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Abstract: Cardiovascular diseases (CVDs) have remained the leading causes of global death in the last 16 years which is the 

cause of mortality of 17.7 million people every year. Nowadays, people live in a time where sitting takes up the majority of their 
daily affairs. The sedentary behavior for prolonged periods of time can leads to a problem of deadly disease such as heart disease, 
obesity, and diabetes. In this paper a deterministic model for the effects of prolonged sitting is designed. The model, which 
consists of three ordinary differentials equations is developed and analyzed to study the optimal control analysis on sedentary 
behavior, physical activity in relation to cardiovascular disease (CVD) in a community. The solutions of the model uniquely exist, 
nonnegative for all t ≥ 0 with nonnegative initial conditions in R3

+, and bounded in a region ΩN. The basic reproduction number 
which measures the relationship threshold is presented. The model was extended and optimal control theory was applied to 
examine optimal strategies for controlling or eradicating the new cases of CVD that may be borne due to a life of inactivity. The 
control measures comprises of education or sensitization u1, living a healthy lifestyle (good nutrition, weight management) u2, 
and getting plenty of physical activity u3. The impact of using possible combinations of the three intervention strategies was 
investigated and analyzed. The results of the optimal control model using Pontryagin maximum principle (PMP) revealed that 
combination of education or sensitization with any other control strategy yields better result to reduce or eradicate the risk of new 
cases of CVD from sedentary lifestyle. 

Keywords: Deterministic Model, Physical Activity, Sedentary Behavior, Cardiovascular Disease, Optimal Control Analysis 

 

1. Introduction 

Over the last hundred years, there has been a large 

transformation from manual labor jobs for instance, farming, 

manufacturing, building to office jobs which is due to many 

contributing factors including globalization, outsourcing of 

jobs and technological advances more specifically internet 

and computers. In 1960, there was a general decline of jobs 

requiring moderate physical activity from 50% to 20%, and 

one in two Americans had a physically demanding job, while 

in 2011 this ratio was one in five [16]. 

Modern lifestyle in nowadays requires working machines, 

which do much of the people’s work, eliminating the need for 

manual labor. Working in the office by using those machines 

force people to sit there for eight or more hours a day. The 

recent studies shows that the average person spends more than 

half of his/her waking hours in an inactive state [5]. 

Epidemiological evidence suggests that sedentary behavior 

(loosely defined as sitting, television viewing, and couch time) 

is associated with increased risk for at least 35 chronic 

diseases/clinical conditions and increased mortality rates. 

Epidemiological reports also suggest that regular defined 

bouts of exercise may not protect against early mortality in 

certain populations if excessive sedentary behavior occurs 
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over time [14], thus, making comparisons that sitting is the 

new smoking. Effects of a sedentary work life or lifestyle can 

be either direct or indirect. One of the most prominent direct 

effects of a sedentary lifestyle is an increased body mass index 

leading to obesity. A lack of physical activity is one of the 

leading causes of preventable disease worldwide [15]. 
Cardiovascular, or circulatory system supplies the body 

with blood. It consists of the heart, arteries, veins, and 

capillaries. Cardiovascular disease ( CVD ) is a general term 

for conditions affecting the heart or blood vessels. It's usually 
associated with a build-up of fatty deposits inside the arteries 

[11]. Recently, CVDs  are placed the number one cause of 

death globally. It was reported that more people die annually 

from CVDs  than from any other cause [2]. There is now 

strong evidence that too much sitting is associated with an 
increased risk of developing cardiovascular disease and type 2 
diabetes and for premature death from all-causes and 
cardiovascular disease [4]. 

An estimated 17.9 million people died from CVDs  in 

2016, representing 31% of all global deaths, of these deaths 
85% are due to heart attack and stroke. Over three quarters of 

CVD  deaths take place in low- and middle-income 

countries. Most cardiovascular diseases can be prevented by 
addressing behavioral risk factors such as hypertension, 
diabetes, tobacco use, unhealthy diet, obesity, physical 
inactivity, harmful use of alcohol and hyperlipidemia or 
already established disease. People with cardiovascular 
disease or who are at high cardiovascular risk need early 
detection and management using counselling and medicines, 
as appropriate [2, 3, 13, 17]. 

The coronary artery disease begins in the teenage years’ and 
it is evident that plaques are formed in most people. 
Preventive measures instituted early are thought to have 
greater lifetime benefits. Healthy lifestyles will delay the 
progression of the disease, and there is hope that these 

diseases can be regressed before it causes CVD . Typical 

warning signs are chest pain, shortness of breath, palpitations 

and fatigue. Some consequences attached to CVD  indicated 

that there are at least 300,000 premature deaths and $90 billion 
indirect healthcare costs are caused by obesity and sedentary 
lifestyle per year in the US alone. The risk is higher among 
those that sit still more than 4 hours per day and have 40% 
higher risk than those that sit fewer than 4 hours per day. 
However, those that exercise at least 4 hours per week are as 
healthy as those that sit fewer than 4 hours per day [1]. 

Deterministic epidemiology has started in the early 

twentieth century. Kermack and McKendrickk [18] work 

which was published in 1927 laid out a foundation for 

modeling infectious diseases, where all members of the 

population are assumed to be initially equally susceptible to 

the disease and confer complete immunity only after recovery. 

The main objective of this paper is to develop a basic model 

of sedentary behavior and physical activity in relation to 

cardiovascular disease using compartmental model and apply 

Pontryagin maximum principle to study the model optimal 

control analysis to understand the deep dynamical nature of 

the relationship. 

2. Formulation of Sedentary Lifestyles 

Basic Model 

Kraus [8], a preventive cardiologist and research scientist at 
Duke University showed that both the risk of heart disease and 
risk factors for heart disease are strongly linked to family 

history. If there are family history of CVD , the risk of 

developing it increased. It was considered to have a family 

history of CVD  if either: a father or brother were diagnosed 

with CVD  before they were 55 and a mother or sister were 

diagnosed with CVD  before they were 65. 

The sedentary behavior model is based on examining the 

dynamics of the sub-population of physical activity, ( )PA t ; 

Sedentary behavior, ( )SB t and Cardiovascular disease 

population, ( )CD t ; for convenience let ( ) ( )PA t S t= , 

( ) ( )SB t I t= , and ( ) ( )CD t C t= . Thus, the total population 

size at time t is given by ( ) ( ) ( ) ( )N t S t I t C t= + + . 

Class of physical activity is increased due to human daily 
activities or potential contender’s recruitment into physical 

activity class at a rateπ . The physical activity population is 

reduced due to involvement in excessive sitting as a results of 
lack of information about danger that might lead to acquire 
cardiovascular disease or as a results of a family history of 

CVD  which was believed as a strong risk factor linked to the 

disease, at the rate β  and α  respectively. Furthermore, it is 

assumed that the population of physical activity would rise due 
to encouraging people to be physically active and adopting 

physical activity behavior at a rateσ . Similarly, it is assumed 

that population of cardiovascular is reduced due to early 

detection of the symptoms for CVD  and immediately adopt 

changing of lifestyles and medication take place at a rate γ . 

The class of sedentary population is increased due to 
change in lifestyle i.e. engaged in physical inactivity with a 

force of infection of the form SIβ . At a chronic stage 

individual might progressed to CVD  class at a rate τ and 

increasing the population of CVD  as well. It is assumed that 

all classes suffer from natural death at a rate µ and there is 

CVD  induced death rateδ . 

 

Figure 1. Compartmental Model diagram. 
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2.1. Assumptions of the Proposed Basic Model 

The study models the dynamics of sedentary behavior under 

the following assumptions: 

1. the population mixes homogeneously. 

2. Recruitments into population includes individuals that 

spent below seven hours in sitting. 

3. It is assumed that individuals sitting for more than 9 

hours increases the risk for being sedentary. 

4. The model does not consider recovery class. 

5. it is assumed that individuals leave the physical activity 

class via the force of infection SIβ  and SCα . 

6. All parameters used are assumed to be positive. 

2.2. Model Equations 

The dynamical physical activity is given by the following 

nonlinear system 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )dS t
I t C t I t C t S t S t

dt
π σ γ β α µ= + + − + −  (1) 

( ) ( ) ( ) ( ) ( )dI t
I t S t I t

dt
β σ τ µ= − + +       (2) 

( ) ( ) ( ) ( ) ( ) ( )dC t
C t S t I t C t

dt
α τ γ µ δ= + − + +     (3) 

Subject to the nonnegative initial conditions 

( ) ( ) ( )0 0, 0 0, 0 0S I C≥ ≥ ≥              (4) 

The total population at time t , denoted by ( )N t  is given by 

( ) ( ) ( ) ( )N t S t I t C t= + +               (5) 

Thus, the model equation (1-3) parameters and variables are 

described in Table 1 below. 

Table 1. Description of the Parameters and Variables of the Basic Model 

Parameter/ Variable Description 

π  Individuals with less sitting hours (<5 hours) 

σ  Rate at which sedentary individuals move to 
physical activity class 

γ  Rate at which CVD individuals move to physical 

activity class due to healthy lifestyles adjustment 

τ  
Rate at which sedentary individuals move to 

CVD class 

α  Effective contact rate due to CVD disease 

β  Effective contact rate due to Sedentary behaviour 

µ  Natural death rate in all classes 

δ  CVD induced death 

( ) ( )PA t or S t  Physical activity population at time t . 

( ) ( )SA t or I t  Sedentary Behaviour population at time t . 

( ) ( )CD t or C t  Cardiovascular patient at risk population at time t  

 

2.3. Mathematical Analysis 

2.3.1. Basic Properties of the Model 

The model system describes the dynamic of the sedentary 

behavior and physical activity in relation to cardiovascular 

disease ( CVD ). 

Before analyzing the dynamics of the basic model, firstly 

we discuss the basic properties of the model system (1-3). 

However, the model monitors changes in the human 

population, therefore it is assumed that all model variables and 

parameters to be nonnegative for all 0t ≥ . 

2.3.2. Positivity of Solutions 

The model system is dealing with human populations, it is 

assumed that all the variables and parameters of the model are 

non-negative. By adding up the equations of the model system 

(1-3) we obtain: 

( ) ( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

dN t
I t C t I t C t S t

dt

S t I t S t I t

C t S t I t C t

π σ γ β α

µ β σ τ µ

α τ γ µ δ

= + + − +

− + − + +

+ + − + +

 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )( ) ( ) ( )

S t I t C t I t C t

S t I t C t I t C t

π µ µ µ σ δ

π µ σ δ

= − − − − −

= − + + − −
 

( ) ( )dN t
N t

dt
π µ= −                (6) 

We claim the following results 

Theorem 1. (Positivity) 

The solution set ( ), ,S I C of the sedentary epidemiological 

model system ( )1 3− with non-negative initial conditions (4), 

remains non-negative for all 0t > . 

Proof. Given that the initial conditions ( ) ( ) ( )0 , 0 , 0S I C

are non-negative. It is observed that from the first equation, we 

deduce that for all 0t > . 

( ) ( )( ) ( )dS
I t C t S t

dt
β α µ≥ − + +              (7) 

Let, ( ) ( )( )k I t C tβ α µ= + +  

Substituting in equation (7) to obtain 

( )dS
kS t

dt
≥ −                    (8) 

Integrating and solving equation (8) to obtain 

( ) 0

ln

Ckdt

kdt

S kdt C

S

S t S

−

−

≥ − +

≥

∴ ≥

∫

∫

∫
ℓ

ℓ

ℓ

                (9) 
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Hence, 

( ) ( ) ( )( )
0 0

I t C t dt
S t S

β α µ− + +
≥ ≥∫ℓ         (10) 

Where, 0S is the population of susceptible individuals at

0t = . Similarly, the remaining two equations are obtained 

that ( ) ( )0 , 0 0.I C ≥ Therefore, we establish that any solution 

of the sedentary model equation ( )1 3− is such that 

( ){ } 3, ,S I C R+∈  

Theorem 2. (Boundedness) 

All solution of model system ( )1 3−  is bounded and 

remain in the region NΩ . 

Where,  

( ) ( ) ( ) ( )( )3, , : 0N S I C R S t I t C t
π
µ+

 
Ω = ∈ ≤ + + ≤ 

 
 (11) 

Proof: From equation (5) the total human population. This 

implies that, 

dN dS dI dC

dt dt dt dt
= + +             (12) 

( ) ( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

dN t
I t C t I t C t S t

dt

S t I t S t I t C t S t

I t C t

π σ γ β α

µ β σ τ µ α
τ γ µ δ

= + + − + −

+ − + + +

+ − + +

   (13) 

On simplification, (13) becomes 

( ) ( )dN t
N t

dt
π µ= −              (14) 

By integration and simplifying 

( ) t
N t C

µπ
µ

−≤ + ℓ                (15) 

Which implies 

( ) tC N t µπ
µ

− 
= − 
 

ℓ                  (16) 

At 0t =  

( )0N C
π
µ

 
− ≤ 

 

                   (17) 

Therefore, from (15) 

( ) ( )0 1t t
N t N

µ µπ
µ

− −= + −ℓ ℓ          (18) 

Hence, ( )N t as t
π
µ

→ → ∞           (19) 

Thus, ( )limt N t
π
µ→∞ ≤           (20) 

And, ( )0 N t
π
µ

≤ ≤             (21) 

Then, 

( ) ( ) ( ) ( )( )3, , : 0N S I C R S t I t C t
π
µ+

 
Ω = ∈ ≤ + + ≤ 

 
 (22) 

This indicates that the population is biologically feasible into 

the region NΩ . Therefore, the solution of the model system 

( )1 3−  with the initial condition (4) is bounded in the invariant 

region, NΩ for all 0t > . Hence, the model is well posed. 

3. Optimal Control Analysis for the 

Sedentary Model 

3.1. Model Description 

Control measures are mechanisms put in place to prevent the 
occurrence or to eradicate the existence of a particular situation. 
Thus, we seek to address the impact of control measures that 
can be taken to reduce the risk of cardiovascular diseases that 
may arise from sedentary lifestyle. This is necessary in order to 

minimize or rather eradicate the new cases of CVD that may be 

borne due to a life of inactivity. It is pertinent to state here that 

the risk of CVD  does not majorly depend on sedentary 

lifestyle as highlighted from the body of text, but too much 
sitting and non-activity may contribute to developing new cases 

of CVD  as obtained from literature [10]. To check the impact 

of some control parameters on the rate of CVD , we 

incorporated three control measures on the lifestyle of a 
susceptible individual. The control measures are education or 

sensitization on how to reduce the chance of developing CVD  

( 1u ), living a healthy lifestyle that incorporates good nutrition, 

weight management ( 2u ) and getting plenty of physical activity 

( 3u ). These measures if properly implemented increase the 

chances of people not developing CVD  while also reducing 

the population of people already managing CVD . Thus, with 

these measures in place, more people remain healthy while the 
sedentary and cardiovascular classes are depleted. These 
measures are incorporated into the model to obtain the 
following system of ODE. 
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( ) ( ) ( ) ( ) ( )( ) ( ) ( )1 2 3(1 ) ( )( )
dS t

I t C t u I t C t S t S t u u I C
dt

π σ γ β α µ= + + − − + − + + +             (23) 

( ) ( ) ( ) ( ) ( )1 2 3(1 ) ( )
dI t

u I t S t I t u u I
dt

β σ τ µ= − − + + − +                         (24) 

( ) ( ) ( ) ( ) ( ) ( )1 2 3(1 ) ( )
dC t

u C t S t I t C t u u C
dt

α τ γ µ δ= − + − + + − +                    (25)

Thus, the objectives are to: (i) minimize the occurrence of 

new CVD  as a result of sedentary lifestyle through the above 

mentioned controls strategies, (ii) manage/reduce the 

population of CVD  patients using the aforementioned 

mechanisms of physical exercises in addition to the 

therapeutic treatments, and (iii) create proper awareness for 
the upcoming generation against the risk of sedentary lifestyle 
on their health. The objective functional together with the 
proposed optimal control problem for equations (23), (24) and 
(25) was derived as: 

0

2 2 2
1 2 3 1 2 1 1 2 2 3 3

1
( ( ), ( ), ( )) ( ) ( ) ( ) ( ) ( )

2

ft

t

J u t u t u t C S t C I t K u t K u t K u t dt
  = − − + +   ∫                  (26)

Subject to state variables ( ) ( ),S t I t  and ( )C t  as given 

in (23), (24) and (25) and ( ) ( ) ( )0 0 00 , 0 , 0S S I I C C= = = . 

Where ( )1C S t  denotes the benefits obtained from living a 

healthy lifestyle that incorporates good nutrition, weight 

management and getting plenty of physical activity, ( )2C I t  

represent the effect of education and sensitization about the 
danger of sedentary lifestyle on the people that are prone to 

such a lifestyle so that new case(s) CVD  can be avoided, 
2

i iK u are the systemic cost associated with each of the control 

measures. The constants 1 2 3, ,K K K denote the weighting 

constants attached to education, healthy lifestyle, regular 

physical exercises, weight management and good nutrition, 

1 2 3, ,u u u are the control variables which are bounded and 

Lebesque integrable (measurable functions that are defined on 

a fixed interval and satisfies ( )0 1,iu t≤ ≤ for 1, 2,3i = . 

The goal is to increase the awareness towards importance of 
the control measures so that more people will be engaged so 

that there will be no/fewer cases CVD  as a result of living a 

sedentary lifestyle. Hence, the optimal solution desired 

denoted as 1 2 3, ,u u u∗ ∗ ∗ maximizes the effectiveness of the 

control measures such that 

( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )( )1 2 3 1 1 1 1 1 1, , max , , : , ,uJ u t u t u t J u t u t u t u t u t u t∗ ∗ ∗ = ∈∪
 

And the set 

( ) ( ) ( ) ( ){ }1
1 2 3 0, , , 1fu t u t u t L t t= ∈ <∪ , 1, 2,3i = is the 

control set where ( )1
0 , fL t t denote Lebesque integral of the 

functional equation (26). The state system (23), (24) and (25) 
together with the objective functional (26) shall be used to 
analyze the optimal control of the model. 

3.2. Pontryagins’ Maximum Principle ( PMP ) 

We adopted the criteria for existence of optimal solution 
established by [12] as adopted and used by several authors 
including [9]. Pontryagins’ Maximum Principle ( PMP ) will 
be employed to determine the optimal control solution set for 

1 2,u u  and 3u  with their associated conditions. The PMP

changes (26), (23), (24) and (25) into a problem of minimizing 

pointwise a Hamiltonian H with respect to ( )1 2 3, ,u u u  

simply as: 

( ) ( ) ( )1 2 3, , , , , , , , , , , ,i i i iH S I C u u u f S I C u h S I C uλ λ= +  

Where ( ), , , if S I C u denotes the integrand in (31), iλ is the 

adjoint (Lagrange multiplier) and ( ), , , ih S I C u is the right 

hand side of the state system (28), (29) and (30). 

Thus, the desired Hamiltonian H or the objective 

functional was obtained as: 

( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( )( )
( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )

2 2 2
1 2 3 1 2 1 1 2 2 3 3

1 1 2 3

2 1 2 3

3 1 2 3

1
, , , , , ,

2

(1 ) ( )( )

(1 ) ( )

(1 ) ( )

iH S I C u u u C S t C I t K u K u K u

I t C t u I t C t S t S t u u I C

u I t S t I t u u I

u C t S t I t C t u u C

λ

λ π σ γ β α µ

λ β σ τ µ

λ α τ γ µ δ

 = − − + + +  

+ + − − + − + + + +

− − + + − + +

− + − + + − + 

             (27) 
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Having formed the Hamiltonian, we want to test for the 

optimal control set { }1 2 3, ,u u u∗ ∗ ∗  that minimizes the new 

cases of CVD  and the cost associated with ( )1 2 3, ,J u u u   

over the invariant region which can be obtained from: 

i. Optimality condition: 0
i

H

u

∂ =
∂

 for 1, 2, 3i =  

ii. Adjoint functions
i

i

d H

dt x

λ ∂= −
∂

 for 1, 2, 3i = with 

transversality condition that ( ) 0i ftλ =  where ix  represent 

equations corresponding to the state variables. 

Theorem 1: Suppose ( ) , 1, 2, 3iu t i
∗ = are optimal 

solutions together with the corresponding solutions 

, ,S I C∗ ∗ ∗ for problem (26), then there exist a piecewise 

differentiable adjoint variable ( )i tλ such that: 

( ) ( ) ( ) ( )
( )( ( ) ) ( )

( )( ( ) ) ( )

1
1 2 1 1 3 1 1 1

2
2 1 1 2 3 2 3 2 2

3
3 1 1 2 3 3

1 1

1

1

d
I u C u C

dt

d
S u u u C

dt

d
S u u u

dt

λ λ λ β λ λ α µλ

λ λ λ β σ λ λ τ µλ

λ λ λ α γ λ µ δ

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

= − − + − − + − 

= − − − + + + + − + − 



= − − − + + + + + 


               (28)

Proof: 
Recall the Hamiltonian H  in (27), it is sufficient to obtain the partial derivative of H  with respect to each of the state 

variables , ,S I C . Since the adjoint condition established by PMP is given as 
i

i

d H

dt x

λ ∂= −
∂

 for 1, 2, 3i = . Thus, 

1

2

3

d H

dt S

d H

dt I

d H

dt C

λ

λ

λ

∂= −
∂
∂= −
∂

∂= −
∂

 

Thus, 

( )( )( ) ( )( ) ( )( )( )1 1 1 2 1 3 11 1 1
H

C u I C I u C u
S

λ β α µ λ β λ α∂ = + − − + + + − + −
∂

               (29)

Applying the adjoint criteria on (29) at optimal solution to obtain 

( )( )( ) ( )( ) ( )( )( )
( )( )( ) ( )( )( )

1
1 1 1 2 1 3 1

1
1 2 1 1 3 1 1 1

1 1 1

1 1

d H
C u I C I u C u

dt S

d
I u C u C

dt

λ λ β α µ λ β λ α

λ λ λ β λ λ α µλ∗ ∗ ∗ ∗

∂ = − = − + − − + + + − + − ∂

= − − + − − + −


        (30) 

Similarly, obtaining the partial derivative of H with respect to I and C and applying the adjoint criteria as above to obtain: 

( ( ) ) ( )( ) ( )( )
( ) ( ( ) ) ( )( )

2
2 1 1 2 3 2 1 2 3 3

2
2 1 1 2 3 2 3 2 2

1 1

1

d H
C S u u u S u u u

dt I

d
S u u u C

dt

λ λ σ β λ β σ τ µ λ τ

λ λ λ β σ λ λ τ µλ

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∂ = − = − − + − − + + + − − − − − − + ∂

= − − − + + + + − + +


     (31) 

And 

( ( ) ) ( )( )
( )( ( ) ) ( )

3
1 1 2 3 3 1 2 3

3
3 1 1 2 3 3

1

1

d H
S u u u S u u u

dt C

d
S u u u

dt

λ λ γ α λ α γ δ µ

λ λ λ α γ µ δ λ

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∂ = − = − − − + + + − − − − − − ∂

= − − − + + + + +


           (32) 
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Thus, combining (30), (31) and (32) establishes the proof of the theorem. 

Theorem 2: There exist an optimal solution set { }1 2 3, ,u u u∗ ∗ ∗  that minimizes the functional ( )1 2 3, ,J u u u in the invariant 

region of solution and is given by: 

( ) ( )

( ) ( )

( ) ( )

1 2 1 3
1

1

1 2 1 3
2

2

1 2 1 3
3

3

max 0, min ,1

max 0, min ,1

max 0, min ,1

I S C S
u

K

I C
u

K

I C
u

K
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∗

  − + −  =   
    

  − + −  =   
    

  − + −  =   
      

Proof: 

By the application of PMP optimality condition on the 

Hamiltonian H  (partially differentiating H  with respect to 

each control variables), we have the following equations: 

( ) ( ) ( )

( ) ( )
1 1 1 2 3

1

1 2 1 3
1

1 1

0

H
K u I C S IS CS

u

IS CSH
u

u K

λ β α λ β λ α

λ λ β λ λ α

∂ = − + + + − + −
∂

− + −∂ = ⇒ =
∂

 (33) 

Similarly, 

( ) ( ) ( )2 2 1 2 3
2

H
K u I C I C

u
λ λ λ∂ = − + + + − + −

∂
 

And 

( ) ( ) ( )3 3 1 2 3
3

H
K u I C I C

u
λ λ λ∂ = − + + + − + −

∂
 

From where we obtained: 

( ) ( )

( ) ( )
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1 2 1 3
3

3

,
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u

K

and
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u
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λ λ λ λ

λ λ λ λ

− + −
= 




− + − =
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          (34) 

Combining equations (38) and (39) to obtain: 

( ) ( )

( ) ( )

( ) ( )

1 2 1 3
1

1

1 2 1 3
2

2

1 2 1 3
3
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IS CS
u

K

I C
u

K
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u
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λ λ λ λ

− + −
= 


− + − = 

− + −
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

      (35) 

Characterization for optimal control is computed on the set 

( ) ( ) ( ) ( ){ }1
1 2 3 0, , , 1fu t u t u t L t t= ∈ <∪  Such that at the 

optimal stage ( ){ }: : 0 1, 1, 2,3f f i ft t u t i
∗< < = . Thus by 

using control space property by Lenhart [9] each control 
equation in (35) becomes: 
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                    (37) 
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( ) ( )
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3

3 3

1 2 1 3

3
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K
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K
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∗
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 − + −
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
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
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                  (38) 

Each of equations (36), (37) and (38) can compactly be 

written as co-state equations at optimum condition and given 

as: 

( ) ( )

( ) ( )
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K
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λ λ λ λ
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∗

  − + −  =       
  − + −   =    

     


   − + −   =   
     

  (39) 

This complete the proof of theorem 2. 

The co-state equations in (39) showed that each control has 

relatively the same impact as obtained from their respective 

equations, however, the determining factor is the weighting 

constant iK (or the cost associated with obtaining maximum 

benefits from each control). 

4. Numerical Simulation for the Optimal 

Control Problem 

The control profile for the state variables, adjoint equations 
and the co-state equations were numerically simulated using 
Runge-Kutta order 4 method. The initial conditions used were 

( ) ( ) ( )0 100, 0 30, 0 15S I C= = = and the parameters value 

were either assumed or obtained from literature cited in this 
work. 

Table 2. Parameters and Estimated values for Sedentary Model. 

Parameter Description Value Source 

π  less sitting hours (<5 hours) 20 Assumed 

σ  sedentary individuals move to physical activity class 0.5 Assumed 

γ  CVD individuals move to physical activity class 0.2 Assumed 

τ  sedentary individuals move to CVD class 0.15 Assumed 

α  contact rate due to CVD 0.15 Assumed 

β  contact rate due to SB 0.75 Assumed 

µ  Natural death 0.2 [7] 

δ  CVD induced death 0.08 Assumed 

1 2 3, ,u u u  Control variables 0, 1 [6] 

 
The graphs for both control model and non-controlled 

model were plotted together under several circumstances and 

were given below: 

 

Figure 2. Compartment S (t) with and without control. 

 

Figure 3. Compartment I(t) with and without control. 



 Biomedical Statistics and Informatics 2020; 5(4): 87-99 95 
 

 

Figure 4. Compartment I(t) with and without control. 

 

Figure 5. Compartment S(t) with two controls, 1 0u = . 

 

Figure 6. Compartment I(t) with two controls, 1 0u = . 

 

Figure 7. Compartment C(t) with two controls, 1 0u = . 

 

Figure 8. Compartment S(t) with two controls, 2 0u = . 

 

Figure 9. Compartment I(t) with two controls, 2 0u = . 
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Figure 10. Compartment C(t) with two controls, 2 0u = . 

 

Figure 11. Compartment S(t) with two controls, 2 0u = . 

 

Figure 12. Compartment I (t) with two controls, 2 0u = . 

 

Figure 13. Compartment C(t) with two controls, 2 0u = . 

 

Figure 14. Compartment S(t) with one controls, 1 0u ≠ . 

 

Figure 15. Compartment I (t) with one controls, 1 0u ≠ . 
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Figure 16. Compartment C(t) with one controls, 1 0u ≠ . 

 

Figure 17. Compartment S (t) with one controls, 2 0u ≠ . 

 

Figure 18. Compartment I(t) with one controls, 2 0u ≠ . 

 

Figure 19. Compartment C(t) with one controls, 2 0u ≠ . 

 

Figure 20. Compartment S(t) with one controls, 2 0u ≠ . 

 

Figure 21. Compartment I(t) with one controls, 2 0u ≠ . 
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Figure 22. Compartment C(t) with one controls, 2 0u ≠ . 

5. Discussion 

Obviously, from Figure 2, without control measures ( )S t  

compartment reduces until an equilibrium position is obtained 
due to the fact that to meet up with the daily obligation from 
work, they neglect engaging in profitable physical activities 

that can lower the risk of CVD . Hence, more people emigrate 

from ( )S t compartment to ( )I t and subsequently to ( )C t as 

time goes on. With the control measures in place, more people 
tends to understand the need for such exercises and hence the 
compartment increases. 

Similarly, from Figure 3, without control the compartment 
increases which later reduces as people started to develop

CVD , while with control, downward trend is recorded. From 

Figure 4, without control, there is a risk of spike in CVD  

related to sedentary lifestyle as obtained from the graph while 

with control, cases of CVD reduces even among the ones that 

have it as a result of hereditary. 
In the following graphs, we want to test the efficacy of two 

of the controls while setting the remaining one to zero. From 
Figures 5 – 13, it can be observed that, the combination of 
control one with any other control gives a better result than 
any other combinations, hence it highlighted the impact of 

proper education to reduce the risk of new cases of CVD  

from sedentary lifestyle. 
In the next graphs, we want to set two control parameters 

to zero in order to know the control that have the highest 

impact from the model. Obviously, control 1 0u ≠
 

prove to 

be the control that yields a faster result. This is in no wise 
saying that other controls are not useful, but its reiterating 
the fact that so many people are quiet aware of importance 
of nutrition, weight management and others, but the 

correlation between a sedentary lifestyle and CVD  needs 

to be clarified to people. Hence, they need to be properly 
educated on the need to maintain a lifestyle of profitable 
physical exercise in order to reduce the risk of developing 

the CVD . 

6. Conclusion 

In this paper, a nonlinear deterministic model for optimal 

control of sedentary lifestyle in relation to cardiovascular disease 

is developed and analyzed. Some of the findings in the study are: 

i. the model investigate the links between sedentary 

behavior and the disease development and the result obtain 

shows that, if the sedentary behavior continues over a 

prolonged period evidence suggests it could transition to a 

pathological condition that leads to CVD  disease since 

chronic disease can take years to develop. 
ii. The model basic properties for Positivity and the 

Boundedness of solution are tested and were found to exist, 

non-negative for all 0t ≥ with non-negative initial conditions 

in, 3R+ . 

iii. The model was extended and optimal control problem 

is designed by applying Pontryagin Maximum Principle with 

three control strategies such like: education or sensitization, 

living a healthy lifestyles and plenty physical activity. 

Furthermore, the impact of using possible combinations of 

the three control interventions were investigated and 

analyzed. 
iv. Numerical simulations of the extended model shows that 

combination of control 1u with any other control gives better 

result than any other combinations. Therefore, it was assume 
to be the most suitable and effective strategy to reduce the risk 

of new cases of CVD  from sedentary lifestyle. 
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