American Journal of Applied Mathematics
2023; 11(5) : 89-94

http ://www.sciencepublishinggroup.com/j/ajam

doi : 10.11648/j.ajam.20231105.12

ISSN : 2330-0043 (Print) ; ISSN : 2330-006X (Online)

(oY 9 . g r R
selencePl

Science Publishing Group

Algebraic Points of Any Given Degree on the Affine
Equation Curve y"' = z*(z — 1)*

Mouhamadou Diaby Gassama, Chérif Mamina Coly, Oumar Sall
Mathematics and Applications Laboratory, Faculty of Science and Technology, Assane Seck University in Ziguinchor, Ziguinchor, Senegal

Email address :
m.gassamal299 @zig.univ.sn (Mouhamadou Diaby Gassama), osall @univ-zig.sn (Oumar Sall), c.coly1309 @zig.univ.sn (Chérif Mamina Coly)

To cite this article :
Mouhamadou Diaby Gassama, Chérif Mamina Coly, Oumar Sall. Algebraic Points of Any Given Degree on the Affine Equation Curve
y't = 2*(x — 1)*. American Journal of Applied Mathematics. Vol. 11, No. 5, 2023, pp. 89-94. doi : 10.11648/j.ajam.20231105.12

Received : September 29, 2022 ; Accepted : July 24, 2023 ; Published : November 1, 2023

Abstract : The quotients of Fermat curves C,. s(p) are studied by SALL who extends the work of Gross and Rohlich. Among
these studies are the cases C, ;(11) for r = s = 1. COLY and Sall have explicitly determined the algebraic points of degree at
most 3 on Q for the cases C;. s(11) for r = s = 2. Our work focuses we determine explicitly the algebraic points of a given degree
over on the curve C4 4(11) of affine equation y'* = z*(z — 1)* which is a special case of Fermat quotient curves. Our study
concerns the cases C, s(11) for » = s = 4. This note completes pevious work of Gassama and Sall who explicitly determined
the algebraic points of degree at most three on the even curve. It seems that the finiteness of the Mordell-Weil group of rational
points of the Jacobien .J4 4(11)(Q) is an essential condition. So to determine the algebraic points on the curve Cy4 4(11) we need
a finiteness of the Mordeill-Weill group of rational points of the Jacobien J4 4(11)(Q). The Mordell-Weil group J4 4(11)(Q) of
rational points of the Jacobien is finite according to Faddev. Our note is in this framework. Our essential tools in this note are the
Mordell-Weil group J4 4(11)(Q) of the Jacobien of C4 4(11) the Abel-Jacobi theorem and the study of linear systems on the curve
Cy,4(11). The result obtained concerns some quotients of Fermat curves. Indeed, the curve of affine equation y'! = z%(z — 1)4,
we made an extension of the work of work of Gassama and Sall by explicitly determining the algebraic points of given degree
on the curve C4 4(11) and this is what makes this note very interesting.
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1. Introduction Our curve Cy 4(11) with affine equation y'* = z%(z — 1)*

. is a special case of the quotients of Fermat curves
Let C be a smooth algebraic curve defined on Q. Let K be Cosp) :y? = a"(x — 1), 1 < rs;r7+5<p—1

a field of numbers we note C(K) the set of points on C with  (\ 4iad in 10— 12].
coor.dinates i_n K, a}nd Uk : @) < ¢ C(K) the set of points on The cases C,(11) for 1 = s = 2 are studied in [1].
C with coordinates in K of degree at most d on Q. The degree g, [2, 3, 5, 8, 13] for other explicit examples. Indeed,
of a point R of C algebraic on Q is defined as the degree of its C corresponds to the curve Cy4(11). The curves Cy.4(p) are
defining field on Q; in other words deg(R) = [Q(R) : Q). : £F 7. 16 ’ '
. i ‘ quotients of F), [7, 16 ].
When C is of genus g > 2, we know since Faltings [5] that We denote by Jy 4(11) the Jacobien of C44(11) and by

the set of rational poipts C(@) is. ﬁnite..A.general%Zation oftl}is j§(P) the class denoted [P — Py of P — Ps, that is
theorem to subvarieties of abelian varieties obtained by Vojta say j is the Jacobien fold Cs4(11) — Jy4(11). The

and Faltings [4, 16] can also be used to qualitatively describe 10411 Weil group J4 4(11)(Q) of the rational points of the
U[K Q] < aC(K). ) o Jacobien is finite [6, 7, 14 ]. The curve C4 4(11) in projective
In this note, our work will consist in the study of Cis(11) : Y = X4Z7(X — Z)* Letusnote Py, Py

some particular cases, where particular cases, where . P ihe points defined by : Py = (0,0,1); P, = (1,0,1)
we can determine explicitly the algebraic points of 4 POO = (1,0,0). T Y

any degree on the curve of affine equation Cy4(11)

11

" 4 Gassama and Sall [9], determined the set of algebraic points
y'' = z*(x — 1)*. C corresponds to the curve Cy 4(11).
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of degree at most 3 on Q of the curve with affine equation  C44(11).

y't = a*(xz — 1)*. We extend this result, giving an explicit In this note we determine the set :
description of the points of any degree on Q on the curve

U Csa(11)(K)

[K:Q] <l
Our main result is the following :
Théoreme 1. The set of algebraic points of at most any degree 1 on Q on the curve Cy4 4(11) is given by :

U Csa(11)(K) = Go U U Gn

K:Q <! 1<n<10
where :
i v (g A Bo) # 0, oL ¢Oifliseven,ﬂ% # 01if [ is odd and
Z aiy? y solution of the equation
Go = *% Y = 4 ] 2 /0 —n 2
2 2 X . 2 .
z Z Z Zz
Sopt | (S at) = (Sest] [Sewt o X s
i=0 j=0 i=0 i=0 j=0
i _ Bo # 0, Qitiion # 0if [ is even, Bszn # 0if [ is odd and
Z aiy? y solution of the equation
Gn = _% Y ln 4 L+1l-n 2 L+11l-n ln 2
2 . J itn—11 i 3
St | | (St ) {2 e ) [ awt s Yo
j=0 j=0 i=1l—-n i=1l-n j=0
2. Auxiliary Results
For a divisor D on C, we denote £(D) the Q-vector space of rational functions f defined on Q such that f = 0 or

div(f) > —D; (D) denotes the Q-dimension of £(D).

Lemma 1. we have : 74 4(11)(Q) = Z/117Z

Demonstration : According Gross and Rohrlich ([7], page. 219), we have : 74 4(11)(Q)torsion
Faddeev [6], we have : J44(11)(Q)torsion = J1.4(11)(Q).

Lemma 2. For the curve Cq 4(11) : y* = a*(z — 1)*, we have :

I. div(z) = 11Py — 11P4,

2. div(x —1) = 11P, — 11P,,

3. div(y) = 4Py + 4P — 8Px.

Demonstration : (see [11], Lemme 1)

Corollary 1. The following results are the consequences of Lemma 2.

L 4j(By) = — 4j(Py),

2. 115(Py) = 11j(P) = 0

So j(Fo) and j(P;) generate the same subgroup 74 4(11)(Q) isomorphic to Z/117Z. Thus we have :

>~ 7Z/117Z and According to

[

Jia(1)(Q) = Z/NZ = {nj(Ry), 0 < n < 10}

Lemma 3. A Q-base of £L(mPx,) is given by :

(o) o= 3U () oo e 2

Demonstration :
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It is easy to show that ,, is a free family, it then remains to show that card B,, = dimL(mP.,). We know that the genus
11-1
of Cisg = 5 = 5. Since the curve has genus 5, by the Riemann-Roch theorem, we have dim L(mPy) = m — g +
1 = m—4assoonasm > 29 — 1 = 9. Form < 9,dim£L(mP,) is given by Clifford’s theorem, which says that
1 1
dim £L(mPy) > fdeg(mP )+ 1 = 5™ + 1. Two cases are possible :
1. 1% case : suppose that m is even, then n = 2h, we obtain :
z<%<ﬁ>i§ 22’1 = h in the same way j < mgll @jg%—gﬂ@jgh—%
— j<h—-—¥ =h_-5—=— 45 < h — 6.S0wehave:

o

We deduce that: card B,,, = h+1 + h—6+4+1 = 2h—4 = m—4 = dim L(mPx).
2. 2" case : suppose that m is odd, then m 2h + 1, we obtain :

Zg%@ig2h2+1@igh—i—%:>i<h+1:>i<hinthesameway
. Pl . 2h—10
Jj < "5= & j < 5= = h — 5 Sowehave :

- () () oo (ee) ()

We deduce that: card B,,, = h+1 + h—5+1 = 2h—3 = m—4 = dimL(mP).

3. Demonstration of the Theorem

Let R € C44(11)(Q) with [Q(R): Q] = [. Notons Ry, ...... ,R; Let R and 1 be the conjugates of R, and work with
t=1[R + ...... + R, — [Py which is a point of 7, 4(11)(Q) = {nj(F), 0 < n < 10};donc ¢ = nj(Fy) with
0 < n < 10, ainsi

[Ri + ...... + R, — lIPx] = nj(Py) with0 < n < 10 (7)

We discuss according to the values of n € {0, ...... , 10} :

1. case :m = 0. Thformula (¢) becomes: [R; + ...... + R, — IPx] = 0.

According to the Abel-Jacobi theorem there exists then a rational function f defined on @ such that
div(f) = Ri + ...... + R; — [Py, donc f € L(IPy).

According to Lemma 3, we have, :

=11

1= Solwt) - Beelts)

j=0

with ay # 0 ( otherwise one of the R; should be equal to Py, which would be absurd ), a L # 0if [ is even (otherwise
one of R; would be equal to P, which would be absurd) and b (ES11 # 0if [ is odd (otherwise one of R; would be equal
to P, which would be absurd).

At the points R;, we have :
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The relation y'!

1
2 .
E oyt

_ _i=0
T = -0 where {
2 .
A
E Biy*
j=0

And as a result :

The expression :
=11

2
J
gD By

Jj=0

3
x*(xz — 1), involves —%—
’ z(x

_1)

Q; = :I:ai
Bj = ®b;

= :i:y%.

is an equation of degree [ in y ; indeed

The first member of the equation is of degree at most equal to 11 + 8 < 2

equation is of degree equal to 2 x 4

L
2

=1

We thus obtain a family of points of degree [ :

Thus we have :

. |
—
=

\—/

|

-

-
I

ag # 0, oL =+ Oifliseven,B% # 0if [ is odd and

8

I[Rl +

y solution of the equation
1 4 1
2 . 2 .
i=0 i=0

+ R — ZPOO}

1
2

D> oy’

g() — _S Y l—#

2 i

> Bt v 2 A

=0 i=0

.case :n € {1,...,10}. Formula (i) becomes
[R1 + ...... + R+ (11 — n)Py — (I+11—-n)Py] = 0.

1—11 4
2 .
J
E Biy3

i=0

nj(Py), we deduce that

According to the Abel-Jacobi theorem, there exists then a rational function f defined on @ such that :

div(f)
sof € LI(I+11 —n)Px).
According to Lemma 3, we have :

7 =

3
— x(

—1)) "

()

XT: bjl‘

j=0

+ (11 — n)Py — (I + 11 — n)Py,

with by # 0 (otherwise one of R; should be equal to Py, which would be absurd ), a L # 0if [ is even (otherwise one of
R; would be equal to P, which would be absurd) and b in = 0if [ is odd (otherwise one of R; would be equal to P,

which would be absurd).
At points I?;, we have :
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(atn)  Eoelitn) -

1= 11—-n
+11—n i
2 6
> alin
Tl z(z — 1)
Hence =z = _ﬂ
[ 6 j
2 ()
In addition yi = :ty2,we deduce that :
z(z — 1)
I+11—n
ajy? -
i =0 o, = 4%}
r = — where ;
l—2n { B’ - ibi
2
Biy®
ji=0

From the relation y'! = 2%(z — 1)2, we deduce, using the same procedure as the previous case, the following equation

iny:
i-n 4 I+11—n 2 l+11 n 2
2 ) 2 )
11 1% _ % i
y E Biy> | = E a;y? E aiy? + E Biy*>
j=0 1=11—n i1=11—n 7=0
This equation becomes :
l—n 4 L+11 n 2 l+11 n l—n o 2
2
n , 4 . itn—11 i
Yy E Biyz | = § ay 2 aiy? + Bjy?
7j=20 i=11—n i =11—n 7=20

which is an equation of degree [. Indeed :

= [ and the second member

For [ is even or odd, the first member of the equation is of degree equal to n + 4 (

l+11—n+n_11 L+ 11 —n
of the equation is of degree equal to 2 x 5 + 2 X —s ] = l.

We thus obtain a family of points of degree [ :

Bo # 0, Qs1ion = 0 sil est pair, 6% # 0if [ is odd and
Z ozlyi y solution of the equation
Gn = % Y ln 4 L+11-n 2 Ltil-n ln 2
J n A z+n 11 i
> Byt vt DL Bt | = Z iy S et Y gt
ji=0 3 =0 i =11—n j=0
4. Conclusion We have determined the algebraic points of any given degree

on the given curve. To be able to do it one of the bases was
determined and then the determination of given degree 1 of
algebraic points. The determination of the algebraic points of
degree exactly 1 on the given curve remains to be studied.

Our note focuses on the determination of algebraic points
on the curve Cy 4(11) of affine equation y'! = 2%(x — 1)
The curve C4 4(11) is a special case of the quotients of Fermat
curves.
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