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Abstract: The aim of this article is to use von-Mises coordinates to find a class of new exact solutionsof the equations
governing the plane steady motion with moderate Peclet number of incompressible fluid of variable viscosity in presence of
body force. An equation relating a differentiable function and a stream function characterizes the class under consideration.
When the differentiable function is parabolic and when it is not, in both the cases, it finds exact solutions for given one
component of the body force. This discourse shows an infinite set of streamlines and the velocity components, viscosity
function, generalized energy function and temperature distribution for moderate Peclet number in presence of body force.
Moreover, for parabolic case, it obtains viscosity as a function of temperature distribution for moderate Peclet number.
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dimensional flows equations with body force in Cartesian

1. Introduction space (x,y) are transformed into Martin’s coordinates (¢,l//)

In general, a moving fluid element experiences both the In Martin’s

surface and body forces. The momentum of moving fluid
element is given by the Navier-Stokes equations (NSE). The
non-linear terms in NSE offers a great difficulty for its exact
solution show ever, some transformation techniques and
dimension analysis methods are workable. A variety of
techniques/methods and references given there are practical
for some exact solutions of NSE without body force [1-6].

then to von-Mises coordinates (X,{/)

coordinates, the curvilinear coordinates ((0,41/ ) are such that

the coordinate lines ¢ =const. are streamlines and the
coordinate lines ¢ = constant are arbitrary [15]. Whereas in
the von-Mises coordinates, the arbitrary coordinate lines of
Martin’s system is taken along the x—axis . Thus, the

function @=x and stream function ¥ of Martin’s

Moreover recently Mushtaq A. et. al., applied a new
technique for exact solution of variable viscosity fluids
without body force term [7, 10]. Body force term like coriolis
force is considered by Giga, Y. et. al. in [8] and Gerbeau, J.
et. al. gives a fundamental remark on NSE with body force in
[9] where as Mushtaq A. et. al. has applied successive
transformation technique for exact solution for flow of
incompressible variable viscosity fluids in presence of body
force in [11-14].

To achieve the aim of this letter successive transformation
technique is applied. According to this method the basic non-

coordinates as independent variables instead of V and X
[16]. Further, the characteristic equation for streamlines of
the class of flows under consideration is:

y-gx)-n
m

= const. (1)

Where m#0 , n are constants and a differentiable
function is g(x) . Without loss of generality the equation (1)
implies
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y=gx)+v@) 2

where V() =m{ +n .

Paper’s organization is follow: Section (2) givescentral
flow equations in non-dimensional form and transforms them
into Martin system (@,¢) . Section (3) retransforms the basic

equations to von-Mises coordinates. The exact solutions to
the problem in presence of body force are given in section 4.
Conclusions are given at the end.

2. Basic Non-dimensional Equations in
Martin’s Coordinates

The equation of continuity, NSE and energy equation, for
the steady plane motion of incompressible fluid of variable
viscosity with constant thermal conductivity in the presence
of unknown external force, in non-dimensional form are
respectively following

U+ V=0 3)

Uu+vu,=F —p,

+RL [Quu,), +{uu, +v,)},] &)

€

uv.+vv,=F -p,

+RL [Quv,), +{Hu, +v,)},] (%)
ul, +vT, = (T *+T,,)

+ Ee Ru?+v )+ pu, +v,)*] (6)
R X y y x

(5]

Where u(x,y) , v(x,y) are the components of velocity
vector, F(x,y), F,(x,y) are the components of the body
force, p(x,y) pressure, H(x,y) the viscosity, and T(x,y) is
temperature. The numbers £, , P. and R, are the Ecart
number, the Prandtl number and the Reynolds number
respectively. The product of R, and F. is Peclet number
P, . The solution of the basic fluid dynamics equations is
found for very large and very small £, where as the solution
for moderate F, is challenging. Please refer to [17-22] and
reference therein.

The solution of the equation (3) is a stream function
iy _ 'y X
Oxdy Oyox

W(x,y) such that nd

oy __oy
u 3 ,V i @)

The solution of the remaining system of equations (4-6), as
experience teaches, offers a great difficulty because of the
presence of the non-linear term. These equations are

managed by introducing the total energy function 7, and the
vorticity function Q defined by:

1 2 lu
T,=P+— (u*+V*)- = 8
ARy ®)
Q=v, -1, ©)
Utilizing equation (8-9) in equations (4-6), we have
! A
-vQ=FK —LX-‘:-R— L, (10)
e
quF—L—LB +LA 11
-2 y Re y Re X ( )
ul +vT :L (T +T,)
x YT v
E
+ == L(Bz +44%) (12)
R, 4u
where
A= Mu,*v.)and B= 4 u, (13)
Consider the allowable change of coordinates:
x=x(@),y =y(oY) (14)

where the system (4¢/) are curvilinear coordinates in the
0(x,»)
opy)

Let curvilinear coordinate? is stream function as defined in
Martin [15]. Let A be the angle between the tangent to the
streamlines ¢/ = const. and the curves ¢ = const. as arbitrary

at a point P(x, y) , then

(x,y) — plane such that the JacobianJ = # 0is finite.

tan(A) = Yo
Yo

(15)

The first fundamental form is
ds’= E(@y) d@ +2 F(py) dp dy + G(oy) dy* (16)
wherein:
E = xé,+y§,
F=Xg Xy Vo Vy

G = (%) + (%) (17)
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Differentiating equation (14) with respect to X and V ,
and solving the resulting equations, one finds:

quZ_J (/Ixay[,//: J ¢x
Xp=J Y, , xy=-J @, (18)

wherein

=
J=+VECTE el Yo ¥y vy (19

Application of trigonometric identities on equation (15)
and equation (18) provides

Xp = JE Cos(A)

1

Xy = T[F Cos(A) —J Sin(A)]
E
vy = E Sin(A)
1
Yy = ﬁ [F Sin(A)+ J Cos(A)] 20)
The integrability conditions:
Yo = Yoy Yyo = Yoy 21
for X and V, yield:
Jri Jri
/](0: 11 ’/]w: E12 (22)
where
1
r121 = e [-FE,+2EF,-EE,]
2 ! EG,-FE,
M = 2W2[ [ vl (23)

Equation (21), applying the integrability condition

Ay =Ny for A@4), yields

co L [Wrﬁ] _[Wr@]
Wil E E
y 0

where K is called the Gaussian curvature.

Now equations (10-11), on substituting equation (15),
equation (18), equation (20) andequations (22-23) simplifies
to following

24

~R,QJ E ==F R, JVE (F, cos A+ FysinA)
+J R, JVE (FsinA=FycosA)+ R JEL,

+ Ag,((F2 -J%*)cos2 —2FJsin2)l)

+ E4, (JsinZ/] —FcosZ/]))

_B(/,(l(F2 -J?)sin2A +FJc052/1J
2

+EB, (%FsinZA +Jcosz/1j (25)
and
0= ReJ\/E[Fi cosA+F, sin/l]
~R,J Ly+E 4y cos2/
_A¢[FCOSZ/] —Jsin2/]]
1 ] . E B,
+ B(a(EFSIHZ/‘ —Jsmz/lj — 2‘” sin2 A (26)

According to differential geometry [23], the expression
T,
ul, +vT, in equation (12) simplifies to 7¢ and

(T +T,y)

1 [GT(,,—FT,',,] +[ET,/,—FT¢,] on
J J 0 J Y

Therefore, the energy equation (12)becomes

| |(GT,-FT,) (ET,-FT,
1P, J J
@ 4

E T
- L(32+4A2)+_¢’ (28)
R, 4u J
The magnitude of velocity vector q=(u,v) is
g =~u? +v* and it simplifies to:
E
q= g (29

The equation (13) on substitute values from equations (18-
23), provides

4 .
B(g.y) :E—; [ E,(FsinA +J cos A)?
2 E(FsinA+JcosA) (Fysind+J,cos)

+ E*(J,,sin2A+G,sin* 1) ] (30)
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(FcosA—JsinA)
4E*

Alpy)=H[-

{E¢(2EJ3 cosA +F\/Esin/l)
—4E2J2J¢cosﬁ —2E\/EF¢sin/1
+ E«/EEw sinA}

cos A

+
2J°

{ £, (FsinA+J cosA)

~ 2EJ, cos A —EG¢sin/1 }

N (FsinA+JcosA)

Y ((JE,—2EJ,) sin A

+ cosA [FFE,+2EF,~EE,]}

sin A
o

{(Ey(JsinA=FcosA)

~2EJysin A+ EGj,co8A ] (31)

The vorticity function Q in Martin’s system is

Q=v, @ +vy Y, ~upy @, ~u, Y, (32)

Equation (32) on substituting equation (15), equation
(18)and equation (20) provides
o= (FsinA+JcosA)

2EJ

{(JE,=2EJ,) sin A

+ cosA [FFE,+2EF,~EE,]}

in A
_% { E,(JsinA—FcosA)

~2EJ, sin A +EG¢cos/] 1]

(FcosA—JsinA)
+ 2 5
4E°J

{E40(2EJ3 cos A +F\/Esin/l)
- 4E2J2J¢,COS/1 —2E«/EF¢,sin/l
+ ENEE,sin}}

cos A
2J°

- { Ey(FsinA+JcosA) - 2EJ, cos A

-EG,sinA}] (33)

The fundamental system of equations transformed to
Martin’s system as momentum equations (25-26), the energy
equation (28) for moderate Peclet number together with
equations (30-31) and equation (33).

3. Basic Equations in Von-Mises
Coordinates
Since the purpose of this communication is to determine a
class of exact solutions to flow equations in von-Mises

coordinates therefore the definition of von-Mises coordinates
in [16] demands to set

p=x (34)

The equation (15), equation (17), equations (19), equations
(30-31) and equation (33) reduces to

cos A =L 35)
NG (
E=1+(xg'()’ (36)
J=mx 37
_ 4
B=—3 (38)
1=k (g @) ~2xge) (39)
and
0 _(rg'™) (40)
mx

The equations (25-26) and equation (28) on utilizing
equations (34-40), give

-R,Q :7R€(me2)+ReL,/,7 mx A

+ xg' A¢+ B,// 41

0= Re(Fl +xg'F2)

4, (1—(xg’)2) xgA xg'By

mx mx

—R, L.+

e X

(42)

(1+(c2)?)

mx

mxT,, —2xg' Ty, + Tyy

+(m=P))T, +(xg)' T,
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__mxE B (87 +44%) (43)
4y
and
VI+N?
=YY N=xg() (44)

mx

Applying the integrability condition L.y =Ly, on
equations (41-42) yields

mxA,, —2NA, -

X

[1-3°]
oy A

: g'B
AwN{Bx— "’} ~R,Q,
@y

+R(R+FN), -R,(mxF) (45)

Through the solution of equation (45), the viscosity H
from either equation (38) or equation (39), the generalized
energy function L from equations (41-42)for pressure 7
from Equation (9), the temperature distribution 7 for
moderate Peclet number from equation (43), the velocity
components from equation (7)streamlines from equation (2)
are found.

4. Exact Solutions in Presence of Body
Force

The compatibility equation (45) involves functions 4 and
B which depends upon the viscosity function 4, g(x) and
derivative of g(x) and the body force components Fj, F, .

Although the analytical solution of equation (45) extremely
difficult however the difficulty is eased on eliminating on
eliminating M from equation (38) and equation (39) on

introducing the function X (x) as follow

A= X(x) B (46)

where

X(x)= Tl(x N'-2N) (47)

provided (xN'=2N)#0.
Use of equation (46) in equation (45), gives

mxXB,. —(1+2NX) By,

B
+ LN -x(A-ND) + mB {2 X'+ x}
mx

1

~ B,(2NX'+N'X) + mB(xX')

1

—Re(ﬂj +R(R+NE), -R,(mxF)  48)
mx

In equation (48) the coefficients of the derivative B,y ,

By, Byy, B,, By and B are all functions of X only, this
suggests to seek a solution of equation(48) of the form

B(x,¢) = R(x)+S@) (49)

Equation (48), on substituting equation (49), becomes

1]

() [+ v -xa-w7)

mx

~S(ANX4NX)+ i (xx7)

1

- Re[ﬂ] +R(R+NF), -R,(mxF)  (50)

mx

The equation (50) involves the components of unknown
body force F{(x,¢/), F,(x,{) the functions R(x) and S(¢)
therefore the solution of equation (50) will depend upon the
form of Fj and F,. One select many possible forms of F

and F, leading to the solution of equation (50) for R(x) and
S(¢) , however they are required to satisfy (41-42) and (43).
The search for the appropriate form of Fj or F, reveals

]

R, (mxF) =R, (%] “x(XR)T (51)
or
N 0w
R, Fz—Re[mzsz(XR)Jr rlnx (52)

where O, ({¢) is function of integration.
Insertion of equation (52) in equation (50) keeps R(x) and
S(¢) arbitrary and provides

S'{N—X(I—Nz)}

Ry =—
mx

- S2NX'+N'X)+ m (xX')’ISd(/I

+ B(x) —N{Re [%] ~(XR) +M1 (53)
m X

mx

where F,(x) is function of integration. Solution of equations
(41-42) for L , on substituting equations (52-53), is following
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R.L= [0@)dy +m(xx") [s@)dy

C(NX+D)S@) + ere‘XN(XR)' dct ot e (54)
provided
m=1 (55)
¢ is constant of integration.
Thus from equation (38) or equation (39)viscosity is
2
p==[RE) +5@)] (56)

The energy equation (43), on utilizing equation (46),
equation (49) and equations (55-56) becomes

_ 1+N? g
xT,, 2NTW+%TW+(1-1>€,)TX N'T, =

(l+4X2)

E.P.—HR(x)+S@)} (57)
X

The right-hand side of equation (57) suggests seeking
solution of the form

Tx,¢)=T(x)+T(x) HW) (58)
Equation (57) for equation (58) becomes
TV +(1=-P) T y+H { xTy' +(1-P,) T3 }
1+N*)T.
( ) 2 HH

X

+H {2NT, -N'T, }+

(1+4X2)

= E,B.—HR(x)+Sw)} (59)
X

Let us differentiate equation (59) with respect to .
H@) (xT +(1=R )G+ H' @) (2N T -N'T, }

2
(+4) )

X

2
+(1+N )T2 HIII (60)
X

W=E.P

Since X and ¥ are independent variables therefore the
right-hand side of equation (60) demands

SW)=sy +s, (61)
and

H@) =53¢ +s,4 (62)

where s, , s, , s3 and s, are constants of integration.
Substitution of equations (61-62) in equation (60)provides

xT, +(1—Pe,)T2' = EFs (1+4X2)
55 x

(63)

Utilization of equations(61-62) in equation(59), gives
xT{+(1-P)T =s; 2N T, +N' T, }
sy {275 +(1=R)T3 )

(1+4X2)

—x{R()C)+S2} (64)

tEP,

when (1 —Pe') # 0 the solution of equations (63-64) are
T,(x)= J.{ x_(l_P"')J.x(l_P“')Z2 (%) dx} dx

+c, Ix_(l_P“')dx +¢5 (65)

Ti(x)= J.{x_(l_P“' ) J. x(l_P“')Z1 (x) dx} dx

+cy Ix_(l_P“')dx +¢5 (66)

where ¢, , ¢;,¢4 and ¢sare constant of integration and

E, B (1+4X%)

2
53X

Z,y(x)= (67)

Zi(x)=52NT, +N' T, }
—sy {xT5 +(1-P) 15}

(1+4X2)

———R(x)+s,} (68)
X

+ EC B‘

Utilization of equations (65-68) in equation (58) provides

the temperature 7 formoderate P, and the back substitution

gives the viscosity H from equation (56), the velocity

components from equation (7), the pressure P from equation

(9) using equation (55), and streamlines from equation (2) for
non-parabolic function g(x) .

Now when (1=P;) =0 the equations (65-66) give

Tz(x):J'{J'Zz(x)dx} dxteg X+ (69)

and
T.(x) :j{jz3 (x) dx} dx+cg X +¢ (70)

where

Zy(x)= 53 2N T, +N' T }—s4 XT3
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(1+4X2)

+ E, P.——{R(x)+s,} (71
x

and ¢, ¢;, cgand cyare constants of integration. Insertion
of equations (69-71) in equation (58) gives T for
(1 _Pe') =0 and by back substitution # from equation (56),

the velocity components from equation (7), P from equation
(9) using equation (56), and streamlines from equation (2) for
non-parabolic function g(x) .

The case (xN'—2N)=0 , on supplying N(x) from
equation (35), shows that the function g(x) is a parabolic
function

1
g(x)= 5010 X+ (72)

where ¢y and ¢;; are constants. In view of equation (72),
the equation (48) reduces to

N By,

mx

_wa+

= R(F+NFE), -R,(mxF,), (73)

Here equation (73) is to provide the function B(x,¢) but
it involves the components of unknown body force F(x,¢)
and F,(x,4) therefore its solution will depend upon the form
of Fiand F;. It is easy to see that the arbitrary selection of
the forms for /] and F, to the solution of equation (73) for

B(x,i) does not lead to the solution of the momentum

equations (41-42) for the function L and the energy equation
(43) for T . However, it is found that the solution of the

equations (41-42) is obtainable if the function F, is a
solution of the following differential equation

R, (mxF,) =0 (74)
or
R F=2® 5)
mx

where a function of integration is O,(¢) . Substitution of
equation (75) in equation (73), provides

Clo X

RF =-

e

O, W) —B, + Cljl “B,ABR)  (76)

m
where the function of integration is F(x) . Utilizing

equations (75-76), in equations (41-42) and solving for the
function L one have

m

R.L=-R, (ﬂj ¥+ [o,@dy By

+ J'Pz(x) dx (77)
In view of equation (72), the energy equation (43),
becomes

1
2 3 2 4
mx-T 2¢0x" T, —((+c,x )T
xx 10 Yx ( 10 ) Yy

+x(m—Per)T,+2clox2T =E.P.B(x,i) (78)

Y

On substituting value from equation (43) in equation (78),
the viscosity H is obtained as a function of temperature T

U_ -mx*
4E.P

cor

2 3
J [mx"T,.—2cx wa

+L(1+0120 x4)Tww+x(m —PE')T,
m

+2¢1pX° T ] (79)

for moderate P, . It is now easy to find the velocity
components from equation (7), the pressure P from equation
(9) using equation (77), and streamlines from equation (2) for
g(x) given by equation (72).

5. Conclusion

The following dimensionless parameters are used to obtain
the non-dimensional form of the basic equations for the two-
dimensional steady motion of incompressible fluid of
variable viscosity in the presence of body force

* _ X * _ Y * _ U * _V
x __’y __’u __’V -
LO LO UO UO
H =£,p =L =L R =2

where ¢, =c¢, = Const. where ¢, is specific heat at constant

volume and €, is specific heat at constant pressure, the

thermal  conductivity &k =ky =Const.  and

P =p, = Const.

This paper finds a class of new exact solutions of the
equations governing the two-dimensional steady motion with
moderate Peclet number of incompressible fluid of variable
viscosity in presence of body force in von-Mises coordinates.
The characteristic equation for the streamlinesis
y =g(x)+ ¢ +nwhere a differentiable function is g(x),
¥ is stream function and 7 is constant. The exact solutions
for moderate Peclet number in the presence of body force is

density
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determined for given one component of the body force, for
both the cases when g(x) is non-parabolic function and when

it is a parabolic function of X . For non-parabolic g(x) the
streamlines are y —g(x) —n =/ = Const. and for parabolic

case and the streamlines are

1
g(x) =5 ¢ e

1
{y —Ecm x* +c —n} =¢ =Const. where cjgandc; are

constants. In both the cases, an infinite set of velocity
components, viscosity function, generalized energy function,
temperature distribution for moderate Peclet number in
presence of body force can be constructed and graph of
streamlines can easily be drawn through computer algebra
system software to observe the streamline patterns. For
parabolic case, viscosity is obtained as a function of
temperature distribution for moderate Peclet number.
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