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Abstract: In this paper, the condition under which composite multiplication operators on Hilbert spaces become skew n-
normal operators, (Alpha, Beta)-normal, parahyponormal and quasi-parahyponormal have been obtained in terms of radon-

nikodym derivative.
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1. Introduction

Let (X,Z ,1) be a O -finite measure space. Then a
mapping T from X into X is said to be a measurable
transformation if T_I(E)Dz for every EDZ A
measurable transformation T is said to be non-singular if
U(T™'(E)) =0 whenever 4(E) =0 If T is non-singular then

the measure f7~' defined as wT™'(E)= T '(E)) for
every E in z , i1s an absolutely continuous measure on
z with respect to 4. Since His a O -finite measure, then

by the Radon-Nikodym theorem, there exists a non-negative

1
function fy in L'(4) such that HT (E)—J-fod,u for
E

every EDZ . The function f; is called the Radon-
Nikodym derivative of 47" with respect to /.

Every non- singular measurable transformation T from X
into itself induces a linear transformation Cr on L? (u)

defined as Cp f = foT for every finI” (u). In case Cy is

continuous from [” () into itself, then it is called a

composition operator on L? () induced by T. We restrict our

study of the composition operators on Lz(,u) which has
Hilbert space structure. If u is an essentially bounded complex-
valued measurable function on X, then the mapping M, on

I? (1) definedby M, f =ul}f  is a continuous operator with

range in Lz(,u) . The operator M, is known as the

multiplication operator induced by u. A composite
multiplication operator is linear transformation acting on a set

of complex valued Z measurable functions f of the form
M, 1 (f)=CeM,(f)=ueT) (foT)

where u is a complex valued, Z measurable function. In
case 4 =1 almost everywhere, M, r becomes a composition

operator, denoted by Cj .
In the study considered is the using conditional expectation
of composite multiplication operator on 2 -spaces. For eac

forr (X,Z M), 1< p<oo there exists an unique
77'(Q. ) -measurable function E(f) such that
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[erau=[gEndu
A A

for every T _1(2 ) -measurable function &, for which the
left integral exists. The function E(f) is called the
conditional expectation of f with respect to the subalgebra

T _l(z ). As an operator of L (u), E is the projection
onto the closure of range of 7 and E is the identity on
I(u), 21 if and only if 7'()) )= . Detailed
discussion of E is found in [1-4].

1.1. (Alpha, Beta)--Normal Operator [13]

An operator T is called (0' ) ,8) -normal operator if
ATT<TT <BTT.(0sa<1<p)
1.2. Skew n-Normal Operator [12]

An operator T is called skew n-normal operator if
(T"T*) T=T ( T*T"), for all natural number n.

1.3. p-Hyponormal Operator [15]

An operator T

(r7) 72 (7 77)" for (0 < p=eo)

is called p-hyponormal operator if

2. Related Work in the Field

The study of weighted composition operators on 2 spaces
was initiated by R. K. Singh and D. C. Kumar [5]. During the
last thirty years, several authors have studied the properties
of various classes of weighted composition operator.

Boundedness of the composition operators in L? (z ),

(1= p <o)spaces, where the measure spaces are O -finite,
appeared already in [6]. Also boundedness of weighted
operators on C(X,E) has been studied in [7]. Recently S.

Senthil, P. Thangaraju and D. C. Kumar have proved several
theorems on n-normal, n-quasi-normal, k-paranormal, and
(n,k) paranormal of composite multiplication operators on
I? spaces [8-11]. In this paper we investigate composite

Mo Mo f=u>fy f
(i) M,y M7 [ =@W?oT) (fyoT) E(f)

multiplication operators of (O’ B ) -normal operator and skew

n-normal operator [?(4/)-spaces.
7]

3. Hyponormality for Composite
Multiplication Operator

The results in the following proposition were proved in
[12], as part of his doctoral dissertation.

3.1. Proposition [3]

Let E=E(0A)and let Pbea non-negative F measurable
function.
Define the positive operator Fyby Fy f =@ E(@f).
¢ !
Let ¢_—1 ) ThenP¢2 =P,.

(E@*)* ’
Define the operator Rs by Ry f=E(@f)

|2 | =]V 8"

In [3], has proved the following lemma, as noted for any
non-negative function f;,

Then

00

sup port f Osup port E(f")forany >0

3.2. Lemma [14]

Let @ and B be
S =sup port@ . Then the following are equivalent:

For every fDLz(/l)_[ a|f|2 d,uzj |E(ﬁf\A)|2 du
X X

non-negative functions, with

2
sup port B US and E (% Xs \A] <l almost everywhere.

3.3. Proposition

Let the composite multiplication
M, ; OB(L*(14)). Then for u=0

operator

(i) M", (f)=(CeM )" (f)=u, (foT") ,u, =(uoT) (uoT?) (woT>)........ (uoT™)

(v) M, 7 f =@ fyE(f)oT™")

) M7, f=ufy (E@ fy)oT™" ™) (E(f)eT™")
where E (u f3)o T "™V = (Eu fy)oT™") (E(u fy)oT7?).......

i) |M,r|=ufy s

i) | MO, 7| = G fy o T ) (EQ fyoT 1)

with the notation from Herron’s proposition,

(E(u fy)oT™" ™)
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_ \/(uzfo)"T

\MDM,T\:PWZR’WWV (E((quo)oT))‘l‘

Theorem 3.1
Let the composite multiplication operator M, » L1 B (L*(1)) with weight u =0 and S be the support of f;:

| M, |2|Cifand only if 42 21

| C|2 ‘ M Du,T if and only if'sup port v = sup port 4| f,
W’ fo)eT 1
o N@ )T (Ee2sy)eT)?
where 1 F Xs |<1 almost everywhere.
(£(wmer))? Vo
Proof:

Since| M, r | and | C | are multiplication operators, we need only compare their symbols. After squaring, we get
| M, |2|Clitand only if u/ 7y 247,
|M u,T |2| C|ifand only if #? fo = fy Because fy >0 almost everywhere,
we obtain (i).
As for this f,| C| = ‘ M[L,T‘

05, [Jhl S duz(| M1 1)
_ NG fy)eT _
‘MDM’T =P,, where ¥ ~ 1 =IVE(Vf) fdu

(£(wmer))?
However,

[vEon T au=(Ecnvr)=|Eonl =[|E6 N au

Since sup port v = sup port ./ f, , the desired conclusion follows from lemma 3.2.
Theorem 3.5
Let the composite multiplication operator M, » L1 B (L2 (1)) . Then M,  is p-hyponormal if and only if ufy > 0,ufy o7 >0

dE| | < 1 .
an (Azpfb) AZPJ(‘OOT
Proof:

Here< (M*u,T Mu,r)p LS >:J.u2pf0p|f|2d,u

X

2
and< (MM ) f,f>=j E{(u”fog)oT f] dy

X

2

2 pr

This implies juzl’fop|f| du zj E [(u”fOZ)oT f] du
X X

Since by lemma 2.2, for every f 07 %)
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5 W?? fy?)oT
(W’ fo?)°T) 0 U(ul’fop)andE{+} <1

1 1
= E < if @ fyP)oT >0andu’” £, >0.
Lz"fop} W fy)oT @A) ™t

4. Parahyponormal for Composite Multiplication Operator

Mahmound M. Kutkut [16] , has proved that an operator A is parahyponormal if and only if (44")*> —=2C A4+ C? = 0 for

all real C. In an analogous manner, we derive some characterization of parahyponormal and quasi-parahyponormal composite
multiplication operator on 2 -spaces.
Theorem 4.1

Let the composite multiplication operator M, U B(L2 (1)) . Then M, 1 is parahyponormal if and only if
utoT [fy? oT E(f)-2Cu’ fy f +C? 2 0 almost everywhere, for all C =0

Proof:

Suppose M, r is parahyponormal. Then (M, ; MDM’T )>-2C MDM’TMM,T +C* 2 0forall C20.

This implies that

(M M5, =2C MO, M, p+CP) . f)20frall FOL ()

By the proposition 3.3 we get,

J-{ (uonDfOOTDE(f))Z—zc u2f0f+C2}d/uzof0reveryEDZ .
E

o utoT [fy? o T E(f)-2Cuf, f +C* = 0 almost everywhere, for all C >0
Theorem 4.2
Let the composite multiplication operator M wT a B(L2 (K4)). Then M, r is M-parahyponormal if and only if
m*ut oT [fy? o T E(f)—-2Cu’f, f +C* = 0 almost everywhere, for all C=0.
Proof:
Suppose M, r is M-parahyponormal.
Then m* (M, M", 1) =2C M", M, +C* 2 0forall C20.
This implies that
(o (M M, =2C MO, oM, +CO) £, £ )2 0f0rall O ()
By the proposition 3.3 we get,

J{m* @ oo TOEY -20 2 1y £+ C Fap20 o yery £DT
E

o m*ut o T [fy* o T E(f)-2Cu’f f +C?* 2 0almost everywhere, for all C =0
Theorem 4.3
Let the composite multiplication operatorMu,T O B(L2 (K4)). Then M, ris pgB-parahyponormal if and only if
m* u fy EPf)oT™ f =2C u® oT [y o T E(f)+C? = 0 almost everywhere, for all C>0.
Proof:
Suppose M, ris )sU-parahyponormal.
Then m> M™, , M?, ; -2C M, , M, , +C? 2 0forall C20.
This implies that

<(m2Mﬁu,T M2, =2C M, M, +CY) f>2 0forall £02(4)
By the proposition 3.3 and MDZH’T M? [ =u fy E@’fy)oT™ f u20 we get,

J'{ m2 1 fy E@ fy)oT™ f=2C u2oT fy o T E(f)+C2}dy20f0reveryEDZ _
E
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ol mzquOE(usz)oT_lf—2C u’oT UpeT E(f)+C?* = 0almost everywhere, for all C >0

5. Quasi-Parahyponormal for Composite Multiplication Operator

By result of [16] an operators A on H is quasi-parahyponormal if and only if (AZAE? )2 —2C(44%)?* +c? z o for all C. In an

analogous manner, we derive the characterization of quasi-parahyponormal composite multiplication operator on 72 -spaces.
Theorem 5.1

Let the composite multiplication operator M, 7 [] B(I*(1)). Then M «,7 18 quasi-parahyponormal if and only if

u? o T o T? Ify? o T* WE(ufy)) o TLE(f) =2 Cu® o TOfy? o TLE(f) +C? 2 0 almost everywhere, for all C =0
Proof:

Suppose M, r is quasi-parahyponormal.

Then (M2, Mm%, ;)* =2C (M, M7, ;)* +C? 2 0 forall C20.

This implies that

(2, M7 1 =2C (M, M5, P+ CP) 1, f )2 O0forall £O2()

By the proposition 3.3 and M2, M, . f =ucT@?oT? I, o T? (E(ufy ) o T (E(S)

J'{ (uoT@* oT? Ofy o T E(ufy) o TLE(f))> =2 C (u® o T Ofy o TLE(£))? +C2}d/.120f0reveryEDz
E

o wroTW! o T2 I o T? WE(ufy))* o TE(Sf)-2Cu* o TOfy? o TLE(f) +C* 20
almost everywhere, for all C =0
Theorem 5.2

Let the composite multiplication operator M, U B(I*()). Then M «.7 18 M-quasi-parahyponormal if and only if

m*u? o T* o T Uy o T* WE(ufy)))* o TLE(f) =2 Cu® o TOfy? o TLE(f)+C? 2 0 almost everywhere, for all C>0
Proof:

Suppose M, 7 is M-quasi-parahyponormal.

Then m? (M2, M", 1)? =2C (M, M5, ;) +C? 2 0 forall C20.
This implies that

(22, M7, ) =2C (M, MO, P +C) F, f )20 forall £OL ()
By the proposition 3.3 and M2, M, . f =ucT@>oT? I, o T? (E(ufy ) o T (E(S)

J'{m2 (uoTT> oT> Ofy o T2 LE(ufy ) o T LE( £))? =2C (u? o Ty o TLE(f))> +C2}dﬂ20foreveryEDZ .
E

o mPut o T o T? 2 o T? WE(ufy)) o T LE(f)—2Cu® o TUf,? o TLE(f) +C* 20 almost everywhere, for all C =0

6. Skew n-normal and (Alpha, Beta)-normal Composite Multiplication Operator

Theorem 6.1
Let the composite multiplication operator M, 7 [] B(L*(4)). Then M, 1 is skew n-normal if and only if

w, W oT")(fyoT™) =(u? o T)(fyoT) (E(u,)oT) almost everywhere.
Proof:
M, 7 is skew n-normal. Then

(Mnu,T MDu,T)Mu,T f = (Mnu,T MDu,T) (uf)OT

=M", 1 (ufo E(uf)oT)oT™)
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= Mnu,T uz f() f
=u, (W’ fy [)oT"

=u, (u*oT") (fooT") (foT")
Also,

Mu,T (MDu,TMnu,T)f:Mu,T MD,T(un(foTn))

=M, ufoy Eu,(foT")eT™!
=M, rufo E(,) (f=T"™")
=u (u fo Eu,) (foT")eT
= T (fooT) Eu,)eT (foT")

= u, (u? oT")(fyoT™) =(u? oT)(fyoT) (E(u,)oT)almost everywhere.
Theorem 6.2

Let the composite multiplication operator M, 7 [] B(L*(4)). Then M *H’T is skew n-normal if and only if

u? fiF =@ oT™" VY (fy oT™" ™) almost everywhere.
Proof:

M", 1 is skew n-normal. Then
MO M M7 =My My fo( B o) (E(H=T7) )
o (s B ) () ))or
=M, (@ o) (fyoT) (B fo) o TN E ()T ™)
=ufy E| (o T)(fyoT) (BGuf)o T ) (E ()T ) [T

=1 f)7 (E(u fy)oT™" ™) (E(f)oT™)
Also,

M M MO, f =M M, (w0 fo BT )

=%, (07 (fyoT) ()

=u fo E fy)oT™" D @ o T (fyoT™ "D E(f)oT™

ot fF =@t o T DY (fy oT7" V) almost everywhere.
Theorem 6.2
Let the composite multiplication operator M, r OB(L*(4)) . Then M, is (O', ,3) -normal if and only if

a*u? fy f<(uPfy)oT E(f) < B u® f, f almost everywhere.
Proof:

M, ris (a’, ,3) -normal. Thenit easy to check,
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MS Mo f=0 fy [, Mz M7 f =@ oT) (fyoT) E(f)

By definition,

a’u? fy f < (uPfy)oT E(f) < B* u? f, f almost everywhere.

8. Conclusion

In the study of p-hyponormal operator, the Aluthge
transform is a very useful tool. We investigate some basic
properties of such operators and study the relation among

skew n-normal operators, (O’, ,3) -normal  operator,

parahyponormal and quasi-parahyponormal composite

multiplication operators on [ (W) -space. In future try to

generalize the composite multiplication operator on Poisson
weighted sequence spaces.
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