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Abstract: This paper discussed some existence theorems for nonlinear functional integral equations in the space L1 of
Lebesgue integrable functions,by using the Darbo fixed point theorem associated with the Hausdorff measure of
noncompactness. Also, as an application, we discuss the existence of solutions for some nonlinear integral equations with

fractional order.
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1. Introduction

The subject of nonlinear integral equations considered as
an important branch of mathematics because it is used for
solving many problems such as physics, chemistry [4, 20].

In this paper we will use the technique of measures of
noncompactness and Darbo fixed point theorem to prove the
existence theorem for a nonlinear integral equation in the
spaces L'(R,). Also, as an application, we discuss the
existence of solutions for some nonlinear integral equations
with fractional order, which extends to some previous results
in literature [2].

2. Notation and Auxiliary Facts

Let R be the field of real numbers, R, be the interval [0,00)
and L}, be the space of Lebesgue integerable functions on a
measureable subset [0,00) of R, with the standard norm.

1,1, = [ X1
0

One of the most important operators studied in nonlinear
functional analysis is the so-called superposition operator [1].

Assume that a function f(t,x) = f:1 X R = R satisfies
Carath é odory conditions, i.e. it is measurable in t for
any x € R and continuous in x for almost all t € .

Then to every function x(t) being measurable on I, we

may assign the function

Fx)(@®) = f(t,x@®)),t € I.

The operator F in such a way is called the superposition
operator generated by the function f.

We have the following theorem due to Appell and
Zabrejko [1].

Theorem 2.1

The superposition operator F generated by the function
f maps continuously the space L!into L' if and only if
If(t,x)| <a,(t) +b|x|Vt €I and x € R, where a(t) €
L'and b = 0.

Next, we will mention a desired theorems concerning the
compactness in measure of a subset X

Of L*(R,) [2].

Theorem 2.2

Let X be a bounded subset of L'[0,) consisting of
functions which are almost everywhere nondecreasing (or
nonincreasing) on the interval [0,00). Then X is compact in
measure.

Furthermore, we recall few facts about the convolution
operator [19].

Letk € L'(R) be a given function. Then for any function
x € L1, the integral

(Kx)(t) = [, k(t— s)x(s) ds,

exists for almost every t € R,. Moreover, the function
(Kx)(t) belongs to the space L.
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Thus K is a linear operator which maps the space L
into L; and K is also bounded since

IKx| 1 ry < K|l 2y llx|l, for every x € LY; so, it will be
continuous.

Hence the norm ||K|| of the convolution operator is
majored by [|K |1 g)-

In the sequel, we have the following theorem due to Krzyz
[18].

Theorem 2.3

Assume that k(t,s) = k:R2 - R is measurable on R,
such that the integral operator,

(Kx)(®) = [, k(t,s)x(s)ds, t = 0,

maps L' into itself, then K transforms the set of
nonincreasing functions from L! into itself if and only if for
any A > 0, the following implication is true.

ty < t, > fOAk (ty,s)ds = fOAk (t;, s)ds.

In the case space L'(0,1) we will use the following
corollary

Corollary 2.1

Let k;: (0,1)? - R, be ameasurable function generated the
Fredholm operator K acting from L'(0,1) into L11(0,1), if
for every p € (0,1) and for all t;,t, € (0,1) the implication
holds,

ty <ty > L ki (tr,5)ds = [] k; (3, 5)ds.

Finally, we give a short note on measures of
noncompactness and fixed point theorem.

Let E be an arbitrary Banach space with ||. || and the zero
element 6.

Let also X be a nonempty and bounded subset of E and B,
be a closed ball in E centered at fand radius r.

The Hausdorff measure of noncompactness y(X) [3] is
defined as

x(X) = inf {r > 0:there exists a finite subset Y of E suchthatX c Y + B,}.

The De Blasi measure of weak noncompactness [2] is defined as

BOO = inf |

r > 0: there exists a weakly compact subset W of E such that}
X cW+B,

De Blasi measure can be expressed in the space L!(0,1) in a very useful formula, given by Appell and De Pascale [2]

B(X) = lirr(} {sup {sup U [x(t)|dt: D < (0,1),meas D < s]}}
€20 ( xex D

Another measure was defined in the space L, [2]. For any € > 0, let

c(X) = lim._o{supyex{sup [fD |x(t)|dt,D < R,,meas (D) < s]}},

and

dX) = TlLrg{sup lex(t)ldt,x € X]}
T

Where meas D denotes the lebesgue measure of sub set D.
put

y(X) = c(X) + d(X).

Then we have the following theorem [2], which connects
between the two measures

x(X) and y (X).

Theorem 2.4

Let X be a nonempty, bounded and compact in measure
subset of L*(R.), then

xX) <yX) < 2x(X).

In the case space L'(0,1) we have the following theorems
[2].

Theorem 2.5

Let X be abounded subset of L!'(0,1) and suppose that
there is a family of measurable subset {Q}o<c<meq 1> Of the
interval I such that measQ, = c for evrey c € [0, meas I]

And for every x € X: cx(t;) < x(t,), (t; € Q.. t; € Q)

Then the set X is compact in measure.

Theorem 2.6

Let X be an arbitrary nonempty and bounded subset of
L'(0,1). If X is compact in measure then B(x) = y (X).

As an application of measures of noncompactness, we
recall the fixed point theorem due to Darbo [5].

Theorem 2.7

Let Q be a non-empty, bounded, closed and convex subset
of E and let A: Q = Q be a continuous transformation which
is a contraction with respect to the measure of
noncompactness, ie there exist k € [0,1) such that
U(AX) < ku(X) for any nonempty subset X of, then A has
at least one fixed pointQ.

3. Existence Solutions in L'(R.)

Now we will discuss the solvability for the following
nonlinear integral equation

x(t) = g(©) + J, ks (t = $)fi(s, [ k2 (s, D f(z, x(1))dr)ds, t > 0 (1)

in the space L*(R,).
We shall treat equation (3.1) under the following
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assumptions which are listed below:

(i) g€L'(R,) , almost everywhere
nonincreasing in L*(R,).

(i) fi: Ry X R = R,i = 1,2 are nonincreasing functions on
R, with respect to t and x, satisfy

Caratheodory conditions and there are two functions
a; € L*(R,) and two Constants b; > 0,
such that

Ifi(t,x) | < a;(¢) + bylx| ,
filt,x) = 0,vx =0,i =1,2

(ii1) k;: Ry = R,i = 1,2 are measurable with respect to
tand s, K;: L' - L', and forallA > 0
and t,, t, € R,, the following condition is satisfied

positive and

for all t€R,,x €ER and

A A
L <t= f ki(ty — s)ds = f ki(t, —s)ds,i=1,2
0 0

Note that, from the assumption (iii) we deduce that the
operator K is bounded with norm ||K|.

(iv) by b [ Ky [l K2 |l < 1.

Then we can prove the following theorem

Theorem 3.1

Let the assumptions (i) — (iv) be satisfied, then the
equation (1) has at least one solution, x € L*(R,) being
almost everywhere non increasing on R

Proof

Consider the operator H

Hx(t) = g(t) +f ki(t — s)fl(s,f k,(s, T)fz(‘r,x(r))dr)ds

Then, the equation (3.1) takes the form

x(t) = Hx(t)

First, let x € L*(R,)
Then using our assumption (i)—(iii), we have

[Hx ()] < [g(O)] +

[ =916 [ kDA @)D ds
0 0

f Hx(D)] dt < [lgll + 1Ko Fy Ky Fox|
0

< llgll + 1K NIF Ko Fox|l

< llgll + ”I(lllf Ifl(S,f kz (s, ) f>(t, x(£))ds)| dt

< llgll + ”Klllf[al(s) +b1If ko (s, O)f>(, x(0))ds|] dt

< llgll + K. Nllay ]l + by f f ks (s, 0 (6, x(0)) ds Tde
0
0

< llgll + 1Kl

laxll + by lIK f [ax() + bzlx(t)l]l dt
0

< gl + K I[llasll + byl Tllaz Il + bollxNT] - (1)

From the last estimate, the space L! into itself using
theorem (2.1)

Moreover, using the estimate (1), we see that the operator
H transforms the ball B, into itself, where:

o gl + 1K lllas [l + by 1Ky 11K [l |
1 = by by [IKy [l K |l

Let Q,be subset of B, consisting of all functions being are

almost everywhere positive and non-increasing on R,.

Note that Q, is non-empty, bounded, closed, convex subset
of L}(R,).

Moreover, in view of Theorem (2.2) the set Q, is compact
in measure.

Next, by taking x € Q,.,

Then x(t) is almost everywhere positive and non-
decreasing on R, and consequently K;x(t) is also of the same
type (in virtue of the assumption (iii) and theorem (2.3))
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Further, the assumption (ii) permits us to deduce that, and F is continuous in view theorem (2.1), we conclude that
H maps continuously Q,- into Q,..

Finally, assume that X is non-empty subset of Q, and
€ > 0 is fixed, then for an arbitrary x € X and for a set
D c R,, meas D < €, we obtain

Hx(t) = g(t) + K F, K, F,x(t),

is almost everywhere positive and non-decreasing on R, , this
fact together with assertion H:B, — B,, gives that self-
mapping of the set @, since the Operator K is continuous

J

D

dsdt

[1m@1de = [ @+ [ k=916, [ kG 0hEx@)0
D 0 0

dt

[ e =965 [ Kot Do x@)drrds
0 0

s!|g<t)|dt+bf

Sflg(t)ldt+ff|k1(t—s) a,(s) + b, sz(s,r)fz(r,x(r) dt|]dsdt
D 0

D 0

OSS

< gy + f [ky(t — s)] [al(s) + b, f|k2(5,’[)| [ax (@) + b2|x(T)|]deSl dt
D 0

< ||9||L1(D) + ||K1||D||a1||L1(D) + blllKlllD”KZ||D”a2“L1(D) + bib, || K |Ip 1K p f [x(s)|ds
D

Where, K: L'(D) — L(D), since

timtsupl [ 19(©)de + 1K [ lay@lde + bl oKl [ la,@lde:
D D D

DcR, measD <€]}=0
Then, the last inequality gives

c(HX) < by b, || K|l K e (X) ()

Further, more fixing T > 0 we arrive at the following estimate

f Hx(0)lde < f lg@®lde + 1K, | f las©lde + bylIKy I l1K, 1o f laz (Ol dt + + by 1K, lIolIK, 1 f ()l dt
T T T T T
Since limy_,, T = o0, the above inequality gives
d(HX) < buby 1Ky lIplIKo 3)

Hence, combining (2) and (3) we get
Y(HX) < by b ||K: [ K, [y (X)

Where y denotes the measure of noncompactness, since @,is compact in measure, then by using Theorem (2.4) the last
inequality together with the assumption (iv), enable us to apply Theorem (2.7), which proves the existence of a fixed point for
the operator H in Q.. m

4. Nonlinear Integral Equations with Fractional Order

In this section we will discuss solvability for the following nonlinear integral equation with fractional order in L*(R,).

(t-s) (t=5)*~

x(t)=g() + fote_ ) 1fl(s, fosk(s, fy(t,x(x))dr) ds,t > 0 4)
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We shall treat equation (4.1) under the following assumptions which are listed below

(i) g € L*(R.), and almost everywhere positive and nondecreasing in L*(R,,).
(i) fi: Ry X R = R, i = 1,2 are nondecreasing functions on R, with respect to t and x satisfy Caratheodory conditions, there

are two functions a; € L'(R,) and two constants b; = 0 such that |f;(t,x)| < a;(t) + b;|x]|, for all t € R,,x € R and

fi(t,x) =0,Vx >0,i =12
(iii) k: Ry X R, — R, is a measurable with respect to t and s and K: L* - L* is bounded with norm ||K |

Note that, forall A > 0 and t,,t, € R, we have

4 A
tL <t,= f e—(t1—s)(t1 _ S)“_lds Zfe—(tl—s)(tz _ S)a_lds
0 0

(iv) bib,|IKIl <1

Then we can prove the following theorem,

Theorem 4.1

Let the assumptions (i)-(iv) are satisfied, then the equation (4.1) has at least one solution, x € L'(R,) being almost
everywhere non-decreasing on R,.

Proof

Consider the operator H:

b= _ yom S
Hx(t) = g(t) + f ¢ F((ta) $) 1f1(s,fk(s,r)fz(r,x(r))dr) ds,0<a<1,t>0
0 0

Then, the equation (4.1) takes the form
x(t) = Hx(t)

First, let x € L*(R,)
Then using our assumption (i)-(iii) we have,

—(t-s) (t _ S)o(—l

@1 <191 + ‘e TG [ ks Df(n ) | ds

[ee]

* (=5 (p _ -1 s
f|Hx(t)|dtsf|g(t)|dt+ff|e =) fl(s,fk(s,r)fz(r,x(r))dr)msdt

I'(a)

@ —(t=8) s+ _ \x—1 s
<t + [ [ 15— =G [ k0 x)dnldeas

<ligh+ [ 166 [ k.00 x@)dn)lds
s=0 0

< llgll + IF KRl

< llgh+ [ fas(s) + bl [ kG DA x@)Id0ds

< llgh+ llasll + b, [ [ 1k Do x(0) delds
00

< llgll + lall + by KN f, [az (@) + by |x(2)[]ds ]
< llgll + [llasll + b, [IK Tl az ]l + by llx]I] - ®)

From the last estimate we deduce that the operator H maps continuously, the space L! into itself using theorem (2.1).
Moreover, using the estimate (1), we see that the operator H transforms the ball B, into itself where:
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r= llgli+Mlasll+balIK|llaz ]
(1-b1b2|IKI))

Let Q, be subset of B, consisting of all functions being are almost everywhere positive and non-increasing on R,.

Note that Q,. is nonempty, bounded, closed, convex subset of L*(R,).

Moreover, in view of Theorem (2.2) the set Q, is compact in measure.

Next, by taking x € Q,, then x(t) is almost everywhere positive and non-increasing on L'(R,). and consequently Kx(t) is
also of the same type (in virtue of the assumption (iii) and Theorem (2.3).

Further, the assumption (ii) permits us to deduce that:

Hx(t) = g(t) + FKF,x(t)

Is also almost everywhere positive and non-decreasing on R, this fact together with assertion, H: B, — B, gives that self —
mapping of the set Q,.
Since the operator K is continuous and F is continuous in view theorem (2.1), we conclude that H mapps continuous @, into

Qr.
Note, that
_ E_(t_s)(f—s)a_l _ te_(t_s)(t—s)“_l
k() = =T (K@) = f; st x(s)ds
= [ T sy lasae
x|| = x(s)|ds
t=0Js=0 I'(a) |
= XS S
s=0Yt=s F(a) |
(o E_(t_s)(f—s)a_l
Let)=f_ —Fm — @ dt
(oo e—(t—s)(t_s)a—l _
S e G |d(t =1
Then

IKx]l = ["1x(s)| ds = [Ix]|, then [|K]| = 1
Finally, assume that X is nonempty subset of Q, and € > 0 is fixed, then for an arbitrary x € X and for a set D € R, meas
D < €, we obtain

t

—(t=S)(+ _ a-1 s
[1@1de = [ |g©+ [ =T fs. [ ks 0pmxm)in)| dsie
D D 0 0

b t=s)(p _ a1 o
< f|g(t)|dt+f fe F((ta) s) fl(s,fk(s,r)fz(r,x(r))dr)ds dt

D |o

s!lg(t)ldwfl) j:le_(t_s)r((ta; $)*

< llgllp + [llaall + blllkllf [a2(7) + bz |x(7)]]ds]
D

[a,(s) + by |dtds

f k(s,0)f> (T, x(r))dr
0

< llgllp + llall + by lIKlllazll + by b, |IK]| f |x(s)lds]]
D

Where K: L*(D) - L*(D), since
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timgsupl [ 1gOlde + [ 1a,@lde + +b,]IK1], [ lay@lde:
D D D

DcR, measD <€]}=0
Then, the above inequality gives

c(HX) < byb,|IK||c(X) (6)

Further, more fixing T > 0 we arrive at the following estimate

f|Hx(t)|dtsf |g(t>|dt+f|a1(t>|dt+b1||K||Df|az(t>|dt+ b1b2||K||Df|x(t)|dt
T T
T T T

Since limy_, T = oo, the above in quality gives
d(HX) < bib,IK|lp (7
Hence, combining (2) and (3) we get
Y(HX) < bib,|IK|ly(X)

Where y denotes the measure of noncompactness, since @, is compact in measure, then by using Theorem (2.4), The last
inequality together with the assumption (iv), enable us to apply Theorem (2.7), Which proves the existence of a fixed point for
the operator H in Q. m

In the same way, we will discuss the solvability of the nonlinear integral equation with fractional order

t(t-s)*"1

x(t) =9 + [,

fi(s, fosk(s, )f,(t,x(x))dr) ds, t € [0,1] 8)

in the space L'(0,1).

We shall treat the equation (4.2) under the following assumptions which are listed below

(i) g € L1(0,1), almost everywhere positive and nondecreasing in (0,1),

(i) f;: (0,1) X R = R,i = 1,2, are nondecreasing functions with respect to t and x, satisfy Caratheodory conditions and
there are two functions a; € L}(0,1) and two constants b; = 0 such that |f;(t, x)| < a;(t) + b;|x], for all t € (0,1),x € R and
filt,x) =0,vx=0,i =1,2

(iii) k: (0,1) x (0,1) = R,, is a measurable with respect to t and s and K: L' - L! (From assumption (iii), we see that K is
continuous and so it is bounded with norm ||K]|).

Also, for all A > 0 and t,, t, € (0,1), we have

A A
t, <ty > f(t1 —5)% s 2f(t2 —5)*ds
0 0

. byb; |IK||
(iv) ﬁ <1
Then we can prove the following theorem,
Theorem 4.2
Let the assumptions (i)-(iv) are satisfied, then the equation (4) has at least one solution, x € L'(0,1) being almost
everywhere non-decreasing on (0,1).
Proof

Consider the operator H

[ (t—s)e?

Hx(t)=g(t)+ W

fl(s,f k(s, ‘r)fz(r,x(‘r))d‘r) ds,o<a<1,te[01]

Then, the equation (4.2) takes the form
x(t) = Hx(t)

First, let x € L1[0,1]
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Then using our assumption (i)-(iii) we have,

(t—s)"
')

|[Hx ()] < g (©)] +f A~ fils, fk(s Dfa(r,x(0))dr) |d

0

1 1 1
lex(t)IdtS flg(t)ldt+ff|(t ;( )) £i(s fk(s Df, (7, x(x) )dr)|dsdt

1 1
< llgll + f f e f ks D (5,x(@)dD)ldeds

1 s
(1-5)* (s—s)°
=llgll + _f'r(a+1)_r(a+1)”fl(s’ofk(s’f)fZ(T’x(T))dT)'ds

<llgll + ﬁ( D

S=0

IfiGs, f k(s, D)f; (2, x(0))dD) | ds

1

<llgll + f e f ks, (1, (r))dn) ds

<ol + s f A6 f kG, DS (@ x@)dD)Ids
1
< llgll +I‘(a—+1)”F1KF2”
<lol+ g5 f [as(5) + by f K D@ x@)ldD]ds
1 s
< gl + ey el + by f f ks, Dfs (3@ drlds
1
< gl + gy Ml + Bul K el + bl = @)

From the last estimate we deduce that the operator H maps continuously, the space L! into itself using theorem (2.1).
Moreover, using the estimate (1), we see that the operator H transforms the ball B, into itself where:
IIgI|+F(a+1)[I|a1I|+b1I|K||Ilazll]

_bybalIKTl
a T'(a+1) )

Let Q,be subset of B, consisting of all functions being are almost everywhere positive and non-increasing on (0,1).

Note that Q, is nonempty, bounded, closed, convex subset of L' (0,1).

Moreover, in view of Theorem (2.5) the set Q, is compact in measure.

Next, by taking x € Q,, then x(t) is almost everywhere positive and nonincreasing on (0, 1) and consequently Kx(t) is also
of the same type (in virtue of the assumption (iii) and Theorem (2.1).

Further, the assumption (ii) permits us to deduce that the operator

t (t _ S)a—l

Hx(t) = g(t) + @)

F KF,x(t)ds

is also almost everywhere positive and nondecreasing on (0, 1), this fact together with assertion, H: B, — B, gives that self —
mapping of the set Q,.
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Since the operator K is continuous and F is continuous in view Theorem (2.1), we conclude that H mapps continuous Q,
into Q.
Note, that k(t,s) = &

I'(a)

Kx(t) = f“f 5) " x(s)ds then

1 t |t _ Sla—l
K|l = f f s (o) dsde
t=0Js=0 I'(a)

F(a 1) f'x(s)lds

_ |
K|l = F(a+1)

F inally, assume that X is nonempty subset of @, and € > 0 is fixed, then for an arbitrary x € X and for a set D < (0,1), meas
D < €, we obtain

(t—s)*"!

Dfl(Hx)(mdt:f g(t)+6[ o

D

fGs, f k(s, ) (7, 2(2))do) | dsdt

_ a-1
< flg(t)ldt+f f(t F(S)) fis, fk(s Of(1,x(0)d)ds| dt
D D |0

sf|g(t)|dt+f0 fl %

o Ul + blllK”f [a,(7) + b,|x(7)]ds]

[a;(s)+by dtds

f k(s,0)f, (1', x(r))d‘r ]

1 1 by b, ||
< S — R
< llgllo + oy sl + ey Pl llaall + 55 S +1)f| ()lds

Where K: L'(D) - L}(D), since

M(a+ 1) f lay(®)ldt + +5——=b[IKI], f|a2(t)|dt

lim( sup f lg(@®)lde +———— r( Y
D

D c(0,1),measD <€]}=0

Then the above inequality gives which the existence theorem of a nonlinear integral equation
with convolution kernel is proved in the space L*(R.). Also,
B(Hx(t)) < bib, |IKIl B(X) the same situation is proved for a nonlinear integral equation

" Tet+1) with fractional order in the spaces L'(R,) and L'[0,1].

Where f is the De Blasi measure of noncompactness:
Since @, is compact in measure, then by using Theorem ACkHOWledgment

(2.6), we can write the last inequality in the form We would like to thank the referees for their careful

b.b, | |K| | reading of the paper and their valuable comments.
X(HX) < ———=x(X)
F(a+1)
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