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Abstract: The Item Response Theory (IRT) evaluates the relationship between people’s ability and test items, and it includes
unidimensional and multidimensional models. One key assumption for the unidimensional IRT model is that only one dimension
of ability should be tested. However, since people’s abilities are latent, many datasets fitted with the unidimensional IRT model
reflect abilities from more than one dimension in fact. To identify the consequence of fitting the unidimensional IRT model on
correlated abilities, this research focuses on when the correlated abilities can be treated as a single ability, the possible pattern of
misfit, and if it is reduced by higher correlated abilities. In the research, the misfits are evaluated by applying unidimensional 2-
parameter logistic (2PL) IRT model while the datasets are simulated with items testing two different correlated. The
dimensionalities are examined with abilities correlated to different degrees, and the misfit of using the unidimensional IRT model
is tested by comparing the item difficulties and item discriminations from the fitted model and the true parameters. The results
show that when the correlation between abilities is higher than 0.95, the unidimensional model can be fit without bias. But for all
simulated datasets with correlated abilities below 0.95, the estimated item parameters using the unidimensional model are biased

and the biases are not reduced with increasing correlation if multiple factors are identified for abilities.
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1. Introduction
L1. The IRT Model

The Item Response Theory (IRT) models are used to
discover the relationship between one’s unobservable ability,
or latent traits, and the observed responses. In the IRT model,
the probability of the score one received given his/her ability
is a function of his/her ability, characteristic of items, and the
possible value for the score [1, 4, 15].

1.2. Dimensionality

IRT models can be classified as unidimensional and
multidimensional. In the unidimensional IRT model, people’s
ability, or latent trait, that brings to answer the test should be
unidimensional. This means the items are testing one single
skill or knowledge. However, in the multidimensional IRT
model (MIRT), there are multiple abilities have been
requested for answering the test. [11, 14] If each item reflects

only one ability, that is the between-item dimensionality
model. In contrast, if one item tests multiple abilities, then
there is a within-item dimensionality. [7]

The multidimensional IRT model is more complex than the
unidimensional IRT model, but in reality, abilities are usually
correlated, so the MIRT model fits most of the cases better.
Even though some tests are created to test just one single
ability, the truth might be that there is more than one ability
being tested.

1.3. Correlated Abilities

If the unidimensional IRT model is used, the estimate of
item characters and people’s latent traits will absolutely be
influenced by putting items and latent traits from different
dimensions on the same scale. [10, 13] However, if the
abilities tested are not correlated, then a test that has
between-item dimensionality could be separately evaluated
using the unidimensional IRT model. And another extreme
case would be that the abilities are highly correlated, then
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probably there is indeed only one latent trait measured. [2, 6,
10] The correlation between latent traits plays a big role in
fitting models. [3, 8]

When abilities are highly correlated, they can then be
treated as a single ability, but how high should the correlation
be? And if the unidimensional IRT model is fitted on the
items testing multiple abilities, we know that there is bias in
estimation, but what’s the possible pattern of the bias? Also,
would a higher correlation between abilities reduce this bias?
With these three questions, this paper focuses on the items
with between-item dimensionality and tries to figure out the
influence of the correlation between abilities on item
characteristic estimators.

2. Method

To examine the effect of correlation between abilities,
different data sets of response scores were simulated by
manipulating the correlation of abilities. There are 10 items
with 5 of them reflecting one ability and the other 5
reflecting another ability. So, a total of two dimensions are
examined. The unidimensional IRT model was then used to
estimate the item characteristics and then compared to the
original item parameters set to simulate the data. [5, 12]

3. Two-Parameter Logistic Model

There are different kinds of IRT models, and the one used
in this research is the Two-Parameter Logistic Model (2-PL
Model). It is called the 2-PL model because it uses two
characteristics of test items, including item difficulty and
item discrimination. [1, 15, 16]

3.1. Item Difficulty and Item Discrimination

In the unidimensional IRT model, item difficulty (d), which
is also the location of the item characteristic curve (ICC),
measures the difficulty level of an item, and it is measured
with the scale of latent trait (theta), which is similar with the
standard deviation and usually ranges from -3 to +3. The value
of difficulty corresponds to the latent trait level that is required
to get the item correct with a 50% chance; the smaller value
indicates the item is easier, and the bigger value indicates a
harder item. For example, if an item has a difficulty level of 2,
then people with 2 latent trait levels above the average would
have a 50 percent probability to answer the item correctly. The
item discrimination (a), the slope of the curve, indicates how
effective an item can be used to distinguish people among
different levels of the latent trait. Lower discrimination,
indicates a flatter slope, corresponding to the smaller change of
probability from a latent trait to another latent trait, while the
item with higher discrimination separates people into two parts
more effectively. [15, 16]

In the MIRT model, the two parameters are different from
the unidimensional model since the latent trait is now a
vector with multiple abilities (thetas) from different
dimensions. In the MIRT model, the ICC is a surface instead
of a curve. In this research, there are two abilities from

different dimensions, and thus each item has two slopes
corresponding to two dimensions. The item reflecting ability
1 would have higher item discrimination on dimension 1, and
a lower slope on dimension 2, which is reasonable as the item
would hardly discriminate against people on a latent trait if it
does not measure that latent trait. If al and a2 are two slope
parameters, then the multidimensional discrimination equals
the sum of two vectors. The d parameter in the MIRT model
is not the difficulty parameter, as it cannot indicate the
difficulty along. The negative d divided by a slope parameter
gives the difficulty level related to that specific dimension
and the multidimensional difficulty. [11]

3.2. Parameter Setting

In this research, the slopes have two vectors, al and a2,
which reflect the two dimensions. The slopes of items for the
dimension they reflected are around 1 and are close to 0 for the
other dimension. To make them look like real data, values
were pulled from normal distribution instead of fixing at 1 and
0. Item 1 to item 5 have higher slopes in al, and items 6 to 10
have higher slopes in a2. The d parameters were also drawn
from a normal distribution and are relatively close to the
center. To control the effect of pre-set parameters, the first five
slopes in the first column are the same as the last five in the
second column, the slopes close to 0 are the same for two
dimensions, and the d parameter for the first five items are also
the same as the rest five items’ parameter. The abilities were
set with mean of -.4 and .5, which are close to 0 but not fixed
at 0. The variance of theta 1 is 1.21 and the variance of theta 2
is 1.96. The covariance between thetas were set at 0.77, 0.924,
1.078, 1.232, 1.386, and 1.463 to indicate the correlation of
0.5, 0.6, 0.7, 0.8, 0.9 and 0.95. Five datasets with 5000
observations were simulated under each level of correlation.

4. Result

The two-factor model was first applied to each data to
check the dimensionality. All datasets with a correlation
below 0.95 have a simple structure of loadings with no cross-
loading under the 0.3 cut-off, and the loadings are in the
range from 0.38 to 0.7. However, for a correlation 0.95,
almost all the items are loaded on only one of the factors, and
the factor correlations given by the two-factor model are
below 0.3. This result shows that when the correlation
between abilities reaches 0.95, although the data were
generated under two different abilities, the two-factor model
is not suitable, which means there is no difference between
the two abilities, and thus they can be treated as one. [9]

Although the correlation between thetas was set at 0.5, 0.6,
0.7, 0.8, and 0.9, the factor correlations analyzed from the two-
factor model are slightly different. The correlations for simulated
data are relatively higher for levels 0.5, and 0.6, and they are
lower for levels 0.8 and 0.9. This could probably be limited by
the slope parameters. The differences between slopes for two
dimensions would affect the loading somehow. For the slope
parameters set in this research, there is obviously a gap between
the two dimensions, but the gap is only around 1. Thus, the
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correlation is unlikely to be as high as 0.9 or as low as 0.5.

The estimated item difficulties and discriminations are shown
in the table 1 to table 3 at the end of the paper. For the item
difficulty, items 1 to 5 have higher estimators compared to the
true multidimensional item difficulty, and items 6 to 10 have
lower estimators. While parameters and d parameters were
controlled for two sets of items, the result should be driven by
the distribution of thetas. As the mean of the second theta is 0.9
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latent trait level higher than the first theta, the ability that items 6
to 10 tested is generally higher than the ability tested by items 1
to 5. Thus, the difficulty of item 6 to 10 becomes easier while
item 1 to 5 becomes harder. However, back to the original
hypotheses of the research, compared to the multidimensional
item difficulties (B), there is not any pattern showing that
datasets from higher ability correlations have a better estimation
of item difficulty.

Table 1. Item Difficulty Table.

Cor (0) 0.5 0.6 0.7
Factor-

. 0.61 0.57 0.61 062 0.61 ave 071 0.69 0.7 0.65 0.68 ave 074 0.74 0.75 0.74 0.72 ave
corerlation
Item 1 -0.14 -0.18 -0.18 -0.19 -0.14 -0.17 -0.15 -0.13 -0.08 -0.1 -0.14 -0.12 -0.18 -0.1 -0.14 -0.16 -0.12 -0.14
Item 2 047 046 047 044 046 046 041 045 044 055 042 046 047 035 043 04 035 04
Item 3 023 0.17 021 019 0.19 02 0.16 0.18 0.14 021 0.17 0.17 0.14 0.19 021 0.17 0.11 0.17
Item 4 0.76 0.85 0.88 081 076 0.81 082 078 0.82 094 076 0.8 072 076 0.78 077 071 0.75
Item 5 -0.11 -0.1 -0.04 -0.07 -0.14 -0.09 -0.09 -0.06 -0.01 -0.11 -0.05 -0.06 -0.06 -0.11 -0.06 -0.07 -0.13 -0.08
Item 6 -0.76 -0.76 -0.72 -0.64 -0.66 -0.71 -0.66 -0.64 -0.67 -0.69 -0.68 -0.67 -0.73 -0.7 -0.66 -0.73 -0.67 -0.7
Item 7 -0.23 -0.27 -0.23 -0.22 -0.28 -0.25 -0.23 -0.24 -0.22 -0.22 -0.19 -0.22 -0.27 -0.24 -02 -0.27 -0.29 -0.25
Item 8 -0.5 -048 -047 -045 -049 -048 -047 -04 -04 -048 -047 -044 -046 -046 -045 -044 -048 -0.46
Item 9 -0.01 0.08 0.02 007 009 0.05 003 009 0.06 0.08 007 0.07 006 005 0.09 004 003 0.05
Item 10 -0.69 -0.68 -0.6 -0.57 -0.58 -0.62 -0.61 -0.59 -06 -06 -0.63 -0.61 -0.67 -0.6 -0.68 -0.63 -0.64 -0.65
0.8 0.9 .
0.77 0.78 0.78 0.77 0.84 ave 0.78 0.81 0.81 0.81 0.84 ave MDiff (B)
-0.1 -0.16 -0.16 -0.13 -0.11 -0.13 -0.13 -0.14 -0.08 -0.15 -0.13 -0.13 -0.5
0.39 0.41 0.4 0.42 0.38 0.4 0.4 0.39 0.45 0.38 0.37 0.4 0.12
0.15 0.13 0.12 0.14 0.12 0.13 0.14 0.16 0.18 0.13 0.12 0.15 -0.18
0.71 0.67 0.7 0.72 0.71 0.7 0.73 0.71 0.74 0.69 0.7 0.71 0.52
-0.1 -0.11 -0.11 -0.04 -0.12 -0.09 -0.09 -0.1 -0.05 -0.09 -0.12 -0.09 -0.43
-0.67 -0.65 -0.69 -0.64 -0.67 -0.66 -0.66 -0.65 -0.63 -0.67 -0.67 -0.66 -0.5
-0.24 -0.24 -0.28 -0.24 -0.26 -0.25 -0.25 -0.25 -0.2 -0.25 -0.24 -0.24 0.12
-0.48 -0.44 -0.49 -0.46 -0.42 -0.46 -0.46 -0.44 -0.41 -0.45 -0.45 -0.44 -0.18
0.04 0.04 0.02 0.02 0.06 0.04 0.04 0.06 0.11 0.01 0.02 0.05 0.52
-0.59 -0.59 -0.59 -0.57 -0.64 -0.6 -0.61 -0.6 -0.58 -0.6 -0.59 -0.59 -0.43

Table 2. Item Discrimination Table.

Cor (0) 0.5 0.6 0.7
Factor-

. 0.61 057 061 0.62 0.61 ave 071 0.69 0.7 065 068 ave 074 074 0.75 0.74 0.72 ave
corerlation
Item 1 1.14 105 1.07 1.02 109 107 119 114 125 104 119 116 1.08 122 127 13 121  1.22
Item 2 097 087 087 1.02 089 092 098 097 1.04 091 098 098 1 1.13  1.01 1.1 1.05 1.06
Item 3 .12 1.15 1.03 1.1 1.05 109 122 122 126 119 125 123 136 129 131 127 136 132
Item 4 0.87 079 088 084 0.89 085 093 093 092 087 097 092 104 099 091 08 1.02 0.96
Item 5 0.88 084 081 085 089 085 093 091 098 091 093 093 1.03 1.09 094 098 095 1
Item_6 141 148 155 165 169 155 177 177 156 1.55 1.61 165 1.64 151 163 166 1.7 1.63
Item 7 127 125 133 14 129 131 136 134 128 141 131 134 139 123 143 134 135 135
Item 8 .71 167 169 176 171 171 173 1.8 1.86 181 165 177 168 1.71 175 185 1.67 1.73
Item 9 1.14 104 116 114 118 1.13 126 12 122 104 124 119 112 111 119 127 12 1.18
Item 10 121 121 124 132 136 127 13 126 126 142 121 129 124 122 124 134 128 126
0.8 0.9 .
0.77 0.78 0.78 0.77 0.84 ave 0.78 0.81 0.81 0.81 0.84 ave MDisc (4)
1.23 1.31 1.27 1.26 1.33 1.28 1.33 1.37 1.34 1.32 1.37 1.35 1.23
1.07 1.09 1.06 1.08 1.16 1.09 1.17 1.17 1.17 1.11 1.1 1.14 1
1.29 1.45 1.33 1.26 1.53 1.37 141 1.47 1.48 1.46 143 1.45 1.34
0.95 1.01 1.02 0.95 1 0.99 0.99 1.02 1.04 1.05 0.99 1.02 0.87
0.98 1.06 1.01 1.03 0.99 1.01 1.05 1.12 1.03 1.07 1.02 1.06 0.92
1.67 1.73 1.8 1.69 1.76 1.73 1.79 1.81 1.77 1.77 1.84 1.8 1.23
1.34 1.44 1.35 1.32 1.34 1.36 1.38 1.45 1.46 1.33 1.43 1.41 1
1.83 1.76 1.82 1.73 1.91 1.81 1.85 1.8 1.87 1.79 1.87 1.84 1.34
1.13 1.14 1.21 1.2 1.33 1.2 1.2 1.22 1.25 1.25 1.28 1.24 0.87
1.3 1.36 1.35 1.38 1.4 1.36 1.3 1.46 1.32 1.27 1.36 1.34 0.92
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Table 3. True-Parameter Table.
al a2 d A B
Item 1 1.22 0.12 0.61 1.23 -0.50
Item 2 0.99 0.10 -0.12 1.00 0.12
Item 3 1.34 0.12 0.24 1.34 -0.18
Item 4 0.86 0.10 -0.45 0.87 0.52
Item 5 091 0.11 0.40 0.92 -0.43
Item 6 0.12 1.22 0.61 1.23 -0.50
Item 7 0.10 0.99 -0.12 1.00 0.12
Item 8 0.12 1.34 0.24 1.34 -0.18
Item 9 0.10 0.86 -0.45 0.87 0.52
Item 10 0.11 091 0.40 0.92 -0.43

The estimated item discrimination, on the other hand,
shows a pattern of decreasing accuracy as the correlation
between ability becomes higher, which proves the opposite
side of the hypothesis. The item discrimination estimators are
closer to the true parameters for items 1 to 5 and are inflated
for items 6 to 10. These might be caused by the higher
variance of theta in the second dimension. While there is an
increasing pattern of estimated discrimination, the estimated
parameters for datasets with ability correlation around 0.6
and 0.7 are more accurate than the datasets from other
correlation levels. When the abilities are correlated closer, the
item discrimination from different dimensions may tend to
point in the same direction. Thus, the sum of the two slope
parameters, which shows the maximum ability of
discrimination, will become higher and higher, since to
transform a square into a rhombus, the diagonal becomes
longer even if the sides do not change.

5. Conclusion

Therefore, as long as there are multiple factors identified,
the estimated item difficulty in the unidimensional model
would be biased, and the bias would not be affected by a
closer correlation between factors. The item discrimination
estimator will be affected by the correlation, but it is not
true that the bias is reduced with increasing correlation. For
the setting of true parameters in this research, a correlation
around 0.6 to 0.7 would be optimal for the smallest bias of
item discrimination. Also, the correlation of about 0.95 or
above between two abilities shows no difference from a
single ability. However, an optimal correlation for the
smallest bias of item discrimination and for treating
multiple abilities as one would only be applied to this
specific case, as there is a limitation from the pre-set
parameters. Therefore, the optimal values are different if
the a-parameters changed.

In general, factor analysis is required to check if the ability
tested is unidimensional. If there are multidimensional
abilities, then they're always a bias of estimating people's
latent traits using the inaccurate item characteristics. Even
though the bias of item discrimination might be small for an
optimal correlation between multiple abilities, without
knowing the true distributions of abilities, it is hard to predict
or measure the bias.
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