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Abstract:

Chaos synchronization is a topic of great interest, due to its observation in a huge variety of phenomena of

different nature. We study synchronization of two chaotic oscillators in a Master- Slave configuration. The two dynamic
systems are coupled via a directed feedback that randomly switches among a finite set of given constant function at a
prescribed time rate. And we use Lyapunov stability theory. This paper discussed the using of lag synchronization approach,
and provided the equilibrium solutions of a new class of higher order parabolic partial differential equations to be applicable
for Lorenz chaotic system in order to minimize the dynamical error of large Lorenz chaotic system

Keywords: Higher Order Parabolic Partial Differential Equations, Lag Synchronization, Adaptive Technique,

Lorenz Chaotic System

1. Introduction

Chaotic systems provide a rich mechanism for signal
design and generation, with potential applications to
communications and signal processing, because chaotic
signals are typically broad band, noise like, and difficult to
predict they can be used in various contexts for masking in
formation bearing wave forms.

The early work on chaos synchronization was reported by
Pecora and Carroll [1], in the derive-response systems. Chaos
synchronizationis an interesting nonlinear phenomenon have
been attracted extremely attention due its possible
implementation in many workable engineering domains, and
dynamical systems. For examples secure connection [2],
information processing [3], and so on. There are many
reported schemes for chaos synchronization including non
linearfeed back approach [4, 5], adaptive technique [6], back
stepping method [7], impulsive control method [8], etc.

Recently different types of synchronization were studied
including: complete synchronization [9], generalized
synchronization [10], phase synchronization [11], lag
synchronization [12], dislocated synchronization [13]. In this
paper, we generalize some results about the Ilag
synchronization of Lorenz chaotic system with uncertain

parameters by considering higher order parabolic equations
as follows:

This work aims to minimize the synchronization error in
the dynamical systems by finding suitable controller, and
coefficients for these systems. See [14-16]

2. Parabolic synchronization

Consider the following chaotic system (1), and (2).

duq (x,t)

ot Z|q|<2Maq(x)Dq ul(x t) (1)

+afu,(x, t) — u(x, )]

Ju, (x,t) b q
- q()DTu,(x, t)
lgls2Mm
+[u1(x, t)uZ (x, t) - :BuZ (x, t)]
M Z €, (XD us(x, £)
lqls2Mm
+[0u, (x,£) —uy (x, uz (x, t) —uz(x, t)

Where:
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Ui (x,0) = 9; x),i =1,2,3

®1,P,,p; are bounded continuous functions on R™and
x = (x1,%3,....xX,) €R™ R"is the

n — dimensional Euclidean space,

g _ ph an n _ 9
D D" ...Dy", D; ox;

(@ = (q4, --,qy) is ann — dimensional
multi — index, || =q; + g2 + -+ qn

and ag, bq, ¢q are continuous bounded function defined on
R™ forallg < 2M.
It is assumed that the operators:

D a@Dbe, Y b, Y cg(x)D?
lgls2Mm lql=2Mm lgls2Mm
are strictly parabolic.. This means that:
D eyt z Sy, Y by 2 ol
lgl=2Mm |qls2Mm

Niglcam €q(x) ¥y? = 8ly|*M for all x € R™, where

Y = e ), Y12 = yE + o+ yF,

where § is a positive constant [17].
Let us consider the following second chaotic system:

4 t
Vg: 2= Yigle2m ag(X) DT vy (x, t) 2)

+as[vy(x, t) — vy (x, )] +wy (x, 1)

v, (x,t)

3% bq(x)D v, (x,t)

lqls2m
+v1 (x, v, (x, t) + B, (x, )] +wy (x, t)
au3a(: D Z C,(0)DTv3(x, 1) + +[65v, (x, )

lql= 2m
q_ v(x, t)vs(x, t) — va(x, t)]

+ws(x, t)

Where ag, Bg, and & of (2) are unknown coefficients, we
have:

u(x,0) = | G(xy,u(y)dy+
Rn

t
a f G1(%,y,t — 6) [y, 0)
0 RM
_ul (y; 0)]dyd9ﬁ

uy (x, t) =f G (x,y, ) uy(y) dy +
RTl

t
f Gy (x,7,t — 6) [us (v, )15 (v, 8) — By (y, 0)]dydo
0 JR"
uz(x,t) = | Gs(x,y,t)uz(y) dy +
Rn

[} [ Gs (2,9, = 0) [§uy (v, 6)-

u (v, Ouz(y,0) —uz(y, 6)]dydo

Where  G;(x,y,t),i =1,2,3,and G,,G,,G; is  the
fundamental solutions ofthe following problems: see [18-23]

aV; (x,t)
T = L;(x,t, D)V,
Where:  Li(x,t,D) = ¥ aq,(x)D?, L,(x,t,D) =
mY b,(x)D?,and

Ly(x,6,D) = ch(x)m

Let: ui (x,t) = [0 Gi(x,y,0)w;(y) dy
It is easy to see that:

u () =ui (0,0 + @ [ oo G (7,8 — ) u,(7,0) —
ul (y: 6) dyd@,
uy(x,t) =
w (X0 + fy fon Ga(xy,t — O (3,0) uy(y,0) —
Bu,(y,0)]dydo,

us(x, t) =
ui(x,t) +

@ f) fonG3(%,y,t — 0)[ Sy (,0) — 1, (3, 05 (v, 6) —
uz(y, 0)]dydo,

Now we have:

P8 _ 0 ety +a [ug(x ) g, 1)
T —atu1 X, a[u,(x, u,(x,

t
0
“ f f 576100y, £ = 0). [u(7,0) — u; (v,6) dyde
0 R

dup(xt) _ 0
FEEZ =" w3 (x, ) + [u (x, Dup(x,8) = Bu(x, 0] +

tr 9
f anGz(x,y,t—0)[u1(y,0)uz(y.9)

—Pu,(y,0)]dydo

dus(x, t) B 0

5% = aug( %6+ [§uy(x, t) — uy(x, ug(x, t)

—usz(x,t) +
t 0
ffgag(x,y,t—e)[aul(y,e)—
0 RM

—u; (y,0)uz(y,0) — uz(y, 0)] dydo.
Let:
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filx,t) = fo Lnal(x,y,t—e)fl(x,t) dxdt

L
fz(x,t)=f fnGz(x,y,t—H)fz(x,t)dxdt

L

—0)f5(x, t) dxdt

f3(x:t)= f G3(x!y't

o JR"

Now considering the following chaotic
Parabolic system (1), and (2) see [24-38]
dui(xt) _ dui(xt)

L =T+a[u2(x,t)—u1(x;t)]+

Af1(x,t)
at

a 8 ouy(x, a 8
20200 D 4 [y (3, 0 (2,6) — fup(x,0)] + 22D

ous(x,t) _ duz(x,t)
a ot
—uz(x, t) +

+ [0 u (x, t) — uqg (x, ug(x, t)

af3 (x' t)
ot

and

vy (x,t)  0vi(x,t)
5% = R + ag[v,(x, t) —v(x,t)]

d0g,(x,t
+_916(t ) by (x,0)

vy (x,t) 61;2( xt)

ot at + [vl(x t)VZ(x t) ﬁsvz(x t)]

a X,
% + WZ( X, t):
ovs(x,t)  odvi(x,t)
S = S 50 (0, 8) — v (7, O3 (7, 8)
ot at 00, 6.6)
x,t
- U3(x,t) + g?)T'i_ Wg(x,t)
Where:
JAC

t i}
5% afo RnaaGl(x,y,t—H).[uz(y,H)

—u;(y,60)] dyds,
ED [ e 0G,(x,y,t — 6)
[us (v, 0) uz (¥, 6) — Bu,(y,0)] dyds,
D — [ fan =06 (x,y,t = 6)

[Sul (y' 6)_u1 (y' 0)“'3 (yv 0)
— u3(y, 0)] dydo,

%9,
WED o[ [ Froiane=0).1:0.0)

- (y' 9)] dydea

2028 — [ [ Gy (2, ,t = 6)

[v1(y,0) v, (y,0) — Bs v2(y, 0)] dyds,
693(xt) f fRn % Gi(x,y,t —8)
[Ssvl (y' 0)_171 (y' 0)173 (y: 0)

— v3(y,0)] dyde.

Where as, B, andd; are unknown coefficients.
Let:

€1 (x' t) = Ul(x, t) - ul(xl t— T) (3)
e, (x,t) = vy(x,t) —

e, (x,t) = v3(x,t) — uz(x, t — 1)

uZ(xi t— T)

Where t > 0 is the time delay of the errors dynamical
system. Now the goal of the parameters identified, and lag
synchronization is to find an appropriate controller W (x, t),
and parameter adaptive laws of ag, 85, andd; such that the
synchronization errors

e;(x,t) >0, e;(x,t) > 0, es(x,t) > 0 4
as t — 0, and the unknown coefficients satifiy the conditions:
lim;, o as = a,lim;, o Bs = B,lim;, s = & (5)

Remark 1: When t > 0, the lag synchronization will
appears, when T <0, the anticipated synchronization will
appear. Generally complete synchronization will appear

when, 7 = 0.

Remark 2: For the anticipated synchronization, and
complete synchronization. The discussions
are similar to the method given in this paper.

3. Adaptive Lag Synchronization of
Lorenz Chaotic System

de,(x,t) B v (x,t)  ou(x,t—1)
a ot at

i} t ovi(x,t

1S )= vi(x )+asv2(x,t)—asv1(x,t)

ot P t( t)
g1(x,
— Tt wi(x0)
ou;(x,t—1) _0fi(x 1)

—au(x,t—1)+au(xt—1)

ot ot

a . a a
Desx) _ 960 | (,6) =ty (3, ) + 2250 4w (3,0)-

a t
auz(x,t—r)+au1(x,t—r)—%
darxt) _ —ael(“) + agv,(x,t) —agv(x, t) + —— agl(x Dy wy(x, t)-

at
auz(x t—r)+au1(x t—r)—avl(x t—1)+

a
avy(x, t)—%
. de;(x,t)
é;(x,t) = —r ae;(x, t)+asv,(x,t)
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(a5 — a)vy(x, t)+M +
wi(x,t) —au,(x,t— T)-%
dey(x,t)  0vp(x,t)  Ouy(x, t — 1)
at ot ot
an;Zc.t) avza(tx £) + v(x, v, (x,t) — Bvy(x, t) +

5}
D 4wy (x,0)-

—%— w(x,t—Du(x,t—1)+Bu(x,t—1) —
Af2(x.t)
at
de,(x,t)  de;(x,t)

Fram 5% + v,(x, )v,(x, t)
—Bsv,(x,t) +692(“) Fwy(x,t) —uy (x,t — Duy(x, t —
T) + Buy(x,t —1)
0f(x,t)
at

de,(x,t)  des(x,t)

Fyam 5t +v,(x, t)v,(x, t)
—Beva(x,6) 1225w, (x, )+ B 0y (%,8) = B v, (x,8)
U (xt—Du(x,t — 1) + Buy(x,t—1)—2—= afZ(“)

de,(x,t)  de;(x,t)
Fram 5% + v,(x, )v,(x, t)

—(Bs—PB)v,(x, 1) +%
+w,(x,t) — Bl (x, t)—uy(x,t — )] —uy (x,t —

Duy(x,t — 1) - 2L2ED

de;(x,t)

éz(x: t) = at

+v.(x, vy (x,t)

—(Bs—PB)vy (x, 1) +22228 4

ul(x,t—r)uz(x,t—r) —

twy(x,t) — fey(x,t) —
2f2(x.t)
at

des(x,t)  dvs(x,t)  Oduz(x,t—1)
ot ot at

des(x,t)  dvi(x,t)
at ot

+ 5,v.(x,t) —v(x,t)

a
v;(x,6) = v (2, )+ EED (1)
—%- Su(x, t —1)+u(x, t —Dug(x, t — o)+
daf3(xt)

us(x,t—1) — o

des(x,t) 0dei(x,t)
FT R + 6,v(x,t) —

—v3(x,t)

v (x, )vs(x, t)

+693 (x,t)
at

T+t us(x,t—1) —

+ws(x,t) +ou(x, t —

Afs(x,t)
at 8

) +u(xt—1us(x,t—
vi(x,t)+ ou(xt)+

des (x,t)
at

6e3(x t)

+ (6, — &) vi(x,t) v3(x, t)—
[vl(x,t) v3(x,t)[

393 (x t)

-v3(x, 1) = uz(x, 8) +=—=, 7=+ w3(x,t) -

—0f3(x,t)

—Su(xt—1)+ uz(x,t —7) — o

+ 6v(x,t)

é(x, 1) = 2520 —

es(x, t) + —==—

(65 = v (x,t) —
6g3(xt)

v1(x, t) v3(x, t) -
+ws(x,t) —Su (x,t—1)+
)—af3(“)+ v, (x,t)

u(x,t—1) u3(x,t

We have the error dynamical system.

de;(x,t)

él(x, t) = at

—ae (x, t)+a,v,(x,t)

-(ag — a)v,(x, t)+ag1(x By

wi(x,t) —au,(x,t

de;(x,t)

Jat

—(Bs— ) (x,1) +2220

) (©)

é(x,t) = + v (x, t)v,(x,t)

wy(x,t) — Be(x,t)

f,(x,t)

—u (x, t —Duy(x, t —1) — 5%

663(xt)

és;(x,t) =

es(x,t) +

+ (6 —6) v (x, t)— v (x,t) v3(x,t)-
a‘L73(M)+ ws(x,t) —du(x,t—7) +

w(x,t—t)uz(x,t—1) — af3(“) + Sv,(x,t)

It is clear that lag synchronization of system (1), and (2)
appears if the dynamical errors (6) have stable equilibrium
point, and converge to zero (e (x, t) = 0)

Where: e (x,t) = [e;(x, 1), e,(x,t), e5(x,£)]T

Then the following theorem was obtained:

Assuming that Lorenz chaotic system (2) take:

deq( xt)

7]
Wl( X, t) = — o sz( X, t) gl(: ,t) +a uz(x’ .
9f1(x,t)
) t at
de;(x,t) 005 (0)
wy(x,t) = — Za—t_ v (x, )v,(x, t)_Za_t
a
+uy (o, t — Duy(x, t — 1) + fza(;ct)
6 a
wz(x,t) = 83(Xt)+ v, (x, )v;( x, t)- gs(xt) )

+ou, (x, t — 1) —u (x, t — Dug(x, t — 1) + == amxr)

vy (x,t)

And parameter adaptive laws.
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as = vi(x,t))e (x,t) (3
Bs = v,(x,t))ex(x,t)
Ss = —v(x,t))es(x,t)

Both the systems (1, and (2) could realize lag
synchronization, and the unknown coefficients will be
identified, i. e. equations (4), and (5) will be achieved.

Proof:

Equation (6) can be converted to the following form under
the controller (7).

é;(x,t) = —ae(x,t)- (6s — 8) vi(x,t) )
€(x,t) = =B ey(x,t)—(Bs — B) vo(x,t)
é5(x,t) = —eg(x, )+ (65 —6) vi(x, t)

Consider A Lypanov function as:

— l 2 2 2
v > [ef (x,t) + ez (x,t)+ e5(x,t) +

(as—a)?+ (Bs—P)* + (85— 6)*]

It is clear that, V is a positive definite function. Taking its
time derivative along with the trajectories of equation (8),
and (9) leads to

V= e (x,t)e;(x,t) + ey(x,t)e,(x,t)es(x, t)e;(x, t) +
+(as — a)ds + (Bs—BIBs + (85— 8)8;]
V= e (xt)[—ae(xt) — (as— ) v,(x, )] + ey(x,t)
[—Bey(x,0) = (Bs — B) vo(x, )] +
es(x,t) [ —es(x,t) — (85— &) v (x,1)]

+ (as - a)
[vi(x,t) e (x, D] + (Bs = B)[v2(x, 1) e, (x, )] +
(65 — 8)[— v1(x, Dez(x, t))]

V=—ae?(xt)— Pe?(x,t) — e;?(x,t)
=-e'P, <0

Where P = diag {a, 1, 8}. It is clear that
V = 0 ifand only ife;(x,t) = 0,Vi=1,2,3
Namely the set:

e;(x,t) =0,e,(x,t) =0,e5(x,t) =0,

Q= as:a'ﬁszﬁ'5s=5

Is the largest invariant set contained in E = {v = 0}

From equation (9), so according to the La Salles

Invariance principle [39]. Starting with arbitrary initial
values of equation (9), the trajectory converges
asymptotically to the set Q, i.e.

e;(x,t) =0, e;(x,t) >0, es(x,t) > 0 as

(as = a, (Bs — B).and (&5 - 9)

Ast -

This indicates that the lag synchronization of Lorenz
chaotic system is achieved, and the unknown coefficients:

(as, Bs, 8s)
Can be successfully identified by using controller (7), and
the parameter adaptive law (8). (Comp [40—44]
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