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Abstract: In this paper, we define triangular cubic fuzzy numbers and their operational laws. Originated on these operational 

laws, approximately aggregation operators, with triangular cubic fuzzy weighted arithmetic averaging operator and weighted 

geometric averaging operator are suggested. Expected values, score function and accuracy function of triangular cubic fuzzy 

numbers are defined. Founded on these, an amicable of triangular cubic fuzzy multi-criteria decision making method is 

proposed. By these aggregation operators, criteria values are aggregated and integrated triangular cubic fuzzy numbers of 

alternatives are conquered. By relating score function and accuracy function values of integrated fuzzy numbers, a positioning 

of the entire option set can be accomplished. An example is given to appear the achievability and convenience of the process. 
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1. Introduction 

There are a little opinion multi-criteria decision making 

(MCDM) problems in extensive sunshine commercial 

aspects. At present, the technique for MCDM with solid 

criteria's weight coefficients and criteria's measures ingest 

survived judiciously unlimited. Continually advanced the 

fuzzy set assumption was offered and used to yield 

carefulness of MCDM issues by Zadeh, fuzzy multi-criteria 

decision-making problems issues consume fixed active 

immense contemplation [14, 26]. The fuzz in MCDM has the 

superior person achieve since the element that of the 

suggestion of fuzzy assortment [14]. There are a insufficient 

examinations at the performances for multi-criteria choice-

making issues, in which the criteria's weight coefficients are 

undisputable and the criteria’s appearances are assured or are 

fuzzy numbers in [9, 11, 23] and there are furthermore 

selected estimations on multi-criteria decision making or 

multi-criteria group decision making in [26, 24], where the 

problem coefficients are insufficient and the criteria's 

appearances are fuzzy numbers. The standards’ fuzzy 

numbers and the criteria's weight coefficients are collected to 

be fuzzy numbers utilizing an equaled likely in those 

criticisms and at that point the standing or confederacy of 

regulations may be completed by contrasting and the fuzzy 

numbers. However, fuzzy numbers are used to attractiveness 

the fuzziness just through club grade. Not at all 

corresponding from fuzzy set, there's another parameter: non 

membership diploma in intuitionistic fuzzy set, that's applied 

to illustrate and individual the fuzzy pith of the goal global 

all of the greater expertly [10]. In this way, there are a 

insufficient views on it, be that as it may, the examinations 

are serious on their letterings, operations, family members 

and so on [12,16] and there are uncommon studies on multi-

criteria intuitionistic fuzzy selection-making. Multi-criteria 

decision-making troubles, wherein the standards' weight 

coefficients and the standards' structures are both 

intuitionistic fuzzy sets are studied in [15] and the estimating 

procedures to take attention of the problems are proposed. 

For multi-criteria selection-making problems, in which the 

substantial on standards' weight coefficients is disjointed and 

the standards' features are intuitionistic fuzzy components, 
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the TOPSIS system and the VIKOR method are suggested in 

[20]. An evidential enquiring approach for MCDM in opinion 

of intuitionistic fuzzy sets is suggested in [19]. Intermission 

emolument intuitionistic fuzzy set is the evolution of 

intuitionistic fuzzy set, the club grade and the non-club 

diploma in interval intuitionistic fuzzy set are touched out to 

program language period morals from reliable numbers, the 

multi-criteria selection-making dilemmas founded 

completely on interval intuitionistic fuzzy set are deliberate 

in [21,25] and increasing yearning approaches are suggested. 

In any case, intuitionistic fuzzy sets and interim intuitionistic 

fuzzy parts are similarly the proportional as fuzzy units, the 

grounds of which are distinct sets and intuitionistic fuzzy 

units are exploited to description the grade to which the 

foundation does or does now not have a domicile with some 

fuzzy ideas. The intuitionistic triangular fuzzy numbers and 

their operations are considered in [17], which are besides 

exploited as a part of guilt tree examination. Intuitionistic 

trapezoidal fuzzy numbers are existing in [22], which are the 

covering of intuitionistic triangular fuzzy numbers. 

The indication of cubic set is a supposition of intuitionistic 

fuzzy sets, in which there are portrayals, one is utilized for 

the extent of matriculation and different is pragmatic for the 

level of non-participation. The participation proficiency is 

hold in the method of draw, at the same time as non-

enrollment is difficulty the regular fuzzy set (Jun et al., 

2010). 

Fahmi et al. [2] developed the hamming distance for 

triangular cubic fuzzy number and weighted averaging 

operator. Fahmi et al. [3] proposed the cubic TOPSIS method 

and grey relational analysis set. Fahmi et al. [4] defined the 

triangular cubic fuzzy number and operational laws. The 

authors developed the triangular cubic fuzzy hybrid 

aggregation (TCFHA) administrator to total all individual 

fuzzy choice structure provide by the decision makers into 

the aggregate cubic fuzzy decision matrix. Amin et al. [1] 

defined the generalized triangular cubic linguistic hesitant 

fuzzy weighted geometric (GTCHFWG) operator, 

generalized triangular cubic linguistic hesitant fuzzy ordered 

weighted average (GTCLHFOWA) operator, generalized 

triangular cubic linguistic hesitant fuzzy ordered weighted 

geometric (GTCLHFOWG) operator, generalized triangular 

cubic linguistic hesitant fuzzy hybrid averag-ing 

(GTCLHFHA) operator and generalized triangular cubic 

linguistic hesitant fuzzy hybrid geometric (GTCLHFHG) 

operator. Fahmi et al. [6] developed Trapezoidal linguistic 

cubic hesitant fuzzy TOPSIS method to solve the MCDM 

method based on trapezoidal linguistic cubic hesitant fuzzy 

TOPSIS method. Fahmi et al. [5] define aggregation 

operators for triangular cubic linguistic hesitant fuzzy sets 

which include cubic linguistic fuzzy (geometric) operator, 

triangular cubic linguistic hesitant fuzzy weighted geometric 

(TCLHFWG) operator, triangular cubic linguistic hesitant 

fuzzy ordered weighted geometric (TCHFOWG) operator 

and triangular cubic linguistic hesitant fuzzy hybrid 

geometric (TCLHFHG) operator. Fahmi et al. [7] defined the 

trapezoidal cubic fuzzyy weighted arithmetic averaging 

operator and weighted geometric averaging operator. 

Expected values, score function, and accuracy function of 

trapezoidal cubic fuzzy numbers are defined. Fahmi et al. [8] 

developed three arithmetic averaging operators, that is 

trapezoidal cubic fuzzy Einstein weighted averaging 

(TrCFEWA) operator, trapezoidal cubic fuzzy Einstein 

ordered weighted averaging (TrCFEOWA) operator and 

trapezoidal cubic fuzzy Einstein hybrid weighted averaging 

(TrCFEHWA) operator, for aggregating trapezoidal cubic 

fuzzy information. 

In this article, a few aggregation operators of triangular 

cubic fuzzy numbers are described, the expected values, the 

score function and accuracy function of triangular cubic 

fuzzy numbers are defined and a simple ordering method of 

triangular cubic fuzzy numbers is proposed and used in 

multi-criteria decision making based on the score function 

and the accuracy function. 

In this paper: In section 2, we define basic concept of 

fuzzy set and cubic set. In section 3, we define the idea of 

triangular cubic fuzzy number and operational laws. In 

section 4, we define the concept of aggregation operators on 

triangular cubic fuzzy numbers. In section 5, we define the 

Expected values of cubic triangular fuzzy numbers and 

comparison between them. In section 6, we define Multi-

criteria decision making method based on cubic triangular 

fuzzy numbers. In section 7, an expressive example is given 

to check the information. In section 8, we give a conclusion. 

2. Preliminaries 

In this section, we initiated some basic define results about 

cubic set. Triangular cubic fuzzy number, Aggregation 

operators on cubic triangular fuzzy numbers and Expected 

values of cubic triangular fuzzy numbers and comparison 

between them, Multi-criteria decision making method based 

on cubic triangular fuzzy numbers. 

Definition [2]. Give H a chance to be a universe of talk. 

The possibility of fuzzy set was speak to by Zadeh and 

characterized as taking after; { , ( ) | }JJ h h h H= Ω ∈ɶ . A fuzzy 

set in a set H is characterized : ,arcsinJ H I θΩ →ɶ  is a 

membership function, ( )J hΩɶ  meant the degree of 

membership of the element h  to the set H , where 

]1,0[=I . The collection of all fuzzy subsets of H  is 

denoted by HI . Characterize a connection on HI  as takes 

after: 

( , )( ( )( ( ) ( ))).HI h H h hη η η∀Ω ∈ Ω ≤ ⇔ ∀ ∈ Ω ≤ɶ ɶ ɶ  

Definition [10] Let H  be a non-empty set. A cubic set 

)
~

,
~

( λϑ=F  in H  is said to be an internal cubic set if 

)
~

(
~

)
~

(
~

)
~

(
~

hhh
+− ≤≤ ϑλϑ  for all h H∈ɶ  

Definition [10] Let H  be a non-empty set. A cubic set 

( , )F ϑ λ= ɶ ɶ  on H  is said to be an external cubic set if 

( ) ( ( ), ( ))h h hλ ϑ ϑ− +∉ɶ ɶ ɶ ɶ ɶ ɶ  for all .h H∈ɶ  
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3. Cubic Fuzzy Numbers and Cubic 

Triangular Fuzzy Numbers 

Definition The Cubic fuzzy set on H  is a set 

{ , [ ( ), ( )], ( ) : }  j j jJ h h h h h Hη− += 〈 Γ Γ 〉 ∈ where JΓ  and jη  

are membership and non-membership function, respectively 

( ) : [0,1], ( ) [0,1]

( ) : [0,1], ( ) [0,1]

( ) : [0,1], ( ) [0,1]    

J J

J J

J J

h h h H h

h h h H h

h h h H hη η

− +

+ +

Γ → ∈ → Γ ∈

Γ → ∈ → Γ ∈
→ ∈ → ∈

 

Definition The Cubic fuzzy set on H  is a set 

{ , [ ( ), ( )], ( ) : }j j JJ h h h h h Hη− += 〈 Γ Γ 〉 ∈  is called CF-normal, 

if there exist at least two points 0 1,h h H∈  such that 

0 0( ) [1,1], ( ) [1,1]h h
− +Γ = Γ =  and 1( ) 1.hη =  It is without 

difficulty seen that given cubic fuzzy set J  is CF-normal if 

there's as a minimum one point that genuinely belongs to J  

and at the least one factor which does no longer belong to 

J . 

Definition The Cubic fuzzy set 

{ , [ ( ), ( )], ( ) : }J J JJ h h h h h Hη− += 〈 Γ Γ 〉 ∈  

of the real line is called CF-convex, if 

1 2, , [0,1]h h H λ∀ ∈ ∀ ∈   

1 2 1 2 1 2 1 2[ , ]( (1 ) ) [ , ]( ) [ , ]( ); ( )( (1 ) ) ( ) ( ).j j j j j j J J Jh h h h h h h h hλ λ η λ λ η η− + − + − +Γ Γ + − ≥ Γ Γ ∧ Γ Γ + − ≥ ∧  

Thus J  is CF-convex if its membership function is fuzzy convex and its nonmember ship function is fuzzy concave. 

Definition The Cubic fuzzy set 

{ , [ ( ), ( )], ( ) : }j j JJ h h h h h Hη− += 〈 Γ Γ 〉 ∈  

of the real line is called cubic fuzzy number (CFN) if 

a) J  is CF-normal, 

b) J  is CF-convex, 

(c) [ ( ), ( )]j jh h− +Γ Γ  Are upper fuzzy semi continuous and 

lower fuzzy semi-continuous, ( )J hη  is fuzzy semi 

continuous, 

(d) {J h H= ∈  | ( ) 1}J hη <  is bounded. 

Definition Let bɶ  be the cubic triangular fuzzy number on 

the set of real numbers, its ivtfs 

Characterized as: 

 

otherwise                                              0

                                      ),(

                                       )(

)( ~

~

~









<≤
<≤

= cxbxf

bxaxf

x R

b

L

b

b
ɺɺɺɺ

ɺɺɺɺ

µ  

and triangular fuzzy set 

   

otherwise                                  0

                               )(

                              ),(

)( 11~

11~

~









≤<
<≤

= chbxg

bhaxg

h L

b

L

b

b
ɺɺɺɺ

ɺɺɺɺ

υ  

The cubic fuzzy number is meant as 

〉〈= +−
))],,);,,[((

~
aaacbab ɺɺɺɺɺɺ

ɺɺɺɺɺɺ νµµ . Unique in relation to fuzzy 

numbers, cubic fuzzy numbers have another parameter: 

triangular fuzzy set, that’s utilized to explicit the volume to 

which the selection makers suppose that the element does 

now not belong to ));,,,(( adcba ɺɺ
ɺɺɺɺɺɺ ν . Whenever ]1,1[)( =−

xaɺɺµ  

],1,1[)( =+ xaɺɺµ  0=aɺɺν , is known as everyday cubic fuzzy 

number to be unique triangular cubic fuzzy number. 

Definition 

1

1 1 1 1

( )( )
( ) [ , ] , ( ) [ , ] , ( ) , ( ) ,

L R L Ra b
a ab b b b b b

c xb xx a c x
f x f x g x g x

b a c b b a c b

ννµ µ µ µ− + − + −−− −= = = =
− − − −

ɶɺɺ

ɶ ɶ ɶ ɶ ɶ ɶɺɺ ɺɺ

ɺɺ ɺɺɺɺ ɺɺ

ɺɺ ɺɺ ɺɺ ɺɺɺɺ ɺɺ ɺɺ ɺɺ
 

the cubic fuzzy number is known as cubic triangular cubic 

fuzzy number. 

Definition Let 〉〈= +− ))],[);,,[((
~

1111111 aaacbab ɺɺɺɺɺɺ
ɺɺɺɺɺɺ νµµ  and 

〉〈= +− ))],,);,,[((
~

2222222 aaacbab ɺɺɺɺɺɺ
ɺɺɺɺɺɺ νµµ  be two triangular cubic 

fuzzy numbers, then 

(1): 

〉−+

−++++〈=+
++++

−−−−

)()],(

),)(,,[(
~~

212121

212121212121

aaaaaa

aaaaccbbaabb

ɺɺɺɺɺɺɺɺɺɺɺɺ

ɺɺɺɺɺɺɺɺ
ɺɺɺɺɺɺɺɺɺɺɺɺ

ννµµµµ

µµµµ
 

(2): 

〉+−

+−−−−〈=−
++++

−−−−

)()],(

),)(,,[(
~~

212121

212121212121

aaaaaa

aaaaccbbaabb

ɺɺɺɺɺɺɺɺɺɺɺɺ

ɺɺɺɺɺɺɺɺ
ɺɺɺɺɺɺɺɺɺɺɺɺ

ννµµµµ

µµµµ
 

(3):  

 )],)1(1),)1(1);,,[
~

1111111 〉−−−−〈= +− λλλ λνµµλλλλ aaacbab ɺɺɺɺɺɺ
ɺɺɺɺɺɺ

 

(4): 

〉−−〈= +− )))1(1],)(,)();)(,)(,)[(
1111111

λλλλλλλ νµµ aaacbaa ɺɺɺɺɺɺ
ɺɺɺɺɺɺɺɺ
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Example Let 

〉〈= )23.0)],26.0,24.0[);12.0,8.0,4.0[((
~
1b

 

and  

〉〈= )18.0)],20.0,18.0)[10.0,6.0,2.0[((
~

2b
 

be two triangular cubic fuzzy numbers, then 

(1): 

〉〈=
〉−+

−++++〈=+

0414.0],408.0,3768.0[];22.0,4.1,6.0[

 )18.0)(23.0()],20.0)(26.0(20.026.0(

),18.0)(24.0(18.024.0)(10.012.0,6.08.0,2.04.0[(
~~

21 bb

 

(2): 

〉〈=
〉+−

+−−−−〈=+

0414.0],112.0,1032.0[];02.0,2.0,2.0[

 )18.0)(23.0()],20.0)(26.0(20.026.0(

),18.0)(24.0(18.024.0)(10.012.0,6.08.0,2.04.0[(
~~

21 bb

 

(3):  

            4795.0],0725.0,0663.0[];06.0,2.0,1.0[ 

 )],)26.01(1),)24.01(1);50.012.0,25.08.0,25.04.0[
~

50.0,25.0,25.0

1

25.025.0
1

〉〈=

〉−−−−×××〈=

=
λλνλ

λ

ab ɺɺ
 

(4): 

〉〈=
〉−−〈=

1225.0],7140.0,6999.0[],3464.0,9457.0,7952.0[

)))23.01(1],)26.0(,)24.0();)12.0(,)8.0(,)4.0[(
~ 50.025.025.050.025.025.0

1
λb

 

4. Aggregation Operators on Triangular 

Cubic Fuzzy Numbers 

Definition Let ),...,1(
~

njb j =  be a set of triangular cubic 

fuzzy numbers and TC -WAA Ω→Ωn: ; if TC -WAA 

jj

n

j

n bwbbb
~

)
~

,...,
~

,
~

(

1

21 ∑
=

=ω  where Ω  is the set of all triangular 

cubic fuzzy numbers and T
n ),...,,( 21 ωωωω =  is the weight 

vector of ,1],1,0[),,...,1(
~

1

=∈= ∑
=

j

n

j

jj njb ωω  

then, TC-WAA is called the weighted arithmetic average 

operator on cubic triangular fuzzy numbers. 

Specially, if 1 1 1( , ,.... )T

n n n
ω = . TC-WAA is the arithmetic 

average operator (TC-WA) on triangular cubic fuzzy 

numbers. 

Example Let 

〉〈

〉〈

〉〈

〉〈

76.0],77.0,75.0[]33.0,32.0,30.0[

46.0],47.0,45.0[]11.0,10.0,9.0[

6.0],7.0,5.0[]3.0,2.0,1.0[

11.0],12.0,10.0[]23.0,22.0,20.0[

 

  3897.0],5378.0,5012.0[;

]2237.0,1937.0,2710.0[)
~

,...,
~

,
~

(WAA-TC

25.0,25.0,25.0,25.0

21

〉〈

=

=

n

j

bbb

w

ω  

Theorem Let 〉〈= +−
))],,);,,[((

~
aaacbab ɺɺɺɺɺɺ

ɺɺɺɺɺɺ νµµ  be a set of 

triangular cubic fuzzy numbers. Then the results aggregated 

from definition 12 above are still triangular cubic fuzzy 

numbers and even 

 )(;],)1(1,)1(1;

))(,)(,)([(()
~

,...,
~

,
~

(WAA-TC

111

1111

21

〉−−−−

〈==

∏∏∏

∏∏∏∑

=

+

=

−

=

====

jjj

jjj

a

n

j

a

n

j

a

n

j

n

j

n

j

n

j

jj

n

j

n cbaawbbb

ωω

ωωω
ω

νµµ ω
ɺɺɺɺɺɺ

ɺɺɺɺɺɺɺɺ

 

where T
n ),...,,( 21 ωωωω =  is the weight vector of .1],1,0[),,...,1(

1

=∈= ∑
=

j

n

j

jj nja ωωɺɺ  
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Definition Give ),...,1(
~

njb j =  a chance to be an 

arrangement of cubic triangular fuzzy numbers and TC -

WGA Ω→Ωn: ; if TC -WGA 
jw

j

n

j

n bbbb
~

)
~

,...,
~

,
~

(

1

21 ∑
=

=ω  where Ω  is 

the set of all triangular cubic fuzzy numbers and 

1 2( , ,... )T
nω ω ω ω=  is the weight vector of 

]1,0[),,...,1( ∈= jj nja ωɺɺ  and .1

1

=∑
=

j

n

j

ω  

At that point, TC-WAA is known as the weighted 

arithmetic average operator on triangular cubic fuzzy 

numbers. 

If 1 1 1( , ,.... )T

n n n
ω = . TC-WAA is the arithmetic average 

operator (TC-WA) on triangular cubic fuzzy numbers. 

Example Let 

〉〈

〉〈

〉〈

〉〈

51.0],52.0,50.0[];26.0,24.0,22.0[

30.0],31.0,29.0[];14.0,12.0,10.0[

13.0],14.0,12.0[];6.0,5.0,4.0[

8.0],9.0,7.0[];19.0,18.0,17.0[

 

  5057.0],3775.0,3322.0[;

]2538.0,2256.0,1966.0[)
~

,...,
~

,
~

(WGA-TC

25.0,25.0,25.0,25.0

21

〉〈

=

=

n

j

bbbω

ω

 

Theorem Let 〉〈= +−
))],,[);,,,[( aaadcbaa ɺɺɺɺɺɺ

ɺɺɺɺɺɺɺɺ νµµ  be an 

arrangement of triangular cubic fuzzy numbers. Then the 

outcomes aggregated from definition 13 are still triangular 

cubic fuzzy numbers and even 

TC-WGA  

jj

jjjj

a

n

j

a

n

j

a

n

j

n

j

n

j

n

j
jj

n

j

n

cba

awbbb
ω

ωωωω

νµ

µ

ω
)(];)(

,)();)(,)(,)([((

)
~

,...,
~

,
~

(

11

1111

1

21

ɺɺɺɺ

ɺɺ
ɺɺɺɺɺɺ

ɺɺ

∏∏

∏∏∏∏
∑

=

+

=

−

====

=

==

 

Where T
n ),...,,( 21 ωωωω =  is the weight vector of ),...,1(

~
njb j =  and .1],1,0[

1

=∈ ∑
=

j

n

j

j wω  

5. Expected Values of Triangular Cubic Fuzzy Numbers and Comparison Between 

Them 

For a triangular cubic fuzzy numbers, )(xfL  are entirely direct expanding capacity and )(xfR  is entirely straight 

diminishing capacity in definition 1. Their inverse functions are separately, 

),()(),()(
],[

~
],[

~
~~~~

bcbbpabaxp
bbbb

yR

b

yL

b
ɺɺɺɺɺɺɺɺɺɺɺɺɺɺ −×+=−×+= +−+− µµµµ

 

The trust degree of triangular cubic fuzzy number b
~

 is between .)1],,[ ~~~ 〉−〈 +−
bbb

υµµ   

Definition 

  )]}()()1()]}()()1(
3

1
)

~
( ~~

1

0

~~

],[

0

~~~

dyxgxgdyxgxgbI R

b

L

b

R

b

L

b

bbb

×+×−+×+×−= ∫∫
−+−

λλλλ
υµµ

λ  

is known as the expected value of triangular cubic fuzzy number .
~
b   

Theorem For the triangular cubic fuzzy number 

,))],;,);,,[((~ 〉〈= +−
aaacbaa ɺɺɺɺɺɺ

ɺɺɺɺɺɺ νµµ  〉−+×−+×++〈= +− )1()1[)[(()
~

( ~~~~
9
1

bbbb
cbabI νµνµɺɺɺɺɺɺ . 

 Example Give 〉〈= )29.0)],30.0,28.0[);13.0,9.0,5.0[((
~
b  be the triangular cubic fuzzy numbers, then 

〉−+×−+×++〈= )29.030.01()29.028.01[)13.09.05.0[(()
~

(
9
1bI  

=  .1699.0)01.1()99.0[)53.1[(
9

529847.1
9
1 ==〉××〈  

The score function and accuracy function of triangular cubic 

fuzzy numbers are presented underneath 

Definition Give 〉〈= +− ))],,);,,[((
~

~~~
bbb

cbab νµµɺɺɺɺɺɺ  a chance to be a 

triangular cubic fuzzy number. Then 

)]1(),[()
~

( ~~~~
bbbb

IbS νµµ −−×= +−
 is known the score function of 

a~ , where aI ɺɺ  is the expected value of triangular cubic fuzzy 

number aɺɺ . 
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Example let 〉〈= 5.0],6.0,4.0[);13.0,11.0,9.0[((
~
b  a chance to be 

a triangular cubic fuzzy number. Then 

)]1(),[()
~

( ~~~~
bbbb

IbS νµµ −−×= +−
 is known the score function of 

a~ , where aI ɺɺ  is the expected value of triangular cubic fuzzy 

number ä . 

127.0)
~

(

]5.0[254.0)
~

(

254.0~

=

×=

=

bS

bS

I
b

 

 

Figure 1. Different value of alternatives. 
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~

~~~
bbb

cbab νµµɺɺɺɺɺɺ  a chance to be 

a triangular cubic fuzzy number. Then 

)]1(),[()
~

( ~~~~
bbbb

IbH νµµ −+×= +−
 is known the accuracy function 

of b
~

, where b
I ~  is the expected value of triangular cubic 

fuzzy number b
~

. 

Example Let [((0.1,0.2,0.3);[0.15,0.17],0.16b = 〈 〉ɶ  a chance 

to be a triangular cubic fuzzy number. Then 

)]1(),[()
~

( ~~~~
bbbb

IbS νµµ −+×= +−
 is known the score function of 

b
~

, where b
I~  is the expected value of triangular cubic fuzzy 

number b
~

. 
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××=
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I

I

b
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Figure 2. Ranking of score value. 
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6. Multi-Criteria Decision Making 

Method Based on Triangular Cubic 

Fuzzy Numbers 

For some fuzzy multi-criteria decision making problem, 

assume that there are m alternatives laaaa n},,...,,{ 21
ɺɺɺɺɺɺɺɺ =  

decision criteria },...,,{ 21 ncccc ɺɺɺɺɺɺɺɺ =  and the corresponding weight 

coefficients are 1...],1,0[},,...,,{ 2121 =+++∈= ljl ωωωωωωωω . The 

value of alternative ai on the criteria jcɺɺ  is cubic triangular 

cubic fuzzy number .)()],(),([)];(),(),(([ 321 〉〈= +−
ijijijijijijij aaaamamama ɺɺɺɺɺɺɺɺɺɺɺɺɺɺ νµµ  

The familiar types of criteria are benefit and cost in multi 

criteria decision making problems. To eliminate the effect 

from different physical dimensions to decision results, the 

matrix ,)( nmijtT ×=  

〉〈= +−
× )()],(),([)];(),(),(([)( 321 ijijijijijijnmij aaaamamamt ɺɺɺɺɺɺɺɺɺɺɺɺ νµµ  

Composed by triangular cubic fuzzy numbers of fuzzy 

decision matrix lnijaD ×= )( ɺɺ  is translated into assimilate 

matrix 〉〈== × ],,[,)( 321
ijijijijlnij rrrrrR  using formulas to assimilate 

the triangular cubic fuzzy decision matrix. 

For cost criteria: 

4,....,1,
))((min))((max

)())((max

14

4 =
−

−
= k

amam

amam
r

ijjijj

ikjijjk
ij

ɺɺɺɺ

ɺɺɺɺ
 

For benefit criteria: 

4,....,1,
))((min))((max

))((min)(

14

4 =
−

−
= k

amam

amam
r

ijjijj

ijjikjk
ij

ɺɺɺɺ

ɺɺɺɺ
 

Decision steps: 

(1) Assimilate decision matrix 

(2) Using weighted arithmetic average operator 

=iaɺɺ  TC-WAA niacacac ilii ,...,2,1)),(),...,(),(( 21 =ɺɺɺɺɺɺɺɺɺɺɺɺω  

or using weighted geometric average operator 

=iaɺɺ  TC-WGA niacacac ilii ,...,2,1)),(),...,(),(( 21 =ɺɺɺɺɺɺɺɺɺɺɺɺω  

Total criteria's weights and values to accomplish the 

incorporated triangular cubic fuzzy numbers iaɺɺ , ni ,...,2,1=  

of alternative iaɺɺ . 

(3) Compute the score esteem and the accuracy esteem 

utilizing the score work and the accuracy work, separately. 

(4) Rank the alternatives by definition 15. 

 

Figure 3. Proposed method 

7. Numerical Application 

There are 4 alternatives 421 ,...,, aaa ɺɺɺɺɺɺ  and 4 criteria 421 ,...,, ccc ɺɺɺɺɺɺ  in a multi-criteria decision making problem; the weight vector 

of criteria is )1.0,4.0,3.0,2.0(=ω , and the decision information is given by decision makers, trying to get ranking of the 4 

alternatives. 

Steps utilizing the strategy in this article are as per the following 

(1) Standardize data in decision matrix; 

Decision matrix 1 
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1 2 3 4

1

                                                                      

[0.3, 0.5, [0.14, 0.18, [0.1, 0.4,

  0.6]; [0.2, 0.20]; [0.11, 0.5]; [0.2,

0.8], 0.5 0.20], 0.16 0.10], 0.7

    
    

〈 〈 〈    
   〉 〉 〉    

c c c c

A

2

[0.42, 0.44,

0.46]; [0.32,

0.40], 0.35

[0.1, 0.3, [0.2, 0.4, [0.12, 0.14, [0.19, 0.24,

  0.8]; [0.4, 0.6]; [0.3, 0.18]; [0.2, 0.29]; [0.12,

0.10], 0.7 0.9], 0.5 0.7], 0.5

  
  

〈  
   〉  

     
     

〈 〈 〈 〈     
     〉 〉 〉     

A

3

4

40], 0.30

[0.2, 0.4, [0.4, 0.7, [0.22, 0.32, [0.4, 0.8,

  0.6]; [0.12, 0.9]; [0.8, 0.34]; [0.11, 0.6]; [0.42,

0.16], 0.14 0.12], 0.10 0.19], 0.16 0.60], 0.56

[0.

  

 
 
 
 〉 

       
       

〈 〈 〈 〈       
       〉 〉 〉 〉       

A

A

5, 0.7, [0.4, 0.6, [0.11, 0.15, [0.12, 0.14,

0.9]; [0.2, 0.10]; [0.11, 0.16]; [0.2, 0.16]; [0.32,

0.8], 0.5 0.20], 0.16 0.10], 0.7 0.40], 0.35

       
       

〈 〈 〈 〈       
       〉 〉 〉 〉       

 

(2) Aggregate all the elements aij )4,...,1( =j  in the ith row of decision matrix D  using TC-WAA; then, the combined 

triangular cubic fuzzy numbers 4,...,2,1, =iai
ɺɺ  of alternative iaɺɺ  are attained 

TC-WAA 

{ }
{ }
{ }
{ }

1

2

3

4

  [0 .192, 0 .304 , 0 .354 ], [0 .1727, 0 .3872 ], 0 .4554

  [0 .183, 0 .324, 0 .561], [0 .3061, 0 .7096], 0 .4130

  [0 .488, 0 .888, 0 .976 ], [0 .6168, 0 .4354 ], 0 .0888

  [0 .113, 0 .159, 0 .132 ], [0 .1727, 0 .3872 ], 0 .4554

A

A

A

A

〈 〉

〈 〉

〈 〉

〈 〉
 

(3) Enumerate the score values )( iaS ɺɺ  of iaɺɺ  

1 2 3 40.0065, 0.0828, 0.5180, 0.0031S S S S= = = =  

(4) Rank the alternatives by 

.4123 SSSS >>>  

 

Figure 4. Raking of alternatives 
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Enumerate the accuracy values )( iaH ɺɺ  of iaɺɺ   

1 2 3 40.0696, 0.2202, 1.0557, 0.0331H H H H= = = =  

 

Figure 5. Accuracy value of different ranking 

Decision matrix 

1 2 3 4

1

                                                                       

[0.3, 0.5, [0.14, 0.18, [0.1, 0.4,

  0.6]; [0.2, 0.20]; [0.11, 0.5]; [0.2,

0.8], 0.5 0.20], 0.16 0.10], 0.7

    
    

〈 〈 〈    
   〉 〉 〉   

c c c c

A

2

[0.42, 0.44,

0.46]; [0.32,

0.40], 0.35

[0.1, 0.3, [0.2, 0.4, [0.12, 0.14, [0.19,0.24,

  0.8]; [0.4, 0.6]; [0.3, 0.18]; [0.2, 0.29]; [0.12

0.10], 0.5 0.9], 0.4 0.7], 0.3

  
  

〈  
   〉   

     
     

〈 〈 〈 〈     
     〉 〉 〉     

A

3

4

,

40], 0.15

[0.2, 0.4, [0.4, 0.7, [0.22, 0.32, [0.4, 0.8,

  0.6]; [0.4, 0.9]; [0.3, 0.34]; [0.2, 0.6]; [0.12,

0.10], 0.15 0.9], 0.4 0.7], 0.3 0.40], 0.15

[0.5, 0.7

  

 
 
 
 〉 

       
       

〈 〈 〈 〈       
       〉 〉 〉 〉       

A

A

, [0.4, 0.6, [0.11, 0.15, [0.12, 0.14,

0.9]; [0.2, 0.10]; [0.11, 0.16]; [0.2, 0.16]; [0.32,

0.8], 0.5 0.20], 0.16 0.10], 0.7 0.40], 0.35

       
       

〈 〈 〈 〈       
       〉 〉 〉 〉       

 

If all elements ijaɺɺ  )4,...,1( =j  in the ith row of decision 

matrix D  are aggregated using TC-WGA ,  the integrated 

cubic triangular fuzzy numbers ,iaɺɺ  4,...,2,1=i  of alternative 

ai are as follows 

(3) Aggregate all the elements a ij  )4,...,1( =j  in the ith 

row of decision matrix D  using TC-WGA; then, the 

concentrate triangular cubic fuzzy numbers 

4,...,2,1, =iai
ɺɺ  of alternative iaɺɺ  are attained. 

TC-WGA  

{ }
{ }
{ }
{ }

1

2

3

4

  [0 .281, 0 .394, 0 .487 ], [0 .2689, 0 .3642 ], 0 .3937

  [0 .099, 0 .192, 0 .330], [0 .1729, 0 .3315], 0 .4036

  [0 .137, 0 .310, 0 .413], [0 .1729, 0 .3315], 0 .4036

  [0 .552, 0 .623, 0 .544], [0 .5187, 0 .6034], 0 .2213

A

A

A

A

〈 〉

〈 〉

〈 〉

〈 〉

 

(3) Calculate the score values )( iaS ɺɺ  of iaɺɺ   

1 2 3 40.0262, 0.0049, 0.0069, 0.2905S S S S= = = =  

(4) Rank the alternatives by 

2314 SSSS >>>  
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Figure 6. Different value of aggregate value 

Enumerate the accuracy values )( iaH ɺɺ  of iaɺɺ   

1 2 3 40.1358, 0.0541, 0.0750, 0.6508.H H H H= = = =  

 

Figure 7. Different value of accuracy values 

8. Conclusion 

Aggregation strategies on triangular cubic fuzzy numbers 

are deliberated in this article, based at the definitions of cubic 

fuzzy numbers and triangular cubic fuzzy numbers. A 

technique to equate triangular cubic fuzzy numbers is given 

and carried out to selection making. The imaginative method 

to solve fuzzy multi-criteria decision making problems based 

on cubic triangular fuzzy numbers is furnished. 
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