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Abstract: In this paper, the existence of the solution of the parabolic partial fractional differential equation is studied and the
solution bound estimate which are used to prove the existence of the solution of the optimal control problem in a Banach space
is also studied, then apply the classical control theory to parabolic partial differential equation in a bounded domain with
boundary problem. An expansion formula for fractional derivative, optimal conditions and a new solution scheme is proposed.
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1. Introduction

In an optimal control problem, one adjusts control in a
dynamic system to achieve a goal. The underlying system
can have a variety of types of equations such as ordinary
differential equations (see [1], [2]), partial differential
equations [3], fractional differential equations (see [4], [5]
and [6]), stochastic differential equations (see [7], [8], [9] and
[10]) or Integra-partial differential equations.

Many processes in physics and engineering are described
by systems of equations in which derivatives of arbitrary
order appear (not necessarily integer). mention problems of
describing behavior of viscoelastic diffusion — wave
problems. As a matter of fact, if one wants to include
memory effects, i.e., the influence of the part on the behavior
of the system at present time one may use fractional
derivative to describe such an effect. In principle, there are
two different approaches to “fractionalization” of the
dynamic of a system (see [11], [12] and [13]). In the Fust
procedure, integer order derivatives are simply replaced by
derivatives of real order.

In the second approach, considered to be more
fundamental from the physical point of view,
Functionalization is made on the level of Hamilton’s

principle (see [14], [15] and [16]).

This approach, however, leads to differential equations of
the process involving both left and right fractional and partial
fractional derivatives, thus making the effective solution
procedure more difficult. For more results concerning
fractional calculus and variational principles with fractional
derivatives, (see [17], [18], [19] and [20]).

In this paper, considering systems of fractional partial
differential equation. denoting A (o, t), B(a, t),

71(t) and L(t) are controls. denoting u(x, t) as the state. The
state function u(x, t), satisfy the following partial differential
fractional equation:

oD? D u(x,H) = A(a, t) D(x, B) u(x,p) -

u 0%u (1
B((], t) E(x7 18) axat - A(O’, t)f(x’ ﬁ)ax_z
For (x,t) O Ry = {(x,t): x 0 8=0, 1]; 0<t<T},
A(a,t),B(a,t), Ex, 8),D(x, f)and
Fx, g)0O C' [0, 1] with conditions
au;O, t_ ). au(1,t)=ﬂ(t) ,
X ox
2)

u(x,0) = u,(x)
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Such that 7x(t), (), A (a, t) and B (Q, t) are called
control parameters.

Note that,
a _d 1 u(x,7)
O () ! G
And,
d 1 u(y,t)
oD u(x,t) = . - ,3)'[ (t—y)’g 4

The control variables and the state function affect the goal
which is called the objective functional.

T
s = 2 [ A0 + a0
0

+ W () + w ()] dt (5)

+ @, [u(x,T) -u® (x)] dx

1
2

S —

using k to expand the formula for the left fractional
derivative, then prove the existence of the control variables
and corresponding state that achieve the maximum (or
minimum) of our objective functional in Banach space. This
paper is organized in the following way. In section 2
introducing an expansion formula for fractional derivatives.
In section 3 studying the solution bounded estimates which
are used to show the existence of optimal control.

2. The Expansion Formulas for the Left
Fractional Derivative

The expansion formula for fractional derivative, without
reference to the distribution theory Let V,(g™) (see [21]),

n0N, denote the n-th moment of the function g®, where g®,
p O N is the p-th derivative of g, i.e.
t
Vag” (0= [ g” e 1" dr ©)

In the following procedure, it is assumed that u 0C* [0, b]
such that u, u” are continuous on [0, b] and u® OL'(0, b).
By partial integration in (3)

oD u(x,t) =

Uy (x) + up’ (ot

t

1 a2
e ! -1 u® (x,7) dt )

1
ra-a r2-a

where, 0 < t <b.

1)p r(p'y) Zp

By using the bino iglJ formula ©
r-npt 7 @®

(1+2) ="
oy

where, |z| <lI.

pO

Expression (8), holds also for z= 1 if and only if y> 1 and
z=-1,y# 0 if and only of y> 0 (see [22]).
Also it is well known that:

R4 Z-1,-2,....andp - o (9)

From (8), put (y=1 - a) the equation (7) becomes

oDIu(x,t) = ugl) (x)tl'a

u, (X)t° "’m

N

ra-a
M(p-1+a)

e J’ @ (x, T)Z [ F(@=Dp! ( J ]dr,

where, t > 0.

(10)

Integrate series in (10) term by term. Also, by using the
relation

t t
0 0
where p 1.

Using equation (10), and by using the equation (6) obtains,

OD? u(x,t) = u, (x) t™?

_
ra-a)

tl-a *

s 140 o) (.
re-a)& r@-np

Py @ x,0))

(11)

{-a
+

re-a
where, t > 0.

u® (xp),

By integrating by parts in (11) and rearranging the result,
obtains

-a

ra-a
{u(l) (x,t)

oD u(xH) = u(x,0)

1

+
rQ-ao
r(p—1+a)] -

[1 ' z Ma-D!p!

i Fp-t+a) (uxd , Vp
Ma-Dp-hr { e

p=2

(12)
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Where it is established from equation (6)

t

Vp = -(p- l)j 7™ g(x, 1) dr,
0

where, p = 2,3,...

Note that the moments I7p , p =2, 3,... are solutions to
the following system of differential equations.

p (x,0=-(p— 17 ulx ),
Vp (x,00=0,p=2,3, ...
Now the equation (12) become

oDT u(x,t) = A(a,t)u(x,t)

(13)
+ B(a,t) uV(x,t) = C(a.t)
Such that
a1 v _T(p-l+a)
Ada,t) =t Sy
(@) [F(a—l) p22 r(a—1)(p—1)z}
_ v Tp-1+a)|
Ban = [l * ; I_(a'—l)p!] re-a)

[

_ Mp-1+a)  Vp
C(a,t) - Z F(a’—l)(p—l)' tp—l+a

p=2

To keep on the functions B, A, C are continuous functions.
Must be using (13) with finite number of terms. (replace o
by N) and the equation (13) become

oDY u(x,t) = A(a,t) u(x,t)

(14)
+ B(a,)uV(x,t) — C(a.t)

Now

oD D7 ux, t) = A(a,t) ,DP ux,1t)
+B(a,t) ;D uV(x, 1)

Obviously;

oD D7 ux, t) = A(a,t)D (x, B)u(x, t)
Ou (x, t)

0x
+B(a,t)D (x, p)ulV

2
SB(@.0E (x B) % “F(x, P)

+A(a,)E (x,B)
(15)

Such that D, E, A, F 0 C' (0, 1)
Then,

oD% (D7 u(x, t)- A (a,t) D (x, B) u(x, t)

2
—B(a,t)E(x,B)%:

A@.)E (x B) g—;‘

+B(a,t) D (x, p)u’ -F(x, )

From equation (1) the equation (16) becomes

A(a,t)E (x, ) g_z +B(a,t) D (x, p)u'V

Such that;

N
D(X’B)_X_ﬁ[ 1 > T(P-1+p)

2
F (%, B)=A (a0 F(x, p) 22
ox

r(1-p) & T-1)P-1)

p=2

N

) rp-1+a) | x"°
E(x, B) [1+Z r(a-l)P!} I'2-a)

F(x

p=1

N

S Te-1+p) M,
D=2, T(E-1)(P-1)! PP

Where it is established from equation (6),

M,

|

=--D [y ew.0dy,  p=23..
0

(16)

(17)

Note that; IQIP is a solution to the following system of
differential equations

iMP (x,t) =P - 1) x"2 u(x,t),
Ox

(0,)=0,P=2,3,... M,

Now the equation (17) can be write on the form

ou
ot

Such that;

~ lo, O N (x, B) g—:

9%u
l(a,t) Z (x, ) —
00200 B) <

+ K&, B)H (a,t)
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-3
on-ep
_F&B) _
KD 5 MY pa
Suppose that

N, ) = % Z(xB)

Then

Ou

0 w
_ti ax (f ((X,t)Z(X, '3) an

+K x,B) H(a,t)

noting that the dynamic system in (1) replace to the
following class of linear parabolic partial differential
equations.

) a
E (Xz t)_ Ax (f (an t)Z(X’ B) ax]

+K(x, B H(a, )Ry

(18)

For (x,t) O Ry, {(x,): x 086=[0,1];0<t<T}
with condition

9 00— 0. 2 (1o
. 0,t)= ), o (1, )= u®

u(x,0)=1u0 (x)

Where K(x, B) are positive geometry parameters and the
controls H (a, t), ¢ (a, t), T(t) and W (t) represent the
diffusivity, interior and (Neumann) boundary controls. (see
[23], [24], [25] and [26])

3. Existence of Time Optimal Control for
a Class of Partial Fractional
Differential Equations

Consider the control system in (18) and the state function
u(x, t) affect the goal, which is called the objective functional

T
1
1 A B =2 Jo, PO+ g 10
0
+o, A’(a,t)+ oy BX(a, 1)

1 a, 2
+ 3 J-(ou ux, T)-u"(x)| dx
o

Now seeking to prove the existence of the control variable
and corresponding state that achieve the maximum (or
minimum) of our objective functional in Banach space.

Let the optimal controls A = (77, i , A, B)T as follows:

Let {yn}, {un}, {An}, and {Bn} be four minimizing
sequences, such that

lim J (7, . u, . A,.B,)= inf J(7u A B)
v,LA,B

n- oo

Assume that un = u (yn, pn, An, Bn) be corresponding a
solution of system (18)
This system existence and satisfies the bound estimate

| [|un|2 :

Ry

du,

ot

2
Ou
—n +

Ox

2
de dt £ M,

Where M2 is a constant independent of n (see [27] and
[28]). By the week convergence theory [29], can extract
weakly convergent sequences.

ou, du
- -, un
ot ot

- u,

(T, pn, An, Bn) - (70 W, A, B)

Weakly in L2 (0, T; (H2 (8))\), L2 (0, T; H2 (d)) and Loo
(0, T) respectively. Then the sequence {un} admits a
subsequence which converges strongly in (L2 (8)).

Therefore it possible to show the existence of the optimal
controls,

JQ) < inf Iun (x, T) dx
n " o
T
+infj.(coy 2 to, W+, A2 + oy Bﬁ) dt
" 0

< lim inf J(A))

n - o n

4. Conclusion

In this paper, explaining the formula for fractional
derivative, introducing a new solution scheme for the partial
fractional optimal control.

This paper is organized in the following way. In section 2
introduced an expansion formula for fractional derivatives. In
section 3 studied the existence of the solution of the parabolic
partial differential equation and studied the solution bounded
estimate of the optimal control problem in a Banach space.

5. New Research

We will work on deducing necessary conditions for a state
/ control / terminal time triplet to be optimal in stochastic
fractional optimal control problems, such that the dynamic
control system involves stochastic and fractional order



70

Mahmoud M. El-borai ef al.: Optimal Control of a Class of Parabolic Partial Fractional Differential Equation

derivative and the terminal time is free or constant. We will
do that by solving typical problems using these conditions.
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