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Abstract: To ensure uniform settlement of buildings and structures erected on a weak and heterogeneous soils, reinforced
concrete foundations are designed from cross beams, or solid slabs. Currently, cross foundation beams and solid slabs are
widely used in construction, like in the construction of high-rise buildings and many other engineering structures. In cross
beams, at their intersection with an increase in load and stiffness, especially with an asymmetric load, in addition to bending
moments and shear forces, the torques reaching large values can also occur, which are often not taken into account. The
torques arisen at the knots of the crossed foundations may, in some cases, have a significant effect on their operation, for
example, if the torques reach important values, then additional reinforcement must be placed in the foundations by stipulating
the pressures arisen from them. For the correct selection of reinforcement, it is necessary to know the values of not only the
bending moments, but also the torques arisen in the constructions. The existing methods of calculation often consider and
calculate the crossed foundations as the constructions lying on a linearly deformable base. Besides most of them do not take
into account the influence of torques. The methods of calculating the crossed foundations have been worked out by the author,
by stipulating effect of bending moments on their working. There are given the formulas to calculate the bending moments, the
system of equations is drawn up for linear and angular movements to define the unknown forces arisen at the knots of crossing
the foundation beams. After determining these unknown forces, each beam is considered and calculated as a separate one, lying
on a linearly deformable foundation.

Keywords: Crossed Foundations, Linearly Deformable Base, Torques, Bending Moments

reinforcement, it is necessary to know the values of not
only the bending moments, but also the torques arisen in
the constructions.

The existing methods of calculation often consider and
calculate the crossed foundations as the constructions lying
on a linearly deformable base. Besides most of them do not
take into account the influence of torques.

Proceeding from the foregoing, the purpose of this work is
to develop a practical methodology of calculating these types
of foundations, taking into account the effect of torque on the
operation of construction.

In most cases, the methods of calculating the crossed
foundations neglect the torque generated at the intersection
points of the bands, which can have a significant effect on the
calculation results. The aim of this work is to develop such
methodology for calculating cross-sectional foundations
which could take this factor into account. When calculating,

1. Introduction

Today there is no unified theory for calculating the
crossed foundations of the high buildings and the other
engineering constructions. This leads to the fact that if it is
necessary to design such structures, it is necessary to
simplify the calculation schemes and therefore the results
of calculations often turn out to be incorrect, therefore, the
development of practical methods of calculating the
crossed foundations has a great scientific and applied
importance.

The torques arisen at the knots of the crossed
foundations may, in some cases, have a significant effect
on their operation, for example, if the torques reach
important values, then additional reinforcement must be
placed in the foundations by stipulating the pressures
arisen from them. For the correct selection of
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we use the expressions given in [1-15].

2. The Exposition of Calculation Method

Let’s consider the elementary section dx of a beam on a
linearly deformable base. Using the formula (5-40)
(Simvulidi, I. 1973) [2], we find the twist angle (p§ of the

element dx:

dM§ _ H'Eo'bz K

— Oy (1)

m-Eg-dx-b? dx 0

K amy
Ox

Where @ is the product of the flexibility index a on the
abstract quantities included in the curly brackets of the

formula (5-39) [2] (Simvulidi, 1. 1973).

However, according to Saint-Venant [3], the elementary
twist angle dgy is determined by the well-known formula
from the theory of torsion:

d(PK — M)If-dx d(p§ — M)If
X V-G-b-h3 dx V-G-b-h3

2

where G is the shear modulus.

M denotes torques

M' - bending moments

The values of V for different relations among the sides of
the rectangle are taken from the Table of B. Saint-Venant [3]:

Table 1. V value for various ratios between the sides of the rectangle.

b/h 1 1,5 1,75 2 25

3 4 6 8 10 )

\Y% 0,208 0,231 0,239 0,246 0,258

0,267

0,282 0,299 0,307 0,312 0,333

By taking the first derivative from dgaK /dx in X [2] and
solving the received expression towards dM¥ /dx, we obtain:
K 2. K
%=V-G-b-h3d—¢zx (3)
dx dx
By equating the right-hand sides of equations (1) - (3), we
obtain:

2. K
mEob? g a*of K2
) X dx?

k=0 (4

Where k2 =m-b-Ey/(¢*V G- h3) (5

V-G-b-h3d2@§=
dx?

Expression (4) is the differential equation of the torques of
the beam on an elastic foundation (Ovechkin, O. 1936) [5]
By solving equation (3) with respect to ¢J§ , we obtain:

9% = Ash(kx) + Bch(kx) (6)
The first derivative of this expression has the form:
d(p§
- = k[Ach(kx) + Bsh(kx)] @)

By substituting the value ng}’g /dx in equation (2), we
obtain:

K
X —
o5 e = KlAch(kx) + Bsh(kx)] o
ax1‘x1 (5(x1) 0(x1))
e n - o) =

axnlxn ((5 (xn)
axnlxn ((5 (xn) _

Nodal forces N11, N21,....
forces Y{1, Y54, -,

) =3

0
") = BT Py Yo + ZEETY

Nmn cause unknown forces Y11, Y21,...,
Y, on the beams parallel to the OZ axis. The relationship between these forces can be expressed by the

ME=k-V-G-b-h3[Ach(kx) + Bsh(kx)] (8)

To determine the integration constants A and B, we use the
following conditions: When X=0 My = M¥ and ¢ = ¢, By
using these conditions and (6) and (8) equations, we find
gk =Band My =k~ V-G-b-h®= A By substituting the
found values of A and B into equations (6) and (8), we
obtain:

o = @f - ch(kx) + pM sh(kx) )
Mg = Mg - ch(kx) + (9k /p) - sh(kx)  (10)
Where coefficient
1
P = veon (11

Let’s consider the cross beams lying on the linearly
deformable base (drawing 1). Let’s suppose that all the nodes
11, 21, 31,... mn, forming the cross-beams, are rigid, then in
each node there will be six unknown forces. To determine
these unknown forces, for each node we compose three
equilibrium equations of statics and three compatibility
equations for linear and angular displacements.

The equations of linear displacements in the nodes with

the coordinates 11, 21,.., ml,..., In, 2n,.., mn AlBI,
A2B2,..., AnBn, for the beams have the form:
(a1 an My
— L1(x
Zl Ty3(l1)x1 i1 +Zl 71ny2(11)x1 Lxl )
.............................. i (12)
—(m1) g Mae .
Yz T Y3gye, Ya + PR Ya(it)x, Lx11 'J
PI
(1n) an)  Minegy) |
; Ty3(m)xnym+zi Tyz(tn)annn’
............................ (13)
M”

(mn)

in(xn) ,
Z(Ln)xn Ly ’

Ymn on the beams parallel to the axis OX and unknown
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formula:
Nig =Y + Y (14)

Nmn = Ymn + YT;I.TI

Figure 1. Calculation scheme of the crossed foundation beams.

If the indices Xn are replaced everywhere by the indices Zm in the equations (12) and (13), and also Y{;,Y5y, ..., Yy are
replaced by N11-Y11, N21-Y21, we obtain equations for beams parallel to the 0Z axis (C1D1,..., CmDm). Therefore, it is not
necessary to give the equations of linear displacements for beams parallel to the 0Z axis. By stipulating the equations of
compatibility of linear displacements, we have:

i=m —(11) i=m —(11) Mﬂ(x) j=m —(11) j=n —(11) Mi”j(z) Qs (_0(z)  —0(xp)).
A [ZLT Vanm Y + ZiZ0 Vaaiw, 7, | + Zim1 Yaajyz, 0 = N + Zjma Vape, 7, == 1z, (7 = 75

Lz,
g " . o o (15)
i=m —=(m1) i=m —=(m1) i1(x) j=m —(m1) j=n —(m1) mjz) _ _ Yzmlzy =00z, —0(x .
Aml [ ;:;ny;(r;l)xlyil + Z%:T.’yzz}l)xl - ] + 2]‘:1 y3’(’;n].)zm(ij - ij) + Zj:1 yzr(nmj)zm ) == (ym1 — Ym1 * )rJ

Lx1 Lzm Lim

In these equations a is the index of flexibility:

_ 12 o B (L)
a= 1-u2 12m E (h) (16)
E( - modulus of deformation of soil;
E - modulus of elasticity of the structure;
u - the Poisson ratio;
Coefficient:
. 2
Ay = Zm . Zm D _ V2m  Eozm, (17)

. 2 ]
ax, ix, LZm bx, Eoxn

b and L, respectively, are the width and length of the beam.
i= % is the linear stiffness of the structure.

0(Xn) _ Lx —(mn) (mn) —(mn)
mnn = aXn_:-an ' (bXn ) L%(n ) ZyHi(Xn) “q; + Zyzi(Xn) ) ML' + LXn .Zy3i(Xn) ' Pi) (18)
0Zm) _ Lz . . v s(mn) (mn) | v s(mn) |
Ymnm - “Zm'l'mzm (me LZZm Z yHi(Zm) qi + Z yZi(Zm) Mi + LZm Z y3i(Zm) Pi) (19)

373(5%) — deflections caused in mn node from the action of Ymn force at in node, which are taken from the tables [2],

according to the flexibility index o, the place of application of the load B and the section & under consideration.
6,55,{‘) — is the linear displacement of A, B,, beam at X, node.
372(?;%) - deflections in mn node caused by action of the bending moment M at the node in.

Equations for the beams intersecting at the nodes with coordinates 1n, 2n,..., mn, have the following form:
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—(1n) (1n) m(x) j=n —(1n) j=n —(1n) My i(z) _ _ Ozqlz 0(zy) 0(xp)
/1171 [ i=1 y3(ln)x Ym + Zl T Z(m)xn Ly ] + Z =1 y3(1])zl(Y1} Nlj) + 2 =1 yZ(lj)Zl L} - = ngll (y ! ~Yin )' ]

......................................... } (20)

(mn) mn)  Mineo j=n —(mn) j=n —(mn) mjz) _ Yzmlzm ( 0(zZm) 0(xp)
Amn[ i rlny3(1n)anLl+2; ;nyz(m)xn L ]++Zj 1y3(m])zm(ymj m1)+zj 1y2(m])zm L] W(ymn — Ymn )')

Let’s formulate the compatibility equations for angular displacements for the cases when crossbeams parallel to the X axis
under the action of forces bend and the beams parallel to the Z axis, in connection with the presence of rigid bonds at the
nodes, are twisted. Equations of consistency of angular displacements for the beams intersecting in the nodes with coordinates
11, 21,..., m1, have the following form:

Ly

1 i=m £(11) 1 si=m (1) 0(x1) Chki1(zpli1(zy)
“x1ix1[ i=1 Pa(inye, Yin t Ly, Z1=1 ‘pz(i1)x1M11(x1)] + ¢ = Pz 1ol M11(z1)'

......................................... 1)

Chkmi (zm) lm1(zm)
T T M 3

L _( 1) _( 1) 0 )_
az! [ ; T(P;(’:l)xlyll +_ : Twzrgl)lell(xﬂ] + +¢mf1 = PmiGm)

Qxqixg Shkmi(zm)lmi(zm)

Equations of compatibility of angular displacements for the beams intersecting at the nodes with coordinates 1n, 2n,..., mn,
have the following form:

—(1n) —(1n)
[Zi rln(p3(:111)xnym+_ i rln(pz(:;q)ngm(xn)]

ax.ﬂlx
+(p0( ) _ =p chkin(zp)l11(2q) MK shkingz (b2 ~hie) " shkintzy (Unp=lm-n@n) K .
1
M) [shkinzp gy ) 1+Chk1n(zl)(112(21)_111(21)) 12(z1) L+chkin(zy)(lint)=lin-1(1)) tn@@)|
Lxp i=m (mn) i=m (mn) (22)
axnixn[ =1 "03(m)xnymn + i=1 ‘Pz(m)ngm(xn) +
ChRmnzm)lmizm) 5k ShKmn () (lmz ) ~lm1 (zm)) MK +
+(p0(xn) p Shkmn(zm)lmi(zm) m1(zm) 1+Chkmn(zm)(lmz(zm)_lml(zm)) m2(zm)
mn mn(zm) Shkmn(zm) dmnzm) ~tmn-1@Em) K
mn(zm)

1+chkmn(zm) Umn(zm) ~lmn-1)(zm))

Let’s compose the equations of consistency of angular displacements for the cases when the crossbeams parallel to the Z
axis under the action of forces bend and the beams parallel to the X axis, in connection with the presence of rigid bonds at all
the nodes, are twisted.

Equations of consistency of angular displacements for the beams intersecting at the nodes with coordinates 11, 12...., In,
have the following form:

j=n —(11) 1 «j=n —(11) u 0(z1) _ Chk11(e)l11(xp)
[Z P31yz (Y = Nij) + L, 2=t (pz(lj)lelj(Zﬂ] 401 = P e Mt

shkaa(eplaatey)

......................................... (23)
Ly

1 =n _(1n) 1 ¢j=n -(1n) U 0(zy) _ Chkin(xp)lin(xn)
e | S e, (= M) 2 B B0, M| + 4007 = pngey) Gl i

0621 I.Z1

Equations of consistency of angular displacements for the beams intersecting at the nodes with coordinates m1, m”,..., mn,
have the following form:

_Lzy [§J=n ~(m1) 1 yj=n _(m1) u
iz [ZJ 1 §03(m])zm(ymj - ij) + Z i=1 (pz(mj)zmMm]'(Zm)] +
0(zm) Chkmaxplia(ay) ShKm1(e) (2100~ li1(xq)) K Shkmi(xy) (Imie) —lim-1)1(x1)) K
= _— + + +...+
Pm1 Pmi(xr) [Shkmi(xl)lil(xl) 11(xa) T ChKm ey (ot —liaeep) | 21000 Tk (e Ui —lan-11cep)) | T EED)
Chkmn(en) linGen) 24
Shkmn(xn)lln(xn) 1n(x.,,) + ] ( )
j=n _(mn) j=n _(mn) U 0(zm) _ Shkmn(Xn)(lzn(Xn) ll"(xn))
Cmizm [ZJ L P3myzn, (Ymj = m1)+ 2 Z(WLJ)ZmM’"f(Zm)] T Pmn™ = PmnGend | T ehkuna (tange—tangen)) Mine*:
Shkmn(xn)(lmn(xn) Lom- 1)71("71)) |
l L+chkmn o) (lmnGen) ~lm-1nGen) mn(xn)J
If we change in (21)-(24) equations: MK, ME,,..., MK,
After determining the bending moments that arise at the
MK MM yK — MY MK e . . . . :
11(zy) — M11(xy)° 721(2,) 21(x,)> > Mmizy) mi(x,) intersection points of the beams, we find the corresponding
u K o K U torques from them. By knowing the given loads-transverse
M) = Misceys Minaizny = Mmoo Manczy) = Mone,) q y £ g

forces, bending and twisting moments, each beam shall be

and solve the obtained equations together with the equations ~ calculated independently as a separate beam lying on a
(15) and (20), we find the values of Y;, Y. Y,,  linearly deformable base [1]. After this, the diagrams of
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bending moments, soil reaction, transverse forces and
deflections for each individual beam and then the diagram for
the crossed foundation beams in general are constructed [4].

3. Example of the Calculation Beam
Lying on a Linearly Deformable Base

Let us consider concrete example of the beam calculation
(lower cross bar) on the linearly-deformed base loaded with
the concentrated forces (Figure 2)

It is required to determinate values of curving moments M
and reaction pressures the ground P, if:
P1=P2=P3=P4=100kN; PF=200kN; MA=14kNm; the width
b=2m; the index of flexibility 0=200 the module of
deformation E0=320-102kN/m’

YA Pf PZ PF P3 P4 YB

[31=2m
(32=4m

X

le=6m

(33=8m

l:3=10m

L=1Z2m

Y

Figure 2. Calculation scheme of beam lying on a linearly deformable base.

Solution under the condition of the problem:

I3,
=—=0,17;
B1 L
B, =22 = 033,
L
1F3
=—=10,5;
Br L
83 = 13_3 = 0,67;
L
By = 14—3 = 0,83;
L
According to conditions of symmetry | M, | = | My |

According to conditions of statics: Yo=Yz =0

For the determination of ordinate py; ps; pr; p3; ps; from
force P;; P,; Pr; P3 and P4; we use the values of py; pa; P1;
Pr; P3; Pa; corresponding a=200 and 3; = 0,17; B, = 0,33;
Bg =0,5; B13 =0,67; B, = 0,83; for all values p;; P2; P1;
Pr; P3; and py; from &=0 till &=1, where & is considered
cross-section (Simvulidi, 1.1987). Having multiplied each
ordinate according to the formula
p=p-P/b-L(13); P/bL=100/2-12 = 4,2kN/m?

Pr/bL = 200/24 = 8,4 kN/m? we’ll get values p in
various points.

Then we’ll get values py, and py, for 0=200; B,; =0
and B,, = 1,0 multiplied each ordinate to Ma/bL*= 14/2-12°
= 0,05 kN/m” and Mp/bL*= 0,05 kN/m’

Table 2. Values of soil reactions.

& 0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0
P1 3,845 2,793 1,988 1,388 0,956 0,648 0,424 0,246 0,068 -0,145 0,437
P 16,149 11,731 8,35 5,83 4,02 2,72 1,781 1,033 0,29 -0,61 -1,84
P 2,386 2,05 1,736 1,434 1,157 0,901 0,669 0,464 0,28 0,132 0,01
P2 10,02 8,61 7,29 6,023 4,86 3,784 2,81 1,95 1,18 0,55 0,04
Pr 0,666 0,846 0,987 1,087 1,147 1,167 1,147 1,087 0,987 0,846 0,666
Pr 5,594 7,106 8,29 9,13 9,64 9,802 9,64 9,13 8,29 7,106 5,594
Ps 0,01 0,132 0,28 0,464 0,669 0,901 1,157 1,434 1,736 2,05 2,386
P3 0,04 0,55 1,18 1,95 2,81 3,784 4,86 6,023 7,29 8,61 10,02
P4 -0,437 -0,145 0,068 0,246 0,424 0,648 0,956 1,388 1,988 2,793 3,845
Pa -1,84 -0,61 0,29 1,033 1,781 2,723 4,02 5,83 8,35 11,731 16,149
Pmga 15,323 7,758 2,572 -0,655 -2,343 -2,911 -2,781 -2,373 -2,106 -2,402  -3,679
Py -3,679 -2,402 -2,106 -2,373 -2,781 -2,911 -2,343 -0,655 -2,572 -7,758  -15,323
Pmy + Pump 11,644 5,356 0,466 -3,028 -5,124 -5,822 -5,124 -3,028 0,466 5,356 11,644
Pmy t Pup 0,582 0,268 0,023 -0,151 -0,256 -0,291 -0,256 -0,151 0,023 0,268 0,582
p 30,545 27,655 25,423 23,815 22,355 22,519 22,355 23,815 25,423 27,655 30,545
The values p give in kN/m*, M-kN'm. Using the _
independence principle of force activity for getting values p Mp=Mp-P-L (25)
we take algebraic sum: p= p1+ paor Pr+ Pa+ Pa+ PMA+ PMB M. = Mv M
For the determination of ordinates curving moment M Ma = " Ma A} (26)
from the forces Py; P,; Pg; P3; Py; and from moments M, and My = My * Mp

Mg, we use the values of My; My; My; My; My; My, and
My, for 0=200 and B; =0,17 ; B, =0,33; Bg=0,5;
Bs = 0,67; B4 = 0,83; By, = 0 and By, = 1,0 for all values
M from &=0 till &=1 (Simvulidi, 1.1987). Having multiplied
each ordinate to

P-L=100-12=1200 kN‘m; Pg-L=200-112=2400 kN-m
Using the independence principle of force activity for
getting values M we take algebraic sum:

M=MP1+MP2+MPF+MP3+MP4,+MA+MB
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Table 3. Values of bending moments.

g 0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0
Mpl 0 0,018 0,063 0,029 0,008 -0,003 -0,007 -0,007 -0,005 -0,001 0
Mp, 0 21,6 75,6 34,8 9,6 -3,6 -8,4 -8,4 -6 -1,2 0
IWPZ 0 0,012 0,044 0,093 0,057 0,032 0,016 0,007 0,003 0,001 0
Mp, 0 14,4 52,8 111,6 68,4 38,4 19,2 8,4 3,6 1,2 0
IWPF 0 0,004 0,015 0,037 0,07 0,114 0,07 0,037 0,015 0,004 0
Mp, 0 9,6 36 88,8 168 273,6 168 88,8 36 9,6 0
Mp, 0 0,001 0,003 0,007 0,016 0,032 0,057 0,093 0,044 0,012 0
Mp, 0 1,2 3,6 8,4 19,2 38,4 68,4 111,6 52,8 14,4 0
Mp, 0 -0,001 -0,005 -0,007 -0,007 -0,003 0,008 0,029 0,063 0,018 0
Mp, 0 1,2 -6 -8,4 -8,4 3,6 9,6 34,8 75,6 21,6 0
M, -1 -0,937 -0,796 -0,625 -0,460 -0,318 -0,204 -0,119 -0,054 -0,015 0
Mpg 0 -0,015 -0,054 -0,119 -0,204 -0,318 -0,460 -0,625 -0,796 -0,937 -1
My, + My, -1 -0,952 -0,85 -0,744 -0,664 -0,636 -0,664 -0,744 -0,85 -0,952 -1
My, + My, -14 -13,33 -11,9 -10,42 -9,3 -8,9 -9,3 -10,42 -11,9 -13,33 -14
M -14 -34,67 -150,1 224.8 247,5 341,5 2475 2248 -150,1 -34,67 -14

4. Conclusion

Existing calculation methods consider and calculate cross
foundations as structures lying on a linearly deformable
foundation. However, most of them do not take into account
the effect of torques on their work.

References

(1]

(2]

SIMVULIDI, I. KIKAVA, T. BULATOV, V. 1986.
Approximate method for analysis of a beam on elastic base.
Moscow., VINITI 2341-86. pp. 1-7.

SIMVULIDI, 1. 1987. Analysis of the engineering
constructions on elastic base. Moscow, Higher School.

B. Saint-Venant “Memoire sur les lignes courbes non planes,
presente al’ Academie des sciences le 16 September 1844.
(Paris, Bachelier, 1845).

KIKAVA, T. 2012. Calculation of the cross beams lying on the
soil basis. Belgorod (Russian). Scientific jurnal Ne14(126) pp.
65-67. E-mail: belgorod@rusnaika.com.

OVECHKIN, A. 1936. Calculation the beams lying on elastic
base. Moscow., Aviation Institute.

(6]

(7]

(8]

9]

[10]

[11]
[12]

KIKAVA, T. 2012. The mechanic of soils and foundations.
Batumi., Textbook. Batumi State University (Georgia).

SIMVULIDI, I. KIKAVA, T. BULATOV, V. 1986. Relocation
of elastic half-space under effect of load equally distributed
along load line. Moscow., VINITI 2342-B86. pp. 2-11.

LAMBE. I, WHITMAN. R. Soli mechanics. New York, 2010.

HARR. M, Fundamentals of Soil Mechanics. Translation from
English. Moscow; 1971. Russia.

DALMATOV B. Soil Mechanics,
Foundations. Moscow; 1981. Russia.

Basements  and

TSCHEBOTARIOFF. G. Foundations. New York., 1973.

KIKAVA. T, the analysis of the rectangular closed rigid frame
supported by trestle bents. Tbilisi 2007. Gournal “Energy”
Nel. pp. 109-111. Georgia.

ATKINSON. G, The mechanics of soils and foundations.
Taylor and Francis Group. London and New York, 2010.

KIKAVA. T, The analysis of the tunnel with the middle soil-
based wall. Technical university of Ostrava. Check
Republic,2016. Vol.16, Nel pp. 25-32.

KIKAVA. T, Issues Related to Pile Grillage Calculation. Iris
Publishers, Civil Engineering. San Francisco, CA, USA, 2019.



