

)-1et1-

mel JEI
<l = Y gy Y
JEI keI

+ Z m ,vkm . ka)Z(_l)i+k+1
mel . i€l

-|c] vt =

_ zz Yy w
jeI i€l kel

- (f" + Z om . ykm . ka) -|ck| vt
mel

Then (18) turns to

22@wmemex

Jel el

(f" £ gy ) |c¥| -vﬁ>.
mel

Thus comparing the last one with (19), we arrive to
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dit = ¢t V”+— e (1)L :k (* 4+ Y £™
Vkm' mk) |CLk|' (20)

Then the condition (9) is equivalent to
[d,v] <0,

where scalar product [d, v] is defined by the formula (19). It
does not exist v = (v, v'?,...,v'") such that [d,v] > 0
then and only then when torma m all dit <0 forvi, jEI
where d’! is defined by (20).

Lemma is proved.

It takes place

Theorem 2. Let the numbers v/! >0 u ¢/ >0 (i,j € 1)
are such that max;e; v/ >0 n |C| # 0. The equilibrium
prices without loss by given v/!, c/* and some #! > 0 (i € I)
and p/ > 0 (j € I) exist only and only when (14) is satisfied;
the coefficients p* (k € I) and equilibrium prices P are
related by the formula

uk [P, c*) = £F + [&’ﬁ,c'k] (keD,

where c® = (c'%, ..., c™), £k = (£1 -V}, L, £7 - vE),

The proof immedlately follows from the lemmas 2 and 3.

Note 1. Note that the condition (14), that is necessary and
sufficient condition of existence equilibrium prices without
loss does not depend on the vector of distributed resources y.

Note 2. By given v/{ > 0,c¥ > 0 (i,j € I) the parameters
2,1 (i,j € 1) is a solution of the system of inequalities
(14).

Example. Rewrite the conditions (14) for the cases
n=2n=3uvi=0pu=pu (i=+j)(jeD.

a) by n = 2 we have

€2y

1
m . [_(CZZ + vll . C21 . C12) . [1 + (1 + sz . C22) . C21
2] <0,
1
ﬁ . [_(1 + ‘Vll . C11) . C22 -fl + (1 + ‘VZZ . C22) . C21 £2]
<o,
1
m_ [(1 + Vll . Cll) . ClZ . fl _ (1 + sz . CZZ) . Cll . fZ]
<0,
1
m . [(1 + ‘Vll . C11) . C12 -fl _ (Cll + 1/22 621) £2]

<0

’

where |C| is a determinant of the 2 X 2 matrix C;
b) by n = 3 conditions (14) turn to:

ci
Y= (1 ittty gt 4
( Ter ¢ ) ci
L P2 —

Cil (1 +v?2-c?%?)

G

|C| (14+vE-33)- B <o,

1
m-[—(1+v11-011)-|611|-€1+(1+v22-022)-|612|-{’2
—(1+v33 -39 - |C5] - £] 0,

1
m-[(1+v11-011)-|C21|-{’1—(1+v22 022)-|CZZ|-{’2—
—(1+v33- 39 - |C3] - £4] 0,
lCZl (1+v11 11).41_'_ 22 _ |C; | “(1+v 22, 22)
Icr cr
02+
l c33 3
1 o1t 1 1 22, .22 2 2
|C| =+ vt Y lCs | -+ (A + v c*?) - |CE - ¢
—( V) 1G] € <0,
_lal ity g 1G] Gl S(1+v%%-c?2) - 02 +
Icl [C]
+<v33 |C|| 1+v3 33)>-£’3S0,

where |C| is a determinant of the 3 X 3 matrix C, C]’: is2X2
matrix obtained from C by removing i —th column and
j —th row.
Introduce the numbers
dy

L

(. N (o B _
| e S €J+Z€m-wm

mel
( 1)1+k+1 |IC| (fk-l-zt)m'

mel

'ij>,ifk=j,

m-c’""),ifk #j,GjkeD

and vector d*J:
(22)

Proposition 2. The numbers u/ > 0 (j € I), satisfying
(14), exist if and only if when there exists the index k, € I
and z* such that

&ko > 0,507 &k -d >0 (e, 23)

where d*/ is defined by (22). '
Proof. Necessity. Let there exist the numbers p’/ >
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0 (j € 1), satisfying the condition (14) that may be written as

fl Ji.___ o Z 1 i+k+1
v + IC] (-1
kel
-<£k+2fm-vkm- ) |c¥|- —<0
mel
@i.jeD. (24)
Let’s rewrite (24) in more proper form
% : Zkez\{j}(_l)HkJr1 : (fk + Ymer ™ v ka) : |Cik| ’
1
o + (25)

i m,->

Letfi = (1 ) ’u") B be a matrix the elements of which
- ( € D) in(25).

+|et- vﬂ+m (—1)i+i*1. <£1+me

mel

o1
-|Ci’|]-mss0(i,j€1)-

are corresponding coefficients at

Then (25) takes the form
— there exists i > 0 such that B-ji < 0. Let D = —B.
Then there exists the vector i > 0 such that D - i = 0, where

-D,
D= _?2 D, = (d’”)k] LGED. (26)
-D,
For n? X n matrix D introduce the cone
K={f|D-i=0} (27)
As follows from (26)
K nint R} # 0.
Assume the contrary, i. e.
K nint R} = @. (28)

Therefore, these two sets can be identified: a vectorf =
(f%, ..., f™) such that

{ [f,ul <0,ifp €K,
[f,u]l > 0,if u € RY.

From this and the second inequality follows that f > 0.
Thus there exists the vector f > 0 such that [f, ] <0, if
D-ji>0or[dji] =0i=1n2 where d’ is a row of the
matrix D. Then the vector f takes the form

nZ
f=Zaei-di,aei <0.
=1

Rewrite the cone K as follows

208

K={g|D-fg=0viel}.
In this case from (26) follows that
f e—-K~,

where K* is an adjoint cone.
The proposition (28) assumes there exists &' < 0 for

which
nz
Z el -di <.
i=1

In its turn (26) means that there does not exist &' < 0 such
that )7 1ae +d' >0, i. e if X7 1ae -d" >0, then there
exists the index i, € I such that &’ > 0.

Sufficiency. Let (23) be valid. Introduce the cone K by the
formula (27) adjoint cone K*. Making the same reasoning as
above, but in reverse order, it is easy to show that there exist
wl > 0 (j € 1) satisfying (14).

Propostion is proved.

Note. The system of n? linear inequalities (24) with respect
to the variables ¢, v/, ¢/, u/ may be reduced to the system of
n superlinear inequalities with respect to the same variables.

For this purpose let’s introduce the denotations

. o , . .
d/ = (—1)i+i*t % (fl + Z om . yim . cm1> (i,j €D,

d; = (d}, ..,d™) i € ).

Then the inequalities (24) may be rewritten as

( 1
# [dl,ﬁ]s—fl-v“-l? Viel,

1
| [dn,ﬁ]s—fn-v"‘-ﬁvl'el,

- 1 1
where [ = i)

From the last follows that
o1
J [dq, i] < min (—fl Syl -—.),
i€l lll
L[dn,ﬁ] < min (—f” sy —)
i€l
Let
1 .
di = —Zdl (l € I)
For this case we obtain that
[dy, fi] = max v L
bEL= e ut’

L [d, d] = max y i
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Thus by this way the system of n? inequalities (24) is
reduced to the system of n superlinear inequalities.

3. Results

In the paper the following results are obtained:

-The necessary and sufficient conditions are derived for
the optimality of the branch trajectories;

-The maximal growth rate is defined for the branches in
the without loss case;

-The necessary and sufficient condition is derived for the
existence of the equilibrium prices without loss;

-The form of the superdifferential is given for the utility
function of the consumer;

-The conditions are defined for the reducing the system of
n? linear inequalities to the system of n superlinear
inequalities of the same variables.
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