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Abstract: The objective of this article is to communicate a class of new exact solutions of the plane equation of momentum 

with body force, energy and continuity for moderate Peclet number in von-Mises coordinates. Viscosity of fluid is variable but 

its density and thermal conductivity are constant. The class characterizes the streamlines pattern through an equation relating 

two continuously differentiable functions and a function of stream function ψ. Applying the successive transformation 

technique, the basic equations are prepared for exact solutions. It finds exact solutions for class of flows for which the function 

of stream function varies linearly and exponentially. The linear case shows viscosity and temperature for moderate Peclet 

number for two variety of velocity profile. The first velocity profile fixes both the functions of characteristic equation whereas 

the second keeps one of them arbitrary. The exponential case finds that the temperature distribution, due to heat generation, 

remains constant for all Peclet numbers except at 4 where it follows a specific formula. There are streamlines, velocity 

components, viscosity and temperature distribution in presence of body force for a large number of the finite Peclet number.  

Keywords: Successive Transformation Technique, Variable Viscosity Fluids, Navier-Stokes Equations with Body Force, 

Martin’s Coordinates, Von-MisesCoordinates 

 

1. Introduction 

Theoretical study of a fluid flow problem with variable 

viscosity is a system containing equation of momentum, 

energy and continuity. The momentum equations for the 

motion of a fluid element are the Navier-Stokes equations 

(NSE) having capacity to incorporate all forces in the right-

hand side. In presence of unknown external force this system 

for steady flow with constant density, thermal conductivity 

and specific heat using following dimensionless parameters  
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 ∂    ∂ ∂∂ ∂ ∂= + +      ∂ ∂ ∂ ∂ ∂ ∂     
  (3) 

Equations (1-3) are in tensor notation where velocity 

vector is ( )k iv x=v , ( )ip p x=  is pressure, ( ) 0ixµ µ= >  is 

viscosity and ( )j iF x=F is the body force per unit mass

, , {1,2,3}i j k∈ . The quantities rP , cE  and eR are the Prandtl 

number, the Eckert number, the Reynolds number 

respectively. The product of eR  and rP is Peclet number eP ′ . 

For the plane case, in Cartesian space ( , )x y , taking 
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, , {1,2}i j k∈ , 1x x= , 2x y= , ( )1 2( , ), ( , )F x y F x y=F , 

1v u= 2v v= , the equations (1-3) reduce to following system 

of equations 

0x yu v+ =                                  (4) 

( )1 [ 2 { ( )} ]x y x x y x yx
u u vu F p u u vµ µ+ = − + + +    (5) 

2
e

1
[(2 ) { ( )} ]

R
x y y y y y x xu v v v F p v u vµ µ+ = − + + +   (6) 

( ) 2 2 2c

e r e

E1
[2 ( ) ( ) ]

R P R
x y xx yy x y y xuT vT T T u v u vµ µ+ = + + + + +  (7) 

The complex mathematical structure of this system of 

fundamental equations (4-7) requires using new solution 

techniques. The solution technique like one-parameter group, 

Martin’s system, hodograph transformation method and 

successive transformation methods in absence of body force 

are there in [1-5]. The body force term appears in the study of 

magneto-hydrodynamic and in geophysical fluid dynamics 

[6-8] for example. The exact solution of fundamental 

equations with body force by setting the arbitrary coordinates 

of the Martin’s system in radial directionare there in [9-13]. 

Further, the solution of the basic system of equations is found 

for very large and very small eP ′ where as the solution for 

moderate eP ′  is challenging. Please refer to [14-16] and 

references therein. 

The solution of the plane equation of continuity (5) 

provides astream function ( , )x yψ ψ= , such that y x x yψ ψ= , 

and 

,u v
y x

ψ ψ∂ ∂= = −
∂ ∂

                           (8) 

This discourse applies successive coordinate 

transformations technique for solution of plane momentum 

and energy equations (5-7). It transforms equations firstly 

into a curvilinear net ( , )φ ψ  where the coordinate curves 

.constψ =  as streamlines and the coordinate curves 

.constφ =  may take any direction. With this definition, the 

coordinate system ( , )φ ψ  is here Martin’s coordinate system

( , )φ ψ  for it has used in Martin [17]. Secondly, it 

retransforms the basic equations into von-Mises coordinates. 

In von-Mises coordinates ( , )x ψ  the coordinate lines 

constantφ = of Martin’s coordinates is taken along x axis−
thus the function xφ =  and stream function ψ  of Martin’s 

coordinates as independent variables instead of y  and x  

[18]. The von-Mises coordinates ( , )x ψ  takes the privilege of 

defining the arbitrary curve .constφ =  of Martin’s system by 

setting  

xφ =                                             (9) 

This communication characterizes the pattern of 

streamlines .constψ =  by 

( )

( )

y f x
const

g x

− =                            (10) 

The equation (7) implies 

( ) ( ) ( )y f x g x ν ψ= +                         (11) 

Where ( )f x  and ( ) 0g x′ ≠  are continuously differentiable 

functions and ( )ν ψ  is a functions of stream function.  

The paper is organized as follow: Section (2) successively 

transforms basic equations into the von-Mises coordinates

( , )x ψ . Section (3), provides exact solutions of fundamental 

equations for the cases when ( )ν ψ  varies linearly and when 

it varies exponentially. Conclusion is the last section. 

2. Fundamental Equations in Von-Mises 

Coordinates 

Let us introduce the vorticity function Ω  and the total 

energy function 

x yv uΩ = −                                     (12) 

2 2

e

21
( )

2 R

xu
L p u v

µ
= + + −                         (13) 

And functions A  and B  as follow 

( ), 4y x xA u v B uµ µ= + =                       (14) 

Consider the allowable change of coordinates ( , )φ ψ . 

( , ), ( , )x x y yφ ψ φ ψ= =                      (15) 

Where the curves .constψ = are streamline and .constφ =  

are arbitrary such that the Jacobian
( , )

0
( , )

x y
J

φ ψ
∂= ≠
∂

and finite. 

Letting ξ be the angle between the tangents to the curves 

.constψ = and .constφ =  at a point ( , )P x y , streamline 

pattern equation (11) and applying differential geometric 

technique of [19] it is easy to show that the fundamental 

equations are following  

eR J E− Ω = ( ) ( )1 2 1 2cos sin sin coseR J E F F F J F Fξ ξ ξ ξ − + + −  + eR J E Lψ + ( )2 2( )cos2 2 sin 2A F J FJφ ξ ξ− −  
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+ EAψ ( )sin 2 cos 2 )J Fξ ξ−  –
2 21

( )sin 2 cos 2
2

B F J FJφ ξ ξ − + 
 

+ E Bψ
21

sin 2 cos
2

F Jξ ξ + 
 

                   (16) 

0 = [ ]1 2cos sineR J E F Fξ ξ+ – eR J Lφ + cos2E Aψ ξ – [ ]cos 2 sin 2A F Jφ ξ ξ− + 21
sin 2 sin

2
B F Jφ ξ ξ − 
 

 – sin 2
2

E Bψ ξ  (17) 

And  

1

J eP ′

GT F T ET F T

J J

φ ψ ψ φ

φ ψ

 − −   
 +   
     

 = – c

e

E

R
( )2 21

4
4

B A
µ

+ +
T

J

φ
                                     (18) 

Where E , F  and G  are the coefficients of first fundamental form, J  = ± 2
E G F− and 

( , )B φ ψ =
3

4

EJ

µ
[ 2( sin cos )E F Jφ ξ ξ+ –2 ( sin cos )E F Jξ ξ+ ( sin cos )F Jφ φξ α+ + 2 2( sin 2 sin )E J Gψ φξ ξ+ ]        (19) 

( , )A φ ψ = µ [−
2 5

( cos sin )

4

F J

E J

ξ ξ−
 { 3(2 cos sin )E E J F Eφ ξ ξ+ – 2 24 cosE J Jφ ξ − 2 sinE E Fφ ξ  + sinE E Eψ ξ } 

+
3

cos

2J

α
{ ( sin cos )E F Jψ ξ ξ+ – 2 cosEJψ ξ − sinEGφ ξ }+

3

( sin cos )

2

F J

EJ

ξ ξ+
{ ( 2 )J E EJφ φ− sinξ + cosξ

[ 2 ]FE E F E Eφ φ ψ− + − } 

−
3

sin

2 J

ξ
{ ( ( sin cos )E J Fψ ξ ξ− – 2 sinEJψ ξ + cosEGφ ξ }]                                                                                    (20) 

And 

Ω =
3

( sin cos )

2

F J

EJ

ξ ξ+
{ ( 2 )J E EJφ φ− sinξ + cosξ [ 2 ]FE E F E Eφ φ ψ− + − }−

3

sin

2 J

ξ
{ ( sin cos )E J Fψ ξ ξ− – 2 sinEJψ ξ +

cosEGφ ξ }] 

+
2 5

( cos sin )

4

F J

E J

ξ ξ−
{ 3(2 cos sin )E E J F Eφ ξ ξ+ – 2 24 cosE J Jφ ξ − 2 sinE E Fφ ξ  + sinE E Eψ ξ } 

– [
3

cos

2J

ξ
{ ( sin cos )E F Jψ ξ ξ+ – 2 cosEJψ ξ − sinEGφ ξ }]                                                                                   (21) 

Setting equations (6) and (8) in Martin’s system we find that  

1
cos

E
ξ =                                                                                           (22) 

21 ( )E M Nν= + +                                                                                   (23) 

1F E= −                                                                                      (24) 

2G J=                                                                                        (25) 

J x gν ′=                                                                                       (26) 

( ) ( ) ( ) ( )N x x g x M x x f x′ ′= =                                                                       (27) 

The basic equations (16-21) in von-Mises coordinates on utilizing equations (22-27) becomes 
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2 1e e e xR R J F R L J A E A Bψ ψ ψ− Ω = − + − + − +                                                            (28) 

( )1 2

(2 ) 1
0 1 1e e x x

A E E B
R F F E R L A E

J J

ψ ψ− −
= + − − + + − −                                           (29) 

( )

2

2 2

2

2 1
2 1

4
42 1

x x x x e x

x c r

Ea E
J T a E T T J P T

J E

E EJE J E P
a T B A

J E J

ψ
ν νν

ψ ψ
ν µ

′
 

− − + + − − 
− 

 
+ − − = − + 

− 

                                      (30) 

2 2

4 ( )N g
B

a x g

µ− +=                                                                               (31) 

[ ]
2

( ) 2( )( )
( )

A x g M N M N N g
a x g

µ ν ν′ ′= + − + +                                                       (32) 

2

2 2

2 1 2

( ) ( )

M M N N N

x g a x g ax g x g

ν  ′ ′   Ω = − + −      
         

                                                           (33) 

And the magnitude of ( , )u v=v  is  

21 ( )M N

J

ν+ +
=v                                                                            (34) 

The condition x xL Lψ ψ=  on equations (28-29) implies  

x xJA – 2 1 xE A ψ− – 
(2 )E

A
J

ψ ψ
−

+ 
2 1

x x

E
A J

E

ψ 
− 

− 
 

+ 
2

(2 )

2 1

x
J E EE

A
JE J

ψ ψ
ψ

− 
− + + 

− 
 – ( ) 0g x′ ≠  

= e xR Ω  + ( )1 2 1eR F F E
ψ

+ − ( )2e x
R J F−                                                       (35) 

The equations (31-33) guide us to discus exact solution for the following two cases when ( ) 0ν ψ′′ = and when ( ) 0ν ψ′′ ≠ . 

3. Exact Solutions 

Case I: ( ) 0ν ψ′′ =  

For this case  

a bν ψ= +                                                                                          (36) 

With 0a ≠ , b  as constants. Equation (35) on utilizing equation (36) provides  

( ) ( )

( ) ( )

2 2

1 2 2

1 ( )
2 ( )

( ) ( ) ( ) ( )

( )
( )

x x x

x

x e x e e x

x f g
a x g A x f g A A

a x g

a g A A f g x f g A f g x f g

f g B
B R R F F x f g R a x g F

a g

ψ ψ ψ

ψ ψ

ψ
ψ

ψ

ν
ν

ν ν ν ν

ν
ν

 ′ ′− + ′ ′− + −

′ ′ ′′ ′′ ′ ′ ′′ ′′− + + + − + + +

′ ′+   ′ ′− − = Ω + + + − 
  

                              (37) 
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Solution of equation (37) will lead to L  and T from 

equations (28-30), µ  from equation (31) or (32), the 

pressure p  from equation (13) and velocity components u , 

v  from (8).  

The equation (37) involves both the function A  and B . 

The functions A  and B  involves components of velocity 

field. Therefore, one of the techniques to solve equation (37) 

could be to obtain a relation between the functions A  and 

B  using equations (31-32). It is easy to see that such a 

relation is not possible. Therefore, let us consider the 

following two velocity field cases 

Case I(a): 0A =  

Case I(b): 0B =  

Case I(a): 

When 

0A =                                         (38) 

The equation (27) and equation (31) imply following 

coupled equations 

2( )
( ) 0

x g g
x g

g

′ ′ ′ ′− =                         (39) 

And 

2( )
( ) 0

x g f
x f

g

′ ′− ′ ′+ =                     (40) 

Equations (39-40) implies 

2
0 1

1
( )

( )
g x

C x C

−=
+

                         (41) 

1
22

0 1

( )
( )

n
f x n

C x C

−
= +

+
                     (42) 

Where 0 0C ≠ , 1C , 1n  and 2n  are constants. Therefore, equation (37) leads to  

( ) ( )1 2 2

( )
( )x e x e e x

f g B
B R R F F x f g R a x g F

ag

ψ
ψ

ψ

ν
ν

′ ′+   ′ ′− + = Ω + + + − 
  

                    (43) 

The search for possible forms of 1F  and 2F , satisfying equation (43), equations (28-29) and equation (30) leads to  

( )2 1( )e eR x g a F R G ψ= Ω +                                                                         (44) 

And equation (43) implies 

3
1 1

( )( )
( ) ( )e

e x

f g BR G
R F f g B H x

a g a g a g

ψνψν
′ ′+ Ω′ ′= − + + − + + 

 
                                       (45) 

Where 1( )G ψ  and 1( )H x are functions of integration.  

Utilizing equations (44–45), in equations (28–29) and solving for the function L , we obtain 

1 1 1( ) ( )eR L B H x dx G d mψ ψ= − + + +∫ ∫                                                                     (46) 

Where 1m  is constant. We find viscosity from equation (32) 

2 2

4( )

a x g
B

N g
µ −=

+
                                                                                (47) 

Equation (30), on supplying equation (38), equations (41-42) and equation (47), implies the function B  

{ } ( )
2 2

1

1

1
1 1

1 ( )
( ) 2 ( )

( )2 ( )
( ) ( )

x x x e x

c r

a x n g g
a x g T a x n g g T T a g P T

x g

E P N gx n g g g
n g g n g g aT B

g x g

ν νν

ν

ν

ν ν ν

′

′ ′+ +
′ ′− + + + −

′ ′ ′  ++ ′ ′ ′′ ′′− + + + = 
 

                               (48) 

Equations (47-48) provides following relation between viscosity and temperature 
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{ }

( )

2 2
3 3

1

12

1
1 1

1 ( )
[( ) 2 ( )

4 ( )

2 ( )
( ) ( ) ]

x x x

c r

e r x

a x n g ga x g
a x g T a x n g g T T

x gE P N g

x n g g g
a g R P T n g g n g g aT

g

ν νν

ν

ν
µ

ν ν ν

′ ′+ +− ′ ′= − + +
+

′ ′ ′ + ′ ′ ′′ ′′+ − + − + + + 
 

                        (49) 

One can find pressure p  from equation (13) using equation (46) and can find velocity components from (8) using (41-42) in 

(11). 

Case I(b): 

Now when 

0B =                                                                                                           (50) 

Equation (32) implies 

c
g

x
=                                                                                                           (51) 

Where a non-zero constant is c . The equation (37) for the case (50), becomes 

( )

2

2

1 2 2

1

2

2

x x x

x

e x e e x

c
a M

xc
a cA a M A A

x c

c
M

a c c x
A aA M

x xx

c
R a R F M F R ac F

x

ν νν

ν

ν

ν

ν

ν
ν

ν

  − −  
     − − − 

 

  −  
    ′+ − + +   
 
 

  = Ω + + − −  
  

                                          (52) 

The coefficients suggest searching solution of the type 

( )A R x dν= +                                                                                                (53) 

In equation (52), where d  is constant. This implies  

( )

3

1 2 2

22 1 2

( )

e
e

e e x

Ra c M M
a cR R a d M R M

x x a c x a x

c
a R F M F R ac F

x ν

ν

ν

′
      ′′ ′ ′ ′+ − + = + +      

      

 + + − − 
 

                                          (54) 

The search for possible forms of 1F  and 2F , satisfying equation (54), equations (28-29) and equation (30) leads to  

2 1

2
2 ( )e

e

RM M R
R ac F a d M dx M a c R a c dx P

x a c x x
ν

  ′      ′ ′= + + + − − +      
        
∫ ∫                     (55) 

On substituting equation (55) in equation (52), we find 

1

2
1 13

1 2
[ 2

( )]

e
e

x x xe

Rc M M
a R F M a d M dr M

c x x a c x

RR
a c R a c dx P e a M R e dx E e

x a x

ν

ν ν −

       ′= − − + + +       
        

 ′ ′ ′− − + − + +       

∫

∫ ∫
                     (56) 

Equations (28-29) on utilizing (55-56) provide 
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2

1 12

2 2

( )
2

e e
e

x x xe

R RM R M
R a L M a c dx M

a c x x x ac

R
e a MR e dx E e P d

ax

ν ν ν

ν ν ν−

  ′       ′ ′= + − − +       
        

′+ + + +

∫

∫ ∫
                                         (57) 

And 

0d =                                                                                         (58) 

Equation (31) on using equation (51) provides 

( )

( )

a cR x

M g
µ

ν
=

′ ′−
                                                                            (59) 

In light of equations (58-59), equation (50) and equation (53) the equation (30) implies  

( )

2

2 2

1

2

2

x x x e x

c r

c
a M

xc a c
a cT a M T T P T

x c x

M N c c R
M aT E P R M

x x x

ν νν

ν

ν

ν

ν ν ν

′

  + −  
      − − + + −   

   

 +    ′ ′− + + = − +         

                                          (60) 

Let us searching solution of equation (60) of the form 

2
1 2 3( ) ( ) ( )T R x R x R xν ν= + +                                                                (61) 

Equation (60) on substituting equation (61) gives 

2ν [ 3a cR′′ + 34agR′
2

32aR g

c
+ 3

2
2 ( )

g
aR g

x
′+ + 3e

ac
P R

x
′

  ′+ − 
 

]+ν [ 2a cR′′ – 34aMR′ + 22ag R′ 34aR M g

c
− 2e

ac
P R

x
′

  ′+ − 
 

 

3 2

2 2
2

M g
a R M R g

x x

     ′ ′+ − + + +    
     

]+ 1a cR′′
22aMR′− +

2
32 (1 )aR M

c

+
 

+ 1e

ac
P R

x
′

  ′− 
 

2

2M
a M R

x

 ′− + 
 

= –
2c r

cR
E P RM

x
ν ′ + 

 
                                                               (62) 

The coefficients of equation (62) when compared implies  

3 3 32

5 4
0eP

R R R
x a c x

′   ′′ ′+ − + =    
   

                                                                     (63) 

2
2 2 2

3 eP R
R R

x ac x

′ ′′ ′+ − + 
 

= 34aMR′ 3

4
2

M
aR M

x

 ′+ + 
 

–
2c r

c
E P R

x

 
 
 

                            (64) 

1 1

1 eP
R R

x ac

′ ′′ ′+ − 
 

= 22MR

c

′
+ 2

1 2M
M R

c x

 ′ + 
 

–
2

32

2(1 )M
R

c

 +
  
 

– c rE P M
R

a c

′
                      (65) 

Solving homogeneous equation (63), using the computer algebra system (CAS) software Mathematica, provides 



22 Mushtaq Ahmed:  A Class of Exact Solutions for a Variable Viscosity Flow with Body Force for  

Moderate Peclet Number Via Von-Mises Coordinates 

22 2

3 22 2 2 2

3

1 2
( )

2

MeijerG[{{},{1}},{{-2, 2},{}}, ]

e e

e

e

P Pa c
R x E

a c xP x a c

P
E x

a c

′ ′

′

′

  = − +     

−
+

                                             (66) 

In order to make the equation (64) homogeneous and find its solution through Mathematica, let us set 

( )R x =
2

3

4

c r

a x M
R

cE P
′

2

3

2 4

c r

a x M
M R

cE P x

 ′+ + 
 

                                                             (67) 

in equation (64) to find 

2R′′ 2

3 eP
R

x ac

′  ′+ − 
 

2

2

R

x
+ = 0                                                               (68) 

The software Mathematica gives 

2 4 5

1
( ) MeijerG[{{},{1}},{{-2, 2},{}}, ]e e

e r

P Pa c
R x E E x

R P x a c a c

′ ′  −
= − + 

 
                     (69) 

Solving equation (65), we have  

1( )R x = 1( )

e

e r

P
x P

ac x
ace

x e Z x dx dx
x

′
′

 
   −   

 

 
  
 
 
  

∫ ∫ + 6E

eP
x

ace
dx

x

′ 
 
 

 
  
 
 
  

∫ + 7E                         (70) 

Where 

1( )Z x = 22MR

c

′
+ 2

1 2M
M R

c x

 ′ + 
 

–
2

32

2(1 )M
R

c

 +
  
 

– c rE P M
R

a c

′
                         (71) 

and , {1,2, ,7}iE i ∈ ⋯  are constants. 

Equation (59) using equation (67) provides viscosity, 

equation (61), by supplying equations (66-71), gives T , 

equation (13) using equation (57) gives p and equation (8) 

using equation (51) and equation (8) provides velocity.  

Case II: ( ) 0ν ψ′′ ≠  

For this case let us set 

( ) eψν ψ =                                   (72) 

And  

c
g

x
=                                      (73) 

Because ( ) 0g x′ ≠ .  

Equations (31-33) on utilizing equations (72-73) lead to 

( ) lnf x x b= +                              (74) 

Ω =
2 2

2 1

( )c eψ

  
     

                           (75) 

A = –
2c eψ
µ 2c

x
1

ce

x

ψ 
−  

 
                    (76) 

And 

B = 
2

4

c eψ
µ 1

1
c e

x e

ψ

ψ

   −       
                  (77) 

Where c  and b  are constant. 

The equations (76-77) imply a relation between the 

function A  and B .  

B = 
2 x

A
c eψ
−

                                    (78) 

Equation (35) on substituting equation (78) becomes 

x xc e Aψ – 2 1 x

ce x e
A

x c

ψ ψ

ψ

− 
− −  

 
+

2

2 2

2 2 2ce e x e
A

x cx c

ψ ψ ψ

ψψ

− − 
− + + −  
 

+ 2
x

ce x e
A

x c

ψ ψ− 
−  

 

+
2

2

6 2x e e
A

cc

ψ ψ

ψ

− − 
− 

  

2

2

4 x e
A

c

ψ−
−  
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 = ( )1eR F ψ 2(1 )e

ce
R F

x

ψ

ψ

 
+ −  

 
( )2e

x
R ce Fψ−                                                             (79) 

The search for possible forms of 1F  and 2F , satisfying equation (79), equations (28-29) and equation (30) leads to  

2(1 )e

ce
R F

x

ψ

ψ

 
−  

 
( )2e

x
R ce Fψ− =0                                                                  (80) 

Or  

eR 2F = eR

x

1
ln

e
H x

x c

ψ 
+  

 
                                                                        (81) 

Where 
1

ln
e

H x
x c

ψ 
+  

 
 is an arbitrary function. The equation (79) on substituting equation (81) provides 

( )1eR F ψ = x xc e Aψ – 2 1 x

ce x e
A

x c

ψ ψ

ψ

− 
− −  

 
+

2

2 2

2 2 2ce e x e
A

x cx c

ψ ψ ψ

ψψ

− − 
− + + −  
 

 

+ 
2

x

ce x e
A

x c

ψ ψ− 
−  

 
+

2

2

6 2x e e
A

cc

ψ ψ

ψ

− − 
− 

  

2

2

4 x e
A

c

ψ−
−                                           (82) 

The integration of equation (82) requires selecting the form of A . Let  

( , ) ( ) ( )A x M x Sψ ψ=                                                                                     (83) 

The equation (82) on substituting (83) gives  

1eR F = c M e Sdψ ψ′′∫
c M

e S d
x

ψ ψ′
− ∫ 2

c M
e S d

x

ψ ψ+ ∫
2 2

2
c x

e e M S
x c

ψ ψ−  ′+ − + + 
 

 

2

2 2

2 2c x
e e M S

x x c

ψ ψ− + − − + 
 

2

2 2

2 2c x
e e e M S

cx c

ψ ψ ψ− −  ′+ + − 
 

+ ( )K x                                  (84) 

Where ( )K x  is a function of integration. It is easy to see that 1F  and 2F  satisfies equation (79) and the viscosity is  

µ  = –
2

ce xψ 1

1
ce

x

ψ −
 

−  
 

( ) ( )M x S ψ                                                            (85) 

Equations (28-29) provides  

eR L = 
2

2

eR
e

c

ψ− 
 
 

12
( )

b x
M x e

c

ψ−− 1

ln
( )eR x

b c M x e
x

ψ ′+ − 
 

+
2

22

ec R e

x

ψ
 

1b M+ + 1

( )
2

M x
b dx

x∫
( )2
ln

2

eR x

c
+ + 2b + ( )K x dx∫                                                              (86) 

And 

1
ln

e
H x

x c

ψ 
+  

 
=

1
ln

e
x

x c

ψ 
+  

 
                                                                       (87) 
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Where 1b  and 2b  are constants.  

Equation (30) on utilizing equation (72-74) and equation (85) simplifies to  

x xc e Tψ 2 1
c e

x

ψ 
− −  
 

xTψ +
2

2 2e ce
T

c x x

ψ ψ

ψ ψ

− 
− +  

 
+ e x

c e
P T

x

ψ

′
 

−  
 

2e

c

ψ− 
−  
 

Tψ = 

2

1 2 2

1
2 ( )c r

x e e c e
b E P M x

c xc x

ψ ψ ψ− − 
− − + −  

 
                                                      (88) 

The right-hand side of equation (88) suggests searching for solution of the form 

2
1 2 3 4( , ) ( ) ( ) ( ) ( )T x K x K x e K x e K x eψ ψ ψψ − −= + + +                                           (89) 

Equation (88) on substituting equation (89) reduces to 

3
412 K e

c

ψ−
234

4 4

48
4 e

KK
K P K e

x c

ψ−
′

 ′ ′+ − − + 
 

 

34 4 4
4 32

24 4
(2 )e

K ec K c K c K
c K P K e

x x xx

ψ
ψ

−
−

′
 ′ ′

′′ ′+ − + + + − − 
  

3c K ′′+ 3c K

x

′
− 3

2

c K

x
+ 1eP K′ ′−

2 1
1 2

2
(2 )e

K c K
c K P K e

x x

ψ
′

′ ′′ ′+ − + − + 
 

22 2
2 2

3c K c K
c K e

x x

ψ′ ′′+ + + 
 

=
2

1 2 2

1
2 ( )c r

c e e x e
b E P M x

x cx c

ψ ψ ψ− − 
− − − +  

 
       (90) 

The equation (90) implies 

0M t xα= where 
( 4 )

(2 )

e

e

P

P
α ′

′

− +
=

−
, when 2eP ′ ≠     (91) 

1
1 32

2

c

e

E b M
K x M dx b

R x

  ′= − + +  
  
∫             (92) 

4
2

b
K

x
=                                     (93) 

1
3

2

c rE P b
K x M

c
= −                            (94) 

4K =0                                        (95) 

Where 3b , 4b  and 0t  are arbitrary constants and 

1eP C′
31 0 4 4

2

c
e

e

cE m t
x P

R

α α α ′ − − +   = 0    (96) 

The solution equation (96) depends on the choice ofα . It 

will be discussed for 0α = and 0α ≠ .  

For the case 0α =  (or 4eP ′ = ), the equations (46-50) 

simplifies to  

0 0M t x tα= = , 1 0
4

2 c

e

c E b t
b

R
= , 1 0

1 3

2 ln
( ) c

e

E b t x
K x b

R
= + , 

1 0
2

2 1
( ) c

e

c E b t
K x

R x
= , 1 0

3
2

c rE P b t
K x

c
= − and 4 0K =  

Implies 

1 0
3 ln

2

c rE b t P c e x
T b x

x c e

ψ

ψ

  = + + − 
  

              (97) 

For the case 0α ≠ (or 4eP ′ ≠ ) the equations (37-41) 

simplifies to 

4 0b = , 1 0b = , 0M t xα=  

1 3( )K x b= , 2 ( ) 0K x = , 3 0K = , and 4 0K =  

Implies  

2T b=                                        (98) 

It finds viscosity from (84), pressure from (11) using (86) 

and velocity from equation (8). The temperature T  is found 

form equation (97) for 4eP ′ =  otherwise T  satisfies equation 

(98).  

4. Conclusion 

A class of exact solutions for plane steady motion of 

incompressible fluids of variable viscosity in the presence of 

body force with moderate Peclet number is obtained. The 

non-dimensional form of basic equations undergoes the 

successive transformations until equations in von-Mises 

coordinates. Two classes of streamline pattern 

( ) ( ) ( )y f x g x ν ψ= +  are considered with ( ) a bν ψ ψ= +

and ( ) eψν ψ = . When the family of streamlines varies 
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linearly, exact solutions for a suitable component of body 

force are determined based on two velocity field cases. The 

first velocity field fixes both of the functions 

1 2( ) ( )f x n g x n= + and 
2

0 1

1
( )g x

C x C

−=
+

. The second 

velocity field provide exact solution for arbitrary ( )f x  and 

requires ( )
c

g x
x

= . Where 0c ≠ , 0 0C ≠ , 1C , 1n  and 2n  are 

constants. When the family of streamlines varies 

exponentially, the streamline pattern is ln
c e

y b x
x

ψ
= + + . 

The temperature distribution, due to heat generation, is 

1 0
3 ln

2

c rE b t P c e x
T b x

x c e

ψ

ψ

  = + + − 
  

when 4eP ′ = . 

Whenever 4eP ′ ≠ , the temperature distribution is constant. 

There are infinite set of expressions for streamlines, pressure, 

viscosity, temperature distribution and velocity vector field in 

the presence of body force.  

The software Mathematica is used to determine the 

solution of some ordinary differential equations. Using 

Mathematica one can draw the streamlines pattern to observe 

the effect of various parameters on the streamlines and 

discuss the flow characteristic. 
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