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Abstract: In this article, we have proposed a reliable combination of Elzaki transform and homotopy perturbation method
(ETHPM) to solve Nonlinear Fractional Heat -Like Equations. The nonlinear terms in the equations can be handled by using
homotopy perturbation method (HPM). This methods is very powerful and efficient techniques for solving different kinds of
linear and nonlinear fractional differential equations. The results reveal that the combination of ELzaki transform and
homotopy perturbation method (ETHPM) ismore efficient and easier to handle when is compared with existing other methods

in such PDEs.
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I. Introduction

Nowadays there is increasing attention paid to fractional
differential equations [1-3] and their applications in different
research areas. Fractional differential equations (FDESs)
consist of a Fractional differential with specified value of the
unknown function. And represent an important tool in
technology, science and economics and engineering
applications included population models, control engineering
electrical network analysis, gravity, medicine, etc, [9-15]. In
the resent years, many researchers mainly had paid attention
to studying the solution of nonlinear fractional partial
differential equations by using various methods. Among
these are the Variational Iteration Method (VIM) [27-28],
Adomian Decomposition Method (ADM) [16-17], projected
differential transform method [25], and the Differential
Transform Method (ADM) [26], are the most popular ones
that are used to solve differential and integral equations of
integer and fractional order. The Homotopy Perturbation
Method (HPM) [4-6] is a universal approach which can be
used to solve both fractional ordinary differential equations
FODEs as well as fractional partial differential equations
FPDEs. This method, was originally proposed by He [7, §].
The HPM is a coupling of homotopy and the perturbation
method. Recently, Tarig M. Elzaki and Sailh M. Elzaki in

[18-24], showed Elzaki transform, was applied to partial
differential equations, ordinary differential equations, system
of ordinary and partial differential equations and integral
equations. Elzaki transform is a powerful tool for solving
some differential equations which cannot solve by Sumudu
transform. In this article, we use Elzaki transform and
homotopy perturbation method together to solve Nonlinear
Fractional Heat - Like Equations.

2. Basic Definitions and Notations of the
Fractional Calculus

In this section, some definitions and properties of the
fractional calculus that will be used in this work are
presented.

Definition 1:

The Gamma function is intrinsically tied in fractional
calculus. The simplest interpretation of the gamma function
is simply the generalization of the fraction for all real
numbers. The definition of the gamma function is given by:

P = [, et t*tdt,u >0 (1)

Definition 2:
A real functionf (x),x > 0, is said to be in the space C,,
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u € Rif there exists a real number p > u, such that f(x) =
xPh(x), whereh(x) € [0,0) and it is said to be in space CJ*
if f™ € C,,meN.

Definition 3:

The Riemann-Liouville fractional integral operator of
order ¢ > 0, of a function f € C,,, u = —1, is defined as

Jf @) = o fy G =
@) = £(x)

Some Properties of the operator:
ForfeCp,p=-1,af=0andy > -1

JoJBf(x) = Jo+EBf (x)

Dl f()dt,a > 0,x >0 ()

JEJEf(x) = JF]*f (%) A3)
ey T+
]xy_l"(a+y+1) !

Lemma 1:
If m-—1<a<mmeN and fE€C, , p=-1 then

D?J*f(x) = f(x) and,
JUD§f(x) = f(x) = Zig f* (0)— x>0 (4)

Definition 3: (Partial Derivatives of Fractional order)
Assume now that f(x) is a function of nvariables x;,i =
1,..,nalso of class C onD € R,,. As an extension of

definition 2 we define partial derivative of order afor f(x)
respect tox;

ady f =

J'a =t ogf ()], e (9

Fﬁn a)”0

If it exists, wheredg, is the usual partial derivative of
integer order m.

3. Fundamental Facts of the Elzaki
Transformation Method

A new transform called the Elzaki transform defined for
function of exponential order we consider functions in the set
A, defined by:

1el

A= {f(t):3 M, ki, ky > 0,|f(t)] < Me",ift € (—1)) x [0,00) (6)

For a given function in the set, the constant M must be
finite number, k,, k, may be finite or infinite. The Elzaki
transform which is defined by the integral equation

0 -t
E[f®O]=TW)=v [, f®evdtt=20k <v<k, (7)
The following results can be obtained from the definition

and simple calculations
1) E[t"] = nlp"™+?

DE[f ()] = ¥

=T _r(0)
3)E[f" (1) = ”") — F(0)=vf'(0)

T(v)

HE[f™ ()] = == — Tz v FO(0)

Theorem 1:

If T(v) is Elzaki transform of (t), one can take into
consideration the Elzaki transform of the Riemann-Liouville
derivative as follow:

ED*f(O] =v*

() —Z akt2 [pa- "f(O)]]

—1<n—1Sa<n ®)

Proof: Let us take Laplace transformation of
d
") =—f(t
11 =2

-1

s“[D¥RIF(0)]

0

B

LID“f ()] = S“T(s) —

=
1l

= s%T(s) — Z skT1[D* k£ (0)] = s*T(s)

k=0
n

= ) s 2DTHF(O)]

k=1

1 n
= 5T (5) =y Y [DHF(O)] = 5°T(5)

k=1

=Y e 05O

k=0
=s%T(s) — Z
LIDYF(0)] = 5° [T(s) - Z ()

k=1

sorz (DT (0]

a—-k+2

[DE= (0]

Therefore, when we substitute % for s, we get the Elzaki
transformation of fractional order of f(t) as follows:

E[D*f(O)] = v=*[T(v) = R, v 2D F(O)]] (9

Definition 4:
The Elzaki transform of the Caputo fractional derivative
by using Theorem 1 is defined as follows:

E[DEf(0)] = v E[f ()] = Zig v~ 19 (0), (10)

wherem —1<a<m

4. Basic Idea of HPETM

To illustrate the basic idea of this method, we consider a
general form of nonlinear non homogeneous partial
differential equation as the follow:

DEux,t) = L(ulx,t)) + N(ulx,t)) + f(x,t),a >0 (11)

with the following initial conditions
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Déu(x,0) = gy, k = 0,...,n — 1,Dfu(x,0) = 0 andn = [a](12)

Where D denotes without loss of generality the Caputo
fraction derivative operator, f is a known function, N is the
general nonlinear fractional differential operator and L
represents a linear fractional differential operator.

Taking Elzaki transform on both sides of equation (11), to
get:

E[Dfu(x,0)] = E[L(u(x,0))] + E[N(u(x, )]

+E[f (x,8)] (13)

Using the differentiation property of Elzaki transform and
above initial conditions, we have:
E[u(x, )] = v*E[L(u(x, t))] + v*E[N(ulx, )] + g(x,t) (14)

Operating with the Elzaki inverse on both sides of
equation (14) gives:

u(, ) = 606, 0) + E7 [v E[L(u(x, )] + v*E[N (uCx, 0)]] (15)

Where G (x, t) represents the term arising from the known
function f(x, t) and the initial condition.
Now, we apply the homotopy perturbation method

u(x,t) = Xn=o P " un(x, t) (16)
And the nonlinear term can be decomposed as:
Nu(x,t) = Xn=op™Hp W) (17)

WhereH,, (u) are He’s polynomial and given by:

an 0 .
Hy(ugr ugsup - Up) = %W[N(Zizoplui(x, Nlp=0,n =0,1,2, ... (18)

Substituting equations. (16) and (17) in equation (15) we get:
Yn=oD Uy (X, 8) = G(x, t) + p [E—l[v“E[L (oo p™uy, (x, )] +
Ve E[N (Zio0 p"1tn e, )] (19)

Which is the coupling of the Elzaki transform and the
homotopy perturbation method using He’s polynomials.
Comparing the coefficient of like powers of p ,
thefollowingapproximations are obtained:

P s up(x,t) = G(x,t),
ptiu(x,t) = ETH[w*E[L(ug(x, 1)) + Hy(w)]],
p? i uy(x,t) = ETYw*E[L(u, (x, ) + H,(W)]],
3 us(x,t) = ETHv*E[L(uy(x,t)) + Hy(W]],
p":up(x,t) = ETM v E[L(up—1 (x,t)) + Hy_y (W]], (20)
Then the solution is;
u(x, t) = limpy_3 uy (x, £) = up(x, )+uy (x, £) + up(x,t) + - (21)

The above series solution generally converges very
rapidly.

5. Applications

In this section we solve some examples of nonlinear
fractional heat- like equation:

Example 5.1:

Let consider the following one dimensional fractional
heat- like equation:

Dfu(x,t) = %xzuxx(x, £),0<x<1,0<a<1t>0(22)
with initial condition
u(x,0) = x? (23)
Applying the Elzaki transform of both sides of Eq. (22),
E[Dfux, )] = E [2x%1,,(x, )] (24)

Using the differential property of Elzaki transform Eq.(24)
can be written as:

v %(E[u(x, )] — v*u(x,0)) = E Exzuxx(x, t)] (25)

Using initial condition (23), Eq. (25) can be written as:

Efu(x,0)] = vx + v7E [Fx%un (e, 0)]  (26)
The inverse Elzaki transform implies that:
u(e) =2+ B [voB [u, o] @)

Now, we apply the homotopy perturbation method, we get:
Yo p"un(x,t) = x2 + pE~! [v“E Exz(Z?{io P un(x, t))xx]] (28)

Comparing the coefficient of like powers of p, the
following approximations are obtained;

p° s ug(x, t) = x2
pliu(x,t)=E1 [U“E Exzuo(x, t)xx” =

x2t®  x%t?
al I'(a+1)’

E—1[vaE[x2]] — E—l[xzva+2] —

p?iuy(x,t) =E1 [v“E Exzul(x, t)xx” =

2 2a+2y,.2 2:2a
E-! v“E[—“ ]]:E‘l [(” )"]z il
r(a+1) I(a+1) r2a+1)
Proceeding in a similar manner, we have:

3. _pp-1|ap 1,2 _ xPt3e
pdius(x,t) =E [v E [Zx u, (x, t)xx” = fGarD’
n. _rr-1l,ap|t.2 _ x%ne
ptiu,(x,t) =E [v E [Zx u, (x, t)xx” = D

Therefore the series solution u(x, t) is given by:

t2a t3a tha

trean T o T ) (29)

u(x,t) = x? (1 -

[(a+1) + r(2a+1)
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This equivalent to the exact solution in closed form:
u(x, t) = x2E,(t%) (30)

Where E,(t%) is the Mittag-Leffler function

Example 5.2:

Consider the following tow - dimensional fractional heat
like equation:

Diu = Uy, + Uy, 0 <x,y<2m,0<a<2,t>0 (31)
With the initial conditions

u(x,y,0) = sinxsiny (32)

Applying the Elzaki transform of both sides of Eq. (31),

E[Dfu(x,y,t)] = E[uy + uyy] (33)

Using the differential property of Elzaki transform Eq.(33)
can be written as:

v (E[u(x,y, 0] = v?u(x,¥,0)) = E[u(x,y, ) + u(x,y,0),,] (34)
Using initial condition (32), Eq. (34) can be written as:

Efu(x,y,t)] = v¥sinxsiny + v¥E[u(x,y, e + u(x, ¥, t)yy] (35)
The inverse Elzaki transform implies that:

u(x,y,t) = sinxsiny + E~! [U“E[u(x, Y, O +ux,y, t)yy]] (36)

Now, we apply the homotopy perturbation method, we get:
Z‘;.lo=0 pnun (x! 8z t) =
sinxsiny + pE~! [UaE[(Z1O10=0 P UR (X, Y, 8)) e t+
(oo P"un (6,7, )yl | (37)

Comparing the coefficient of like powers of p, the
following approximations are obtained,;

p° : uy(x,y,t) = sinxsiny

ptiu (x,y,t) =E! [v"‘E [uoxx + uoyy”
_ —2sinxsinyt®
T T(a+1)

p% i u,(x,y,t) = E7! [v"‘E [ulxx + ulyy”
_ 4sinxsinyt?®
T TRa+1)

Proceeding in a similar manner, we have:

—8sinx sin yt3%

3. —
p*us(xy, ) = — o,

—2)"sin x sin yt"®
t) — (=2) y

n.
p: un(x,y, I(na+1)

k)

Therefore the series solution u(x, t) is given by:

. . (2t%) (2t%)?
u(x,y,t) =sinxsiny (1 ~ @) + Tatd

(2t%3
rBa+1)

+ (_Zta)n + .“) (38)

I'(na+1)

For the special case whena = 1, we can get the solution in
a closed form

u(x,y,t) = e *sinxsiny (39)

Example 5.3:
Consider the following three dimensional fractional heat-
like equation:

Df‘u(x,y,z, t) = x4y4z4 +3_16(x2uxx + yzuyy +
7%u,,),0<xy,z<10<a <1 (40)

With the initial condition;
u(x,y,z,t) =0 41)
Applying the Elzaki transform of both sides of Eq. (40),
E[Dfu(x,y, t)] = E[x*y*z*] + E [i (x* Uy + y2uy, +
7%u,,)| (42)

Using the differential property of Elzaki transform Eq.(42),
and using initial condition (41), Eq. (42) can be written as:

Elu(x,y,z,t)] = v2x*y*z* + v*E [3—16 (w(x, 9,2, t)px +
u(x,y,2,t)y, +ulx,y, 2, t)xx)] (43)

The inverse Elzaki transform implies that:
u(x,y,z,t) = x*y*z* + E71 [v"‘E [3—16 (u(x,y,2, )5 +
u(x,y,z,t)y, +ulx,y,z t)xx)” (44)
Now, we apply the homotopy perturbation method, we get:

Y=o P MUy (%, Y,2,t) = x*y*z* + pE~! [v”E[(E?{’:o P UL (X, Y, Z,6)) sy +
o p"tn (6,2, )y, + BimoP"n (6,2, 0),, ]| (45)

Comparing the coefficient of like powers of p, the
following approximations are obtained;

p° s up(x,y,z,t) = xtytz*
ptiu (x,y,2t) = E7' [v*E [i (xzu +y2u,  +
Uy, e Oxx TV U0y,

2 _ x4y4z4t.a
Z uo - )
2z T(a+1)

_ 1
pz : uz(x;y; Zt) = E 1 |:vaE I:% (xZulxx + yzulyy

N 5 )] 3 x4y4z4t2a
ZMz)|| T T2a+ 1)

Proceeding in a similar manner, we have:
x4-y4z4t3a

3. = - "
P’ us(xy,2,1) = S
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x4y4z4tn"‘

n. [ A —
Pt un (3, 2,t) = S

Therefore the series solution u(x, t) is given by:

a tzll t3a

u(x, t) = x*y*z* (1 +t

rarD T r@arD Tt
tna

Y rGan T
(46)

I'(na+1)

Therefore the approximate solution of equation for the first
Nis given below as:

_ ( 4.4 4)tna
un(‘x! yl z, t) - Zg=1% (47)
Now when N — oo we obtained the follow solution
had (x4-y4z4)tna
» It = - tytzt
u, (x,y,2,t) Tna + 1) (x*y*z*)
n=0
= (x*y*z")[E,(t*) — 1] (48)

where E,(t%*) is the generalized Mittag-Leffler function.
Note that in the case a = 1

u(x,y,z,t) = (xyz)*[et — 1] (49)

This is the exact solution for this case

6. Conclusion

The main goal of this paper is to show the applicability of
the mixture of new integral transform “ELzaki transform”
with the homotopy perturbation method (ETHPM) to
construct an analytical solution for Nonlinear Fractional Heat
-Like Equations. This combination of two methods
successfully worked to give very reliable solutions to the
equation. Finally the results tell us that the proposed
method is more efficient and easier to handle when is
compared with existing other methods in such PDEs.
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