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1. Introduction

One of the most popular stochastic ordering is stochastic
dominance which is used in many fields. This notion was
employed in 1930 and it has increasing popularity in many
areas namely economics, Social welfare, agriculture
operational research etc.

In some situations where there is uncertainty above the
probability distributions underlying the random variables
have vague, which results in the impossibility of producing
the probability distribution. In this paper our aim is to extend
the notion of stochastic dominance to the comparison of sets
of cumulative distribution functions.

Stochastic dominance are used in economics and finance
[2, 13] and can be given the following interpretation:
F =sp G means that the choice of F over G is rational, in the
sense that we prefer the alternative that provides greater
probability of having a great profit. The notion has also been
used in the other frame work such as reliability theory,
statistical physics, epidemiology, etc.

In section 2 we discuss the some of the preliminary
definitions and in section3 we extend the pairs of sets of
distribution functions by means of P-boxes and some of the
prepositions of imprecise stochastic dominance in the field of
imprecise frame work have been discussed on the basis of
fuzzy random variables.

2. Preliminary Concepts
2.1. Elementary Definitions

Definition:2.1.1

Let X be a universal set. Then a fuzzy set A =
{(x,uq(x))/x € X} of X is defined by its membership
function uz: X — [0,1].

Definition: 2.1.2

For each 0 < a < 1, the a-cut of set of A is denoted by its
A, ={x € X;uz(x) = a}.

Definition:2.1.3

A fuzzy number is a fuzzy set of R such that the following

conditions are satisfied:

i. A is normal if there exists x € X such that uz(x) = 1.

ii. A is called convex if pz(Ax; + (1 —2x;)) = min
(#A(xﬂ'#ﬁ(xz))-

iii. A is called upper semi continuous with compact
support; that is for every € > 0, there exists § >
0;|x —y|l <6 = palx) <uz(y)+e.

iv. The a-cut of fuzzy number is closed interval denoted
by A, = [ AL, AY], where

v. AL = inf {x e Rjuz(x) = a} and AY = sup {x €
R:pu;(x) = a}.

vi. If A is closed and bounded fuzzy number with AL, AY
and its membership function is strictly increasing on
[ AL, AY] and strictly decreasing on [ A%, AY] then 4 is
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called canonical fuzzy number.
Definition:2.1.4
A fuzzy random variable is a fuzzy set of a membership
function and a basic set of underlying variables. A fuzzy
random X is a map X:(Q — F(R) satisfying the following
conditions:
i. Foreach a € (0,1] both X% and X! defined as
XLt(w)(x) = inf {x € R; X(0)(x) = a} and XJ(w)(x) =
sup {x € R; X(w)(x) = a} are finite real valued random
variables defined on such (€, A4, P) that the mathematical
expectations EX% and EXY exist.
ii. For each w € Q and a € (0,1], X:t(w)(x) = a and
XV (w)(x) = a.
Definition:2.1.5
X(w) is a fuzzy random variables if and only if
X (w) =[XL(w), XY (w)], where X%(w) and XY (w) are both
random variables for each « € (0,1] and X(w) =
Uae,1) aXe ().

2.2. Stochastic Dominance

The notion of stochastic dominance between random
variables is based on comparison of their corresponding
distribution functions. In this paper we are going to work
with random variables taking values on [0,1]. The
distribution function is thus defined in the following way:

Definition: 2.2.1 [12]

A cumulative distribution function (cdf) is a function
F:[0,1] - [0,1] satisfying following properties:

i. x<y= F(x) < F(y)Vx,y [Monotonicity]

ii. F(1) =1 [Normalisation]

iii. F(x) = limg; o F(x + €) Vx < 1 [Right continuity]

When F satisfies the properties of monotonicity and
normalization, it is associated to finite additive probability
distribution and we shall call it a finitely additive distribution
function.

Definition: 2.2.2[12]

Given two cumulative distribution function F and G, we
say that F is stochastically dominates G, and denote if
F >5p G,if F(t) < G(t) for every t € [0,1]. This definition
produces a partial order in the space of cumulative
distribution function, from which we can derive the notions
of strict stochastic dominance, indifference and
incomparability:

i. We say that F strictly stochastically dominates G, and
denote it by F >5, G if F =5, G but G £gp F. This
holds if and only if F < G and there is some t € [0,1].
Such that F(t) < G(t)

ii. F and G are stochastically indifferent if F =g, G and
G =gp F or equivalently, if F = G.

iii. F and G are stochasticallyincomparable if F 25, G and
G &g F.

Definition: 2.2.3[12]

For the two random variables U and V such that P(U <
V) =1. We define both belief function and plausibility
function as follows:
bel (A) = P([U,V]< A) and PI(A) = P([U,V]NnA =+
®).

Definition: 2.2.4[12]

The associated set of probability measures P is given by
% ={ g Probability: bel (A) < P(A) < P1(4) for every
A€ B(R)}.

Note: 2.2.5[12]

We consider two random closed interval [U,V] and
[U’,V'] one possible way of comparing them is to compare
their associated sets of probabilities:

§ ={g Probability: bel (A)< P(A)< P1(4) for every
A€ B(R)}.

§'={'Probability: bel'(A)< P(A)< PI'(4) for every
A€ B(R)}.

Proposition: 2.2.6 [12Proposition 3]

Let [U,V] and [U’,V '] be two random closed intervals and
let 0 and g’ their associated sets of probability measures
thefollowing equivalences hold:

s PP oUzp V!

cpsp Uzl

s pEp oV, V!

s pzp oV, U

Note: 2.2.7

We consider the set of distribution functions induced by #,
we obtain {F:F, < F < Fy} that is the P-box determined by
F, and Fy,. Similarly, the set ' induces the P-box (F'y, F'y).

2.3. Extension to Pairs of Sets of Distribution Functions

Definition: 2.3.1 [12]

Given a set of probability measures g on [0, 1], we shall
denote by F= {F,: P € @} its associated set of cumulative
distribution functions.

Definition: 2.3.2 [12]

Let 04,60, be two sets of probability measures on [0, 1],
and let F,,F, be their associated sets of distribution
functions. We say that o,:

* (SD;) stochastically dominates g, and denote it by
F1 >sp, Foif and only if for every F1eFy, F, € F, it
holds that F; < F,.

* (SD,) stochastically dominates £, and denote it by
F1 >sp, Fo if andonly if there is some F;e€F; such that
F, £ F, forevery F, € F,.

* (SD3) stochastically dominates , and denote it by
F1 >sp, Fo if and only if for every F, € F, there is
some F;€F; such that F; < F,.

* (SD,) stochastically dominates §, and denote it by
F1 >sp, Fo if and only if there are F,€F,, F, € F, such
that F; < F,.

* (SDs) stochastically dominates §, and denote it by
F1 >sp; Foif and only if there is F, € F, such that
F, < F, for every F €F;.

* (SDg) stochastically dominates §, and denote it by
F1 >sp, Fo if and only if for every F;eF, there is
F, € F, such that F; < F,.

Preposition 2.3.3 [12]

Let F; and F; be two sets of cumulative distribution

functions on [0,1]
i. The implications between the conditions of stochastic
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dominance are given in the following figure.

Figure 1. Conditions of Stochastic dominance.

ii. Concerning strict stochastic dominance,

* (SD,) strict stochastic dominance implies (SD;) strict
stochastic dominance.

* (SDs) strict stochastic dominance implies (SDg) strict
stochastic dominance.

2.4. P-boxes

Definition: 2.4.1

A probability box or P-box for short,(E JF ) is the set of
cumulative distribution functions bounded between two
finitely additive distribution function F < F. We shall refer
to F as the lower distribution function and to F as the upper
distribution function of the P-box.

Note: 2.4.2

LetF, F need not be cumulative distribution functions, and
as such they need not belong to the set (E JF ); they are only
required to be finitely additive distribution functions.

Note: 2.4.3

Let F be set of cumulative distribution functions, its
associated P- boxes (F,F) is determined by, F(x) =
FerFx (05, F(x) = T&F ()G, ¥x € [0,1].

3. Imprecise Stochastic Dominance

Definition: 3.1

A fuzzy probability box or P-box for short, (EX, FX) is the
set of cumulative distribution functions bounded between
two finitely additive distribution function Fy < Fy We shall
refer to Fy as the lower distribution function and to Fy as the

upper distribution function of the P-box.
Note: 3.2

Let Fy, Fy need not be cumulative distribution functions,
and as such they need not belong to the set (EX, FX); they are
only required to be finitely additive distribution functions.

Definition: 3.3

Let Fy be set of cumulative distribution functions, its
associated P- boxes (F , FX) is determined by,

E(x) = min{ ;0 Fy (0L febFx (08}
max{ piFx Ok, pepFr (0 ).

Proposition: 3.4

Let F;,F, be two sets of fuzzy cumulative distribution

Fx(x) =

functions anddenote by (F;, F;) and (F,, F,) the P- boxes
they induce.

L (Frzspn Fo e le(x) < Fy(x).
ii. Fy 25p2 F © Fi,,(x) < F,, (x).
iii.Fy 25p3 Fp & Fi,,(x) < Fp, (x).
V.Fy 2gpy Fp & F,(x) < Fp (x)
v. Fi 25ps F, & Fi(x) < Fp, (x).
Vi.Fy 25p6 F, © Fi(x) < Fp, (x).

Where, Fy () = ¢80 J0LF, , (OL, JeBF,, (04 ).
Fiy () = M3 2L F GO, pelFy, (03 ).
Fop (%) = 50 pehFa (05, 2ebFy (04 3.
Fay(0) = ¢ M85 pebFoy (L, Se2F, ()Y ).

Proof
(i) Note that F; =gp; F, if and only if for every
Fy, (x)€F1,F,, (x)€F,, and this equivalent to

Fi(0) = 0885 rerFi (Ol repFiy (08} < Fox(x)
= & TR, (O SR, ()Y )
= le(x) < Fox(%).
(i) Fy 2gp; F ifE1X(x) < sz(x)
= Fy,(x) < Fy (x), for every Fy, (x)€Fy,F,, (x)€F,
= B rcrFuy (0% rebFr, (04 )
< B, E, (O, PR, ()Y )
= F, (%) < B, ().

(iii) By the Hypothesis, For every F,, (x)€F, there is some
F1X (x) E*T'la

such that F;  (x) < F,,(x) As a consequence,F;, (x) <
Fp,(X)VF,, (x)€F,

Elx(x) S ianzGTz
There fore Fy, (x) = F,, (x)
= pl2 rebFr Ok repFi (08 )
FZrEn?ITIZI{ ;2£F2x( )é' ;gﬂp;FZX(x)g }
= F,(x) < F, (x).

(iv) If there are Fi,(x)e F; and F,, (x)e F, such that
Fi, (x) < F,,(x) then

>F <F<F<F

= IR (0L, S F (0Y ) < Fr () < By ()

inf sup
Fzrg;'pz({ FETFZ)(( )é' Fej?FZX(x)g }
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Hence, F;,,(x) < Fi, (x) < F,, (x) < F,.
There fore F; , (x) < F,, (x).

(v) If there are F;,(x)eF; and F,,(x)eF, such that
Fi, (x) < Fp (%) then Fy, (x) < F,,(x)

= X R (0L, PP F L (08 )

< gk R, (O SPF, ()Y )

Fiy () < Fiy(x) < Fp (%) < Fppp (%)

There fore F; , (x) < F,, (x).
(v) If for every Fy , (x)eF; there is some F,, (x)€ F, such
that F;, (x) < F,, (x)

then, Fy, () = ¢[28 perFi (O fepFr, ()8 )
Fi, () = g or Fiy ()
Foy (1) = pyer, Fay (%)
Fp (x) = gJe83{ Fingx(x)fx' rerFa, (053

Hence Fix(x) < Fox(x).

Proposition: 3.5

IfF; and F, are two sets of fuzzy cumulative distribution
functions then

() Fi,(x)eF; = {Tl 2sp, Fo & Fy Z5p, 7:2}

(i) Fp, (x)eF, = {T1 Zsps Fo & Fy 24p, 7:2}

Proof: (i)

To see the first statement, use that
F1 2sp, Fo Zsp, Fz Zsp, Fa Zsp, Fs Zsp; Fe

= F1 2psp, Fa-

More over F; =
Fi, (x)€F;
such that F;  (x) < F;, (x)

In particular, since T JOLF ()%, SerFy (0)Y ) =
F,(x)

So, Fy, (x) < Fy (x) for every F;, (x)eF;.

It holds that, pBF{ pehFy, (b, penFi, ()4} < Fyp (x)
for every F,, (x)€F, and

Consequently,

>psp, F» if and only if F,, (x)e F, there is

inf sup
as Flrélalfrll{ rerFiy (e FE}‘le(x)a }eF,, thatFy Zgp, Fs.

(iii)) To see the second statement, we use that
F1 2sp, F2 Zsp, F3 2sp, Fa 2sp, Fs Zsp, Fe

= F1 2psp; Fo = F1 2psp, Fo-

Moreover, F; Zpgsp, F, if and only of for every
F, (x)€F, there if Fy, (x)€eF;
such that, F;, (x) < F,, (x).

In particular,

Fp () = 280 IR, (0L, 2e8F, ()Y } < Fy, (%)

since

= F,,(x) < F;,(x) for every F;, (x)eF,, it holds that
P () < Fyy ()

For every F,, (x)eF, and consequently, as F,, (x)€F,, that
F1 2sp Fa-

Corollary:3.6

Let F;,F, be two sets of fuzzy cumulative distribution
functions andlet (Elx (%), Fy, (x)) and (sz ), sz(x))
denotetheirassociatedp-boxes. If F;, (x), F, <(x) €F; and
F,, (%), F5, (x) €F,, then

(1) Fy Zsp, Fr & Fi, (x) < F, (x).

(i) Fy 25p, F, & Fy SD3T2<:>F (x) < Fy, ().

(iil) Fy Zgp, Fr & F,(x) < sz(x)_. ~

(iv) Fy 2sp, Fr © Fy 25p, Fr © Fi(x) < Fyy (x).

Proof:

(1) If_ZX = Jx(x)E:Fl

[ s
= &, ITE, (O, SRR, ()Y )

S
> pming E (0L, pePE L (0)Y YeF,

If there is some F;(x)eF, such that, F;(x) < F,,(x) for
all F,(x)eF, and as a consequence F; =
(i) If F, (x)€ Fy,F,, (x)€ F, and

Zrsps Fa-

S
= p,ming ;2£F2X§x)a, e F, ()Y )
m su
= Fll?:;"rll{ FETle(x)é' Fegplx(x)(lx] }

= F,(x) <F,,(x) , then there exist,
F,(x)€F, such that F; (x) < F,,(x)

Hence F; =

(i) If

Fi(x)eF; and

=FSD4 TZ

inf sup
Fllg;)l({ FETFI)(( )é! Fej-‘le('x)g }

inf sup
— Fzrg;'pz({ FETFZ)(( )é: Fej?FZX('x)g }

Then since sz(x)ein then there is some F,(x)eF, such
that F; (x) < F,, (x) for every F;(x)€eF,, because F;(x) <

Pl ety (0 pebFay (1) ) for any Fy ()€
Finally we can get,

i inf sup
Flrgf;"rll{ FETFI)(( )é! Fej-‘le('x)g }

< e IR, (0 SRR, ()Y )

= Fi,(x) < Fp ().
Let?l FSDSTZ:?l
F,eF;.

ZFspg T2, if and only if F,€F, and

If every F; (x)€F; there is some F,(x)€eF, such that

Fl(x) S szt ('x)
Fi () = M3 0TF, (0L, 5ePF,, (x)Y } and

Fy (%) = ¢ JULF, (X)L, pePF, ()Y }
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Hence by the Dominating, F; (x) < F, (x).

Lemma: 3.7

Let F," and F," be two sets of finitely additive fuzzy
distribution functions with associated P-boxes

(Fiy (), Fiy (), (B0, Fp () . Assume  that  If
Fy,(x),F;,(x)eF; and F, , (x), F,, (x)€F,, then

i F' 2Fsp, F e le(x) < ().

(i) F,’ ZFsD, F e Fi(x) < B, (x).

(iii) ;' 2FsD, F e Fi,(x) < F,(x)

(iv) ;' ZFsD, F e Fi (%) < B, (%).

) F' 2FSDs F, e le(x) = sz(x).

i) Fy ZFSDg F, e le(x) = sz(x).

Proof:

Let F;" and F,’ be two sets of finitely additive fuzzy
distribution functions with associated P-boxes

(F (), iy () and (Fy, (), By ().

Let the lower and upper distribution functions of the
associated P-box belong to our set of cumulative distribution
functions.

Note that ;' =gsp, F,' if and only if F;,(x) < F,, (x)
for every Fy, (x) € Fy',F,, (x)eF,’

This equivalent to,

= _ max inf L sup L /

F(x) = Flefl{Fﬁﬂle(x)“' rer F1, (06 eF, " and
= _ max inf L sup L ’
sz(x) - FzETz{erszZX(x)“’ FZE?ZFZX(x)“}ETZ

There fore F; , (x)eF;" < F,, (x)e F,'

Hence F,' >p5p, Fp' & Fi,,(x) < F,, (x).

Similarly the other stochastic dominance hold under the
same condition regardless of whether we work with finitely
or o- additive probability measure.
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