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Abstract: In this paper, we present the solution of nonlinear fractional partial differential equations by using the Homotopy
Perturbation Aboodh Transform Method (HPATM) and Homotopy Decomposition Method (HDM). The Two methods
introduced an efficient tool for solving a wide class of linear and nonlinear fractional differential equations. The results shown
that the (HDM) has an advantage over the (HPATM) that it takes less time and using only the inverse operator to solve the
nonlinear problems and there is no need to use any other inverse transform as in the case of (HPATM).
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1. Introduction

In recent years, fractional calculus has been increasingly
used for numerous applications in many scientific and
technical fields such as medical sciences, biological research,
as well as various chemical, biochemical and physical fields.
Nonlinear partial differential equations appear in many
branches of physics, engineering and applied mathematics. It
has turned out that many phenomena in engineering, physics
and other sciences can be described very successfully by
models using mathematical tools from fractional calculus [1-
3]. For better understanding of a phenomenon described by a
given nonlinear fractional partial differential equation, the
solutions of differential equations of fractional order are
much involved. Fractional derivatives provide more accurate
models of real world problems than integer order derivatives.
Because of their many applications in scientific fields,
fractional partial differential equations [9-11, 24-26] are
found to be an effective tool to describe certain physical
phenomena, such as diffusion processes, electrical and

rheological materials properties and viscoelasticity theories.

In recent years, many research workers have paid attention
to study the solutions of nonlinear fractional differential
equations by using various methods

Among these numerical methods, the Variational Iteration
Method (VIM), Adomian Decomposition Method (ADM)
[12-13], and the Differential Transform Method (ADM) are
the most popular ones that are used to solve differential and
integral equations of integer and fractional order. The
Homotopy Perturbation Method (HPM) [4-6] is a universal
approach which can be used to solve both fractional ordinary
differential equations FODEs as well as fractional partial
differential equations FPDEs. This method the HPM, was
originally proposed by He [7, 8]. The HPM is a coupling of
homotopy and the perturbation method. The Homotopy
decomposition method (HDM) was recently proposed by
[14-15] to solve the groundwater flow equation and the
modified fractional KDV equation [17]. The Homotopy
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decomposition method [16] is actually the combination of
perturbation method and Adomian decomposition method.
Recently, Khalid Aboodh, has introduced a new integral
transform, named the Aboodh transform [18-23], and it has
further applied to the solution of ordinary and partial
differential equations. In this paper, the main objective is to
introduce a comparative study of nonlinear fractional partial
differential equations by using the Homotopy Perturbation
Aboodh Transform Method (HPATM) which is the coupling
of the Aboodh transform and the HPM using He’s
polynomials. And the Homotopy Decomposition Method
(HDM) which is the coupling of Adomian decomposition
method and HPM.

2. Fundamental Facts of the Aboodh
Transformation Method
A new transform called the Aboodh transform defined for

function of exponential order we consider functions in the set
A, defined by:

A= {f(): I M, k;, k, > 0,[f(D)] < Me™™ )

For a given function in the set M must be finite
number, k4, k, may be finite or infinite. Aboodh transform
which is defined by the integral equation

AlfO] = K@) = %fomf(t)e‘"f dt,t > 0,k, <v <Kk, (2)

The following results can be obtained from the definition
and simple calculations

D A[t"] = =25

2) Alf '(1)] = vK (v) - X2

3) Alf ()] = v2K(v) — 1o - £(0).
B 4O O] = K ) - Tt L0

3. Fundamental Facts of the Fractional
Calculus

Definition 3.1. A real function f(x),x > 0, is said to be in
the space C,, 4 € R if there exists a real number p > u, such
that f(x) = xPh(x), where h(x) € [0,) and it is said to be
in space C," if f™ € C,,,m €N.

Definition 3.2. The Riemann-Liouville fractional integral
operator of order ¢ = 0, of a function f € Cp,, u = —1, is
defined as

JF @) = s e
Jof GO = £()

Let’s consider some of properties for operator /¢ (e.g., [1-
3D:
Iff€C,, n=-1apf=0andy > —1then J*JBf(x) =

—D*f)dt,a >0,x >0 (3)

J G, JPPFC) = P (), JOxY = s

Lemma 3.1. If m—1<a<mmeN and f €C(,,
u = —1then D*J*f(x) = f(x) and,

at+y

JUD§f(x) = f(x) = Zpsg fO (0)— x>0 (4

Definition 3.3. (Partial Derivatives of Fractional order).
Assume now that f(x) is a function of n variables x;,
i=1,..,nalso of class C on D € R,,. As an extension of
definition 3.3 we define partial derivative of order a for f(x)
respect to x;

af — Xi
aa f l—-(m a)f (xl

1)m—a—1 a;fzif(x]'”xi:tdt %)
If it exists, where g, is the usual partial derivative of

integer order m.

Theorem 3.1. If K(v) is Aboodh transform of f(x), then as
is known that the Aboodh transform of derivative with
integral order can be expressed by

vk @) -1,

Alf'®1 =
Proof. Let us take the Aboodh transform f (t) = % f,
using integration by parts we get
A[d t]—l o te vt dt
/0| =5 ] 7/
P .
—f()e " dt
—f(©)e

P 1P —-vt
+;f0 f(®)e dt}

— lim {E f(t)e—"t]0

p—o
=vK@) -2 (©)
Equation (6) gives us the proof of Theorem3.1. When we

continue in the same manner, we get the Aboodh transform of
the second order derivative as follows

dtzf(t)] [dt dtf(t))]

L r )
= vA[Ef(t)] _al
t=0
07 £
il L2 £
"(0
= vk L0 o)

If we go on the same way, we get the Aboodh transform of
the nth order derivative as follows
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k)
A[fOO] = v K@) - T R forn =1 (7)

or

A O] = v [Kw) - D9 ()

Theorem 3.2. If K (v) is Aboodh transform of (t), one can
take into consideration the Aboodh transform of the
Riemann-Liouville derivative as follow

A[D*f(t)] = v* [K(v) -2k D:a ,fff) —-l1<n—-1<a<n (9)
Proof. Let’s consider
n-1

A )] = vK @) = ) vHD R O)]
k=0

= VK () - Z CDTRF(O)] = vK (V)

?‘7‘
O

|
NgE

V2 (DK F(0)]

&
Il

1
1 n
= VK ) — 5 ) DHFO)] = K ()
k=1

1
akria [D*7*f(0)]

=v*K(v) — Z

Therefore, we get the Aboodh transformation of fractional
order of f(t) as follows

|
M-

x
I
(=]

aierz DT (O]

A = v [kw) - 22 ()T 1001 (10

Definition 3.4. The Aboodh transform of the Caputo
fractional derivative by using Theorem3.2 is defined as
follows

m-1

ADEF)] = vAIf(O] = ) vk 2f® (),
m-—1< ak=<0m (11)

4. Basic Idea
4.1. Basic Idea of HPATM

To illustrate the basic idea of this method, we consider a
general form of nonlinear non homogeneous partial
differential equation as the follow

DEulx, t) = L(ulx, t)) + N(ulx,t)) + f(x, t),a >0 (12)

with the following initial conditions

u(x,0) = g,k =0,..,n—1,Du(x,0) = 0 and = [a]. (13)

Where Df denotes without loss of generality the Caputo
fraction derivative operator, f is a known function, N is the
general nonlinear fractional differential operator and L
represents a linear fractional differential operator.

Taking Aboodh transform on both sides of equation (12),
we get

A[DEulx, )] = A[L(ulx, )] + A[N(ulx, )] + Alf(x, )] (14)

Using the differentiation property of Aboodh transform
and above initial conditions, we have

Alulx, )] = —A[L(u(x )]+ “A[N(ulx, )] + g(x,t) (15)

Operating with the Aboodh inverse on both sides of
equation (15) gives the solution

ulx, ) = G, t) + A [V%A[L(u(x, )]+ A[N (ulx, t))]] (16)

Where G (x, t) represents the term arising from the known
function f(x, t) and the initial condition. Now, we apply the
homotopy perturbation method

u(x, t) = Xr=op " un(x, ). (17)
And the nonlinear term can be decomposed as
Nu(x,t) = X7r-op™"Hy(w) (18)
Where H,,(u) are He’s polynomial and given by
H, (g gy Uy - Up) = 1o [N (Zm plu; (x, t))] ,
n!dp™ i=0 p=0
n=012,.. (19)

Substituting equations (18) and (17) in equation (16) we
get

Zn=o P un(x, t) =

60+ 4™ [ LA 0", )] +
V%A [N(Zr=0 Pty (x, t))]” (20)

which is the coupling of the Aboodh transform and the
homotopy perturbation method using He’s polynomials and
after comparing the coefficient of like powers of p, we obtain
the following approximations

p°: uy(x, t) = G(x,0),

P et = A7 [ AlL G0 ) + o],
p?: u,(x,t) =A71 [V%A[L(ul(x, )+ Hl(u)]],

pd:us(x,t) =471 [V%A[L(uz(X, )+ Hz(u)]],
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P () = A7 [ AL G (6 0) + Hys 0], 21)

Hence, the solution can be expressed in the form
ux, t) = limpy_ uy (x, 1) = up(x, ) +uy (x, t) + up(x,t) + - (22)

By virtue of (21) the solution (22) is converges very
rapidly

4.2. Basic Idea of HDM

The method consists of first step to transform the
fractional partial differential equation to the fractional partial
integral equation which applying the inverse operator Df to
the both sides of equation (12), finally, solution u(x,t) can
be written in the form

u(x t)_Zj 1

J 4+ %f;(t - ) L(ulx, D)) +
N(u (x, T)) + f(x, ‘L’)]d‘[ (23)

I'(a— ]+1)

Other side using the following

n-1_Ji®) (o 9j tf =
=1 Ta—jen) ¢ =fxt)

I'(a—-j+1)

= f(x,t) or Y72 .y

We have

u(x,t) = T(x,t) +—f - L(ulx D) +

I'(a)
N(u(x, 1)+ f(x,0)]dt (24)

In the method of homotopy decomposition, the basic
assumption is that the solutions can be written as a power
series in p

ux,t,p) = Xa=o P "Un(x, 1) (25)
u(x, t) = limy,_; u(x, t,p) (26)

and the nonlinear term can be decomposed as
Nu(x,t) = XYq-op"Hy (1) @27

where p € (0,1] is an embedding parameter and the He’s
polynomials that can be generated by

iraa:[ (Z P, t))] N

p=0
n=0,12,.. (28)

H,(ug Uy - Up) =

The homotopy decomposition method is obtained by the
graceful coupling of homotopy technique with Abel integral
and can be written as

Sz un (6,6 = T(x, 1) = 05 [ (6 = D" [f (0 7) +
LEr=0P™un(x, 1)) + NEnzo p"up(x,T))]dT  (29)

Comparing the terms of same powers of gives solutions of

various orders with the first term
ug(x,t) = T(x,t) (30)

we include that the term is the Taylor series of the exact

solution of equation (12) of order n — 1.

5. Applications

Example 5.1. Let’s consider the following one dimensional
fractional heat like problem:

Dfu(x,t) = %xzuxx(x, ),0<x<1,0<a<1t>0(31)
with the boundary conditions
u(0,t) = 0,u(1,t) = et
and initial condition;
u(x, 0) = x?

5.1. Application Method of Homotopy Perturbation Aboodh
Transform

Applying the steps involved in HPATM as presented in
section 4.1 to equation (31) we obtain the following:

p°: ug(x, t) = x2

— 1 1
Pl w0 = 47 L4 [Fxtug e 0| =
_ 1 _ 2 Zta
At [T = [25] =5 =
p? : uz(x t)=A4"1 [iA lxzul(X, t)xx” =
4 [ s
v

Proceeding in a similar manner, we have:

x%t%

r'(a+1)’

] x? ] o x%t
F(a+1) (v2“+2)F(a+1) rQa+1)’

3, -1 4t _ o x*3e
pPrus(xt) = A [v“A [zx U (%, t)xx” T r@a+1)’
2:na
Pt u,(x,t) = A [ A x 2u, (x, t)xx” = %,

Therefore, the solution u(x, t) can be written in the form

ulx,t) = x (1 i@ Ttearn Trea 0T
t-na 2
I'(na+1) (3 )

This is an equivalent form to the exact solution in closed
form

u(x, t) = x?Ey o(t%) (33)
where E; , () is the Mittag-Leffler function

5.2. Application the Method of Homotopy Perturbation
Adomain Decomposition

Applying the steps involved in HDM as presented in
section 4.2 to equation (31) we obtain the following

Zn=0P"un(x, ) —x% =

s (= D P (i (e, Dl (34
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Comparing the terms of the same powers of p we obtain

up(x,t) = x2

_ 1 (te _Na-1f,2 _ xhe
u; (x,t) = @ Jo (& =D x? (uo (x, D)l dT = [(a+1)’
() = = 5t — 1) 1 [y (x, 7))l = 2o
2 (X, (@ Jo 14 Hlxx ra+1y’
- 1 2 d X2t3@
uz(x,t) = l"(a)f (t—-1) (uz (%, D] T_r(3a+1)’
a— 1 2 = i
up(x,t) = F(a)f (t—1) (un-1(x, Dx)]dT = [(na+1)’

Hence, the asymptotic solution can expressed by

t2a t3a tha

_ .2
ulx, ) = x (1 + [(a+1) + r(2a+1) + r(3a+1) + [(na+1) + ) (33)

lim u, (x, t, @) = x2et

a-1

This is the exact solution of equation (31) when n = 1.
Example 5.2. Let’s consider the following three
dimensional fractional heat like equation

Dfu(x,y,z,t) = (xyz)* + %(xzuxx +yiu,, +
7%u,,),0<xy,z<10<a<1 (36)

With the initial condition
u(x,y,zt) = 0.

5.3. Application the Method of Homotopy Perturbation
Adomain Decomposition

Applying the steps involved in HPATM as presented in
section 4.1 to equation (36) we obtain the following

0 : uO(xly'Z: t) = (xy2)4

1. _ g-1|2 1(. 2 2
P wxyzt) =4 [—A [—(x Up,, TV Uy, +
Z ‘LLOZZ ]]
1 1
P up(x,y,z,t) = AT [v_“A [g (xzulxx + yzulyy

+ ZZU1zZ>]] - Goeye

FrCa+1)
Proceeding in a similar way, we have

(xyz)‘*t"‘
I'(a+1)’

2

3. _ (xyz)4t3“
p* i u(ny 2 t) = oo
n. _ (xyz)‘l'tna
Pt un(xy,z,t) = F(na+1) ’

Therefore, the solution u(x, t) can be written in the form

ta’ tza t-3(l

_ 4
ulx,y,z,t) = (xyz) (1 + '(a+1) + r(2a+1) + r3a+1) oot
n
(37)

t a
I'(na+1) )

5.4. Application the Method of Homotopy Perturbation
Adomain Decomposition

Applying the steps involved in HDM as presented in
section 4.2 to equation (36) we obtain the following

anun(x,y,z, t) =%f(t—r)“—l

[(xyZ)4 (3—16 (x? Zeop"un (63,2, +
Y2 En=op"un(x,y,2,8) +
2 T un(x,3,2,0),,) )| de (38)

uy(x,y,z,t) =0

(xyz)*t@
F(a+1)’

u (x,y,2,t) = f (t — 1) (xyz)*dr =

I(a)

0% Ceyz)* oz (% Punosyy +
(xyz)4tn“

F(na+1)’

un(x,y,2,t) —mf (t—

yzun_lyy +z un_lzz)] dr =
Therefore, the approximate solution of equation for the
first N can be expressed by

_ N (yz)tete
w0, (6,7,2,6) = Ty DL
when N = oo the solution can be expressed by

@ (xyz)4tna
B0 = 2, Mna v 1)
n=0

= (xyz)*[E(t*) — 1]

— (xyz2)*

where E, (t%) is the generalized Mittag-Leffler function.
Note that in case of @ = 1 we have

u(x,y, z,t) = (xyz)*[et — 1] (39)

This is the exact solution in case of @ = 1.
Example 5.3. Consider the following nonlinear time-
fractional gas dynamics equations [Kilicman]

Dfu(x, t) +%(ux(x, t))2 —u(x, t)(1—ulx1)=10,0<a<1(40)

with the initial condition
u(x,0) = e™*.

5.5. Application the Method of Homotopy Perturbation
Adomain Decomposition

Applying the steps involved in HPATM as presented in
section 4.1 to equation (40), we obtain the following

PO s up(x, ) = e~



International Journal of Theoretical and Applied Mathematics 2016; 2(2): 45-51 50

1, -1 a2 _ e ?
pl:u(xt)=4A [uaA [zx uy(x, t)xx” = Tty
2 u(nt) =471+ 4 [lxzu (x,t) ] _ e
p 23 e’ |2 L [(2a+1)

Proceeding in a similar manner, we have:

3 ua(x,t) =471 iA[ixzu(xt) ] i siid
p 3Vh pa gt TN A rGa+1)’
n . — -1 L 41,2 ] _ e«
" u,(xt) =A [,,aA [Zx Up (X, )y ] = D
Therefore the solution u(x, t) can be written as
—x ta tza t-3(l

ulxt) =e (1 Y@ Trearn Trean T T

o 41

F'(na+1) ( )

5.6. Application the Method of Homotopy Perturbation
Adomain Decomposition

Applying the steps involved in HDM as presented in
section 4.2 to equation (40) we obtain the following

Uuy(x,t) = e™™,
e *t%

ui (1) = I(a+1)’
e—xtza

up (x,8) = r2a+1)
e—xtna

Un (X, t) T I(na+1)’

Therefore, the solution can be written in the form

—x ta tza t3a
utnt) =e (1 ) T Tean TTean T
tna
r'(na+1) o (42)

6. Conclusion

In the present paper, Homotopy Perturbation Aboodh
Transform Method (HPATM) is employed for solving
nonlinear fractional partial differential equations; the same
problems are solved by Homotopy Decomposition Method
(HDM). It is worth mentioning that the (HDM) has an
advantage over the (HPATM) that it takes less time and using
only the inverse operator to solve the nonlinear problems and
there is no need to use any other inverse transform as in the
case of (HPATM). The results reveal that the (HDM) is a
powerful technique and can be applied to other applications.
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