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Abstract: It is considered the possibility of determining the density of states of the two-dimensional electron gas as a 

function of total concentration ns on the basis of some experimental data. For this purpose it is used the known value of the 

effective mass at the Fermi level from the cyclotron resonance measurements and the number of quantized levels located below 

the Fermi level from the measurements of the Shubnikov-de Haas. The obtained density of states is compared with model 

calculation that takes into account the non-parabolic conduction band. The experimental data and model calculations 

correspond to the hetero structured quantum well InAs/AlSb with width of 15nm. 
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1. Introduction 

In recent years, much attention is paid to the study of the 

properties of two-dimensional electron gas in a 

semiconductor hetero structure quantum well (QW). These 

structures appear to be quite promising for solid-state 

electronics. Spatial quantized energy levels of carriers in the 

QW leads to a significant change in their dispersion form and 

therefore the density of states (DOS) of gas as a function of 

energy. In the two-dimensional gas of free electron DOS is 

changing abruptly by energy [1]. 

Hetero structures on the basis of InAs semiconductors 

have been intensively studied recently [2-4]. Those 

semiconductors are characterized by a strong nonparabolicity 

of their conduction bands. However, only undoped hetero 

structures with two-dimensional (2D) electron concentrations 

up to 10
12 

cm
−2

 were examined in these works, i.e. electron 

concentration there was small. Nevertheless, the occupation 

by the electrons of more than one subbands in the selectively-

doped InAs/AlSb QW is experimentally possible [5]. 

Currently, there are several experimental methods for DOS 

studying of 2D electrons in the QW. Methods of DOS 

studying of 2D electron gas in a transverse magnetic field are 

described in [6]. In work [7] it was studied the possibility of 

finding the electron DOS in the QW and the ensembles of 

quantum dots in the hetero structures of the current-voltage 

characteristics. 

In this paper is considered the definition of the DOS at the 

Fermi level in the 2D electron gas as a function of total 

concentration sn . This requires the value of the transport 

effective mass at the Fermi level ( )c Fm E  and the number of 

quantized levels M  lying below the Fermi level. The 

effective mass ( )c Fm E  can be determined from 

measurements of cyclotron resonance (CR), and the value M

-from the measurements of the Shubnikov-de-Haas (ShdH) 

[5]. The total concentration of 2D electron gas sn  can be 

determined from Hall measurements. 

2. Determination of the DOS at the 

Fermi Level 

Let’s consider the degenerate ideal Fermi gas with the 

spectrum kε . The broadening of levels due to irregularities 

will not be considered. The dependence of the DOS on the 

energy can be written as 
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( ) 2 ( )k

k

E Eρ δ ε= −∑                          (1) 

For an electron gas in the QW summation on zk  will be 

replaced by a summation over the quantum levels and 

integration on xk  and yk . Using properties of δ -function 

for DOS of 2D electron gas from (1) can be obtained 

following expression 
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Here, i-subband index, ( )xθ -step function, (0)nE -

quantized levels electron energy in the QW. The values 
2 /dk dE  and (0)iE  can be determined by solving the 

quantum mechanical problem of a single electron in the QW 

with allowance for the non-parabolic of band structure of 

InAs/AlSb. On the other hand, the value 2 /dk dE  is 

associated with transport mass according to the expression 
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In case FE E= , from (2) and (3) follows 
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From investigations [5, 8-11] follows, that in the QW 

hetero structure based on narrow-gap semiconductors as the 

InAs/AlSb or InAsSb/AlSb transport effective mass of an 

electron in the QW ( )c Fm E  strongly depends Fermi energy, 

however, on the Fermi level, it is weakly dependent on the 

number of subband i. Only under this condition, formula (4) 

can be written as 

0
0

( )
( ) c F

s F

m E
E M

m
ρ ρ≈                          (5) 

where ( )
1

(0)i

i

M E Eθ
∞

=

= −∑  is the number of quantized levels 

lying below the Fermi level, 0m -the free electron mass. 

Table 1. Concentration dependence of the effective mass [5]: InAs/AlSb. 

№ ns, 1012cm-2 M mc/m0 ρρρρs, 1012eV-1cm-2 

1 0.27(pc) 1 0.030 12.39 

2 0.63(pc) 1 0.034 14.04 

3 0.67(pc) 1 0.035 14.46 

4 0.82(pc) 1 0.036 14.87 

5 2.4(h) 2 0.043 35.52 

6 3.2(h) 2 0.043 35.52 

7 4.3(h) 2 0.046 38.00 

8 8.3(h) 3 0.057 70.62 

pc–from oscillations of submillimeter photoconductivity 

h-from the Hall effect measurements. 

Table 1 shows the parameters of the electron gas in the 

undoped (1-4) and selectively doped (5-8) samples from the 

experiment [5]. The value M  can be determined by the 

presence of non-zero concentration of electrons in the 

subbands ( )i
sn , i=1,2,3..., from measurements [5]. The last 

column of Table 1 shows the values of DOS calculated using 

the formula (5). 

3. Simplified Model of the Spectrum and 

the Calculation of the DOS 

Simulated structure is represented as a rectangular QW 

with width L (area A-InAs), concluded between the potential 

barrier with height V (area B-AlAs). The energy is measured 

from the bottom of the band of bulk InAs. In the single-band 

approximation the solution of three-dimensional Schrödinger 

equation leads to dispersion ( , )E k i  [11] 
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Here, 2 2
/ 2ℏA AE E k m= − , 2 2

/ 2ℏB BE E k m= − , 

2 2
0 / 2ℏ AE m L= ,

2 2 2
x yk k k= + , ( / )( ) /A B B Am m V E Eη = − , 

, A Bm -energy-dependent effective mass of the electrons in 

the material A or B. In this work the non-parabolicity of the 

conduction band is described with simplified Kane model 
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Here, gAE  and gBE -the forbidden bands InAs and AlSb 

respectively. To further simplify rewrite the dispersion 

equation (6) in the form 

2
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In case 0k = from (8) can be obtained the equation for 

determining the quantized energy levels (the bottom of the i-

th subband) (0, )iE E i=  

2
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where ( )0 ( ) / ( ) ( ) /A i B i i im E m E V E Eη = − . Numerical tests 

have shown that when k  changes the second term on the 

right side (8), varies much more slowly than the first. If 
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neglect this weak dependence and take its value at the point

0k = , then from (9) can be obtained the following 

approximation 
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The values iE  is calculated from equations (9) for the 

given parameters of materials. For InAs/AlSb QW it is 

possible will check up graphically (see below), that the 

approximation (10) accurately describes the solution of the 

original equation (8) in a wide range of values of L. 

Taking into account (10) for the transport mass (3) can be 

obtained the following formula (here in after assumed

FE E= ) 
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For the DOS at the Fermi level from (2) follows the 

formula 
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It can be shown [11] that, for dispersion (10) the total 2D 

electron concentrations sn  can be written as 
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The system of equations (12) and (13) allows finding the 

DOS depending from the total concentration ( )s snρ , and the 

system of equations (11) and (13) allows finding the 

depending of effective mass at the Fermi level from the 

concentration ( )c sm n . In the limit gAE → ∞  from the 

relations (11), (12) and (13) follows a formula for the 

parabolic bands. 

4. Numerical Results and Discussion 

First, from the equation (9) it is necessary define the 

values of the quantized energy levels. In calculations used the 

following parameters of materials InAs and AlSb: value of 

band gap gE , the effective mass m(0)  and conduction band 

jump V . The values of these parameters are given in Table 2. 

Table 2. The parameters of InAs/AlSb QW. 

 InAs(A) AlSb(B) 

Eg, eV 0.42 2.37 

m(0)/m0 0.023 0.11 

V(z), eV 0 1.35 

For QW width L=15nm, can be found following 

eigenvalues: E1=0.0459eV, E2=0.156eV, E3=0.295eV, and for 

L=6nm can be found: E1=0.165eV, E2=0.492eV, E3=0.853eV. 

Now it is possible the comparison of subband dispersion, 

obtained by the equation (8) and by the approximation (10). 

Graphical comparisons are shown in Figure 1a, b for the 

width of the QWs 6nm and 15nm. The solid lines are derived 

from (8) and dashed are from the approximation (10). The 

graphic shows that the approximation (10) is quite exact in a 

wide range of values of L. 

 

 

Figure 1. The dispersion of the first three subband for InAs/AlSb QW: a) 

L=6nm b) L=15nm. 

Now, solving the system of equations (12) and (13) can be 

constructed a dependence of DOS from the total 

concentration: ( )s snρ . This dependence is shown in Figure 

2. In this figure of a dashed line it also shown the dependence

( )s snρ , obtained in a parabolic approximation gAE → ∞ . 

DOS values determined from experiment (see Table 1) are 

represented by triangular symbols. 

It is can see from Figure 2, on the DOS calculation taking 

into account of nonparabolicity is important. With increasing 

concentration within each subband the DOS varies linearly, it 

increases also the value of the jump. DOS jump occurs at 

critical concentrations nc2, nc3, when the Fermi level crosses 
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the bottom of the next subbands. Their value can be 

estimated from (13) assuming EF=Ei. For example, when 

L=15nm, it is: nc2(EF=E2)≈1.55·1012cm-2, 

nc3(EF=E3)≈7·1012cm-2. According to the experiment [5] 

filling the second subbands it begins at the critical 

concentration 12 -2
2 2( ) 1.2 10 cmc Fn E E= = × . Since in 

nonparabolic band the effective mass (and therefore DOS) is 

more than the parabolic case, the values of the critical 

concentrations nc2, nc3... also turns out more. 

 

Figure 2. DOS dependence of electron gas from the total 2D concentration 

found from system of equations (12) and (13) for InAs/AlSb QW by 

comparing the experimental data (see Table 1). 

5. Conclusion 

It is necessary will note, that the formula (5) is correct 

under condition, when ( )c Fm E  independent on the number 

of subbands i, strictly speaking. This condition is well carried 

out for InAs/AlSb QW [5, 11]. 

In this paper, the DOS of 2D electron gas was determined 

on the basis of experimental values of the effective mass at 

the Fermi level. It took the number of quantized levels lying 

below the Fermi level. Obtained on the basis of such data, the 

concentration dependence of the DOS is in good agreement 

with the model calculation of the DOS, as one can clearly see 

from Figure 2. 

On the basis of a simple Kane model (7), a transcendental 

equation for subband dispersion (8) is given to a simpler 

form (10). Using this approximation, it was obtained simple 

relations (11), (12), (13) to calculate the concentration 

dependence of the DOS of 2D electron gas. 

Regardless of proximity, obtained relations (11), (12), 

(13) are also useful in the study of the other equilibrium 

characteristics of the 2D electron gas in the QW hetero 

structure on the bases of semiconductor group 3 5A B . 
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