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Abstract: The construction of wavelets is a key problem in wavelet analysis. In the background of the one-dimensional double
wavelet theory and the one dimensional biorthogonal bidirectional wavelet construction theory, this paper extends the
one-dimensional bidirectional wavelet to the two-scale three-dimensional eight-direction biorthogonal wavelet. By using the method of
tensor products to construct higher dimensional wavelets, the two-scale three-dimensional eight-direction multi-resolution analysis,
two-scale three-dimensional eight-direction scale function and wavelet function are obtained. In addition, the conditions satisfied of the
orthogonal and biorthogonal properties of the two-scale three-dimensional eight-direction wavelet are studied.
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1. Introduction

The core problem of wavelet theory is to study of the structure
and properties of wavelet. In order to make up for the deficiency
of single wavelet, people put forward multi-wavelet theory, such
as Gabor wavelet [1]. L. Shen et al proposed the
symmetry-antisymmetric orthonormal multiwavelets [2], J
Lebrun and M Vetterli studied the regularity problem of
multiwavelets [3]. Yang Shouzhi et al gave the method of the
constructing compactly supported orthonormal multiscale
functions [4-8], and J Lian et al studied the orthogonal
multiwavelet problem [9-12]. Professor Yang proposed the
concepts of bidirectional subdivision equation and bidirectional
wavelet, and discussed the orthogonality, approximation order
and regularity of bidirectional subdivision function [13-14].
Especially, the bidirectional addition function is the extension of

the single scale function. Based on the construction algorithm of
a-scale three-dimensional eight-direction plus fine wave scale
function [15] and biorthogonal a-scale three-dimensional
eight-direction scale function and wavelet function [16], this
paper extended the one-dimensional bidirectional wavelet to the
two-scale  three-dimensional eight-direction  biorthogonal
wavelet by tensor product. Furthermore, the two-scale
three-dimensional eight-direction multi-resolution analysis is
given, the construction of two-scale three-dimensional
eight-direction scale function and wavelet function is studied,
and the two-scale three-dimensional eight-directionl wavelet
under orthogonal and biorthogonal conditions is obtained.

Introduction mark: Og(x;,X,,%3), £(x,%,, %) DL (R?) ,
and define the inner product as follows:

<g(x1,xz,x3),f(x1,x2,x3)> = .L» .L» J_mg(xl,xz,x3)f(x1,x2,x3 Yelx dx; dx; (D

Where f(x;,x,,x;) is the complex conjugate of f(x;,X,,x3) . The Fourier transform of g(x;,x,,x;) is defined as:

0 00 [ 0 .
@@ @)= [ [ e gy, x)dndiyd, )
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The tensor product is defined as follows: let G, F" and J are
the three unary function spaces, the basis of G is {gk (x)} g

the basis of F'is {fk (y)}mz , and the basis of J is {jk (Z)}kDZ ,

therefore, the tensor product space of G, F' and J is a ternary
function space with { X))k (z)} iy 88 the basis,

namely, g0 00 j ; Thus: @(x,,z) = @(x)P(»)P(2) is true
for a function of three variables.

2. Two-Scale Three-dimensional
Eight-direction Multi-resolution
Analysis

142

Then a multi-resolution analysis in L*(R®) is generated
with (MR4){r;},, has and only has {V;};;, defined by
Equation (3) satisfies:

oy, Oy, 0y, DO

i1)Clos Uv, =L*R);

(CTos,: 0, U 1y = ()

Gi) ()7 = (0}

(AV)f(x,x0, %) OV = f(2%,2x5,2x5) UV 5

(V) There exists a scale function @(x;,%,,%;)in L*(R*),
make the set of functions

{0 =k, xy —ky, x5 = k3),
Definition 2.1. Let the scale function of two-scale Pk = xp, %, —ky s x, = k3),
three-dimensional  eight-direction = wavelet be  set
3 POxy —ky ky =x5,05 —k3),
@(x;,x,,x;)0L°(R”) , define the subspace sequence
53 P(x) —ky,xy ~ky k3 = x3),
v} OL®):
{ /) joz (R) P(ky = x1,ky = Xy, x5 — k3),
o . . Pk —x1, %, —ky ks —x3)
Vj =C105L2(R3) <2]¢(2jxl _klazsz _k2521x3 _k3), : . > 7
Y gtk ~2x Vs ko s ko) P(x) — ki, ky = x5, k5 = x3),
=27x,2"x, =k, ,2" x; — k),
A poR e Pk, = x1,ky =Xy, k3 = x3) ey by ky O Z}
2092 x —ky,ky =27 %,,27 x5 — k),
2 P27 x ~ k2 xy kg ks =2 ), 3) Its a Riesz basis of ¥ . Hence, two constants
ik -2/ iy 2y —
2»¢(k1 2»"1’/‘2_ 27%3,27 x5 »k3)’ 0<( =C, <, can be found:
2 hk, 2 x,2 Xy ~ky ey =27 xy),
27 (27 x —kyky =27 x5, k5 =27 x3),
20 Pk, =27 x,ky =27 %y, by =27 x3) 1 ey ey ey O Z >
+,4,+
Z Ch ke, k3¢(x1 kysxy =ky, x5 = k)
Ky k02
+,+,—
+ z kot B0~k Xy kg kg —x3)
Ky k302
+,—+
+ z S, k2k¢(x1_kl’k2_x2’x3_k3)
kl k2 k3
, |+ z B~k =Xy = x3) )
kl k2 k3
G Z Chy oy ks Ch ey s || S _ <G, Z Chy ey ke Chy ey s “4)
+ @k - —ky, x5~k
ky ey k3007 ) ckl,kz,k3¢( 1 XXy ko, x3 —ky) ki ky k3 07 )
lyhey ey 0Z
+ z ckl o P = X120 =k k3 = x3)
kl kZ k3
i B B B
+ z Chto g Pk = X1,k = X3, 33 = k)
ko ey ey 0Z
+ Z o P = X1,k = X, k3 = x3)
ko ey ey 0Z 5
Where i in 1273 i
is an any sequence in /“(Z”), and equation (4) can be
S S T called a stable condition. .
{ } Chidey ey » by ey ey 2 Sl ey ey 2 Sy ey ? Definition 2.2. The tensor product of three unitary
c = e . .
koo ks et et - bidirectional simple wavelets @(x), (), @d(z) is used to
Chy ey ey oy ey ey > Sy ey ey >l ey . . . L S
DR TR BPR e TR S kg kL2 construct three-dimensional eight-direction bidirectional



143 Jing Zhang et al.:

The Orthogonality of Two-scale Three-dimensional Eight-direction Wavelet

wavelets in three-dimensional space. p(y) = + - N -
e . L . Y)= D py#Q2y-D+ ) pypU-2y) (6)
Let the bidirectional simple wavelet subdivision function g‘ ! ;‘ !
P(x),#(»),P(z) satisfying the subdivision equation as
follows: #(2)= Y P #QRz=0+ Y p#t-22) (]
0z 0z
$()= D priQx=k)+ Y piyhl=2x) (5) ,
Wz w0z It can be obtained from @(x, y,z) = @(x)@(»)@(z) :
B(x,,2) = {Z PrQx=k)+ Y plpk - 2x)} 0 {Z Py#Qy=D+Y py 9 —2y)} 0 {Z Py #Q2z=0+ Y py Bt~ 22)}
K0z K0z 0z 0z 0z 0z
= > ppnpn#2x—k2y=1.22=0+ D plps py #Qx—k,2y=1t=22)
k1,07 k1,107
Y P PP #Qx -kl =2p,22=0+ Y plipypy $Qx—k,1=2y,t~22) ®)
k,1t0OZ k1,107
) papps Bk =2x,2y=1,22=0+ > plypy,py Bk ~2x,2y =1t ~22)
k107 k1,107
+ ) paPups B =2x,1=2,22=0+ > plyp;ypy Bk =2x,1=2y,t=22)
k,1t0OZ k1,107
Select the corresponding sequence from above to get:
TN ISR NN TN P 8
ky ke Sk ky ko k N ok Lky k N Fky ks k ’
1R0R3 ) ek k07 1KR3 ) gk k02 1KoK ) gk k02 1K K3 ) gk k02
IR LA B W
koot ) iy oz VTR Ly o nz VTR R Ly ez TV ROk ks L g 0z
Then we get:
P(x1,%3,%3) = z ;;Jrk P23 —ky, 2%y —ky, 233 ~ k) + z Pkl k’;k3¢(2x1 ~hki, 2%y — kg, ks = 2x;3)
Ky Js 07 ke Jy 07
+ z P;l’,;:k} P(2x ki, hy =2xy,2x3 k) + z P;l’;{;;% P(2x, ki, ky = 2%y, k3 = 2x3)
ey Jey s 012 ey Jey Jes 012
-+ + -+, — (%
Y P =20, 2%, ~h, 2x — k) Y pr Bk = 2x,,2%, ~hy, ke —2x5)
Ky Js 07 Ky Jey 0Z
+ z P;:l’;(;kﬂ(kl ~2x,ky =2xy,2x3 —k3) + Z Pk ks Plky = 2x,,ky = 2%y, by = 2x3)
e Jey s 012 e Jey s 012
If equation (9) has a good solution, then the result of 1;’,;;_,@’ p]:ll’;;k}’ p;l,’;;—’k}’ p]:l;;k}’ plg,;c;—’ks are 0. Let

three-dimensional wavelet is an example of a two-scale
three-dimensional eight-direction subdivision function.

If equation (9) can be reduced to a three-dimensional
+,-,+

e . . - . . +.+,—
subdivision function, it is required that Py k; ko Pk,

%(xl,xz,)@): Z T o PQ2x — k2%, —ky, 2x3 K )+ Z

Ky ke ey 0Z

the corresponding three-dimensional eight-direction two-scale

function in {V/} - is @(x;,x,,x3), the two-scale function
7

of the corresponding tight support is @(x;,x,,X;), then:

~+

Pic o iy D220 =k, 220 =y, Ky = 2x3)

ky ey Jey0Z

+ Z f’/;;;k P(2x; — ki, ky =23y, 2%, —k3) + Z Pkkk¢(2x1 kyky =23y, ky = 2x3)

k. ke ey 0Z

Kk ey 02

(10)

+ Z Pkl,k2k3¢(k1 2x,2%) —ky,2x3 — k) + Z Pkl,k2k3¢(k1 2x,2x ~ky, ky = 2x3)

Ky ks 07

>

Ky ke ey 0Z

~— =t

ky ke ks 1UZ

P Bl =2x, 0 =23y, 2 = k) + D P B =2x,k, = 2%,k = 2x3)

Kk ey 02
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Then it can be called th { } d { } d { } i
en 1t can be called the sequence: | Py, i, i, by k017 an Pkl kz K P an P ey iy bk ka7 are negative,
{ﬁ;’;;k}} tiny Aare  three positive mask symbols;  positive, positive mask symbols; {p';;‘;_’h}kl,kz.kgﬂz and
{PkI k’_k‘}kl,kz,kﬁz and {Pkl kz—k3}k1,k2,k3DZ are positive, positive { Py ;z_k*}kl,kz,k@z are negative, positive, negative mask
. . ot -—+ ~— =+
and negative mask symbols; {p kl’kz’k3}k1,kz,ksDZ and  symbols; {p kl,kz,ks}kl,kz,kﬂz and {p kl’kz’ks}k,,kz,ksDZ are
{13;;’;{;;(3}1{ sy 02 are positive, negative and positive mask negative, negative, positive mask symbols;
o o {Pkl’,k’z,;%}k by 02 and {pk1 s k3}k by 02 are three negative
bl;{p”} d {p } v . S
SYmbo's fikooks L by 0z an bk ki ky 3 0Z are mask symbols. Fourier transform of equations (9) and (10) can
positive, negative and negative mask symbols;  be obtained:
_+++wl__0{f*&a% W W W, B W
P@. @) = p™ " (5P )+ (2,2,2)¢(2,2, >)
e B - AL W A SR R N NPV B Y
p (2 2 2)¢(2 > 2)1? (2 2 2)(13(2 2 2)
e - - S VA I N ST B R SO BB Y
p(222)¢(222)p(222)¢(222)
e B N NP W N NS I N WPV B Y
D L TR L ARV .
e W T AN Y B T R S W M AN VL B B
P, w.w)=p"* (2,2,2)¢(2,2,2)p (2,2,2)¢(2,2, 5)
B e M M R T I B RIS, B M R P N T
p (25252)¢(25 252)p (25252)¢(27 25 2)
e M MR TR, B B R SR M M R VL, M B
p (25252)¢( 25252)p (25252)¢( 2525 2)
e - N NP W N NP I R S YO B Y
p (222)¢(2 22)1? (222)45(2 5 2)
There in:
aiky | wk, | wyk k| wyk, | wik
@ @ By LS e TGS @ @ @)1 s e TGRS
PN - ky ke ’ 5y Ty )T o ey ey € ’
2.2 2 ky ey ky0Z me 2.2 2 8k1,k2,k3DZ e
@@ @1 (o SRR A @ @ R
p (7,7,7) =3 Z Pr ki@ ; (7,7 273 Z Pri i€ ;
Ky ko ky0Z kl oy ;07
e B @] e G @ @ @ e G
p (7,7,7) == Z Pi ik ; (7,7 273 Z Pi ki€ ;
Ky ko ky0Z kl oy ;07
@ @ By 1 L T I RSN S btk b
p )= Pk’,k’,k P ’ — s, )=— pk ks k. 5
222 8k1,k2,k3DZ v 2.2 2 8kl,k2,k3I]Z v

The deformation of equations (9) and (10) is as follows:
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P(=x1,%3,%3) = Z Pk1k+k (=2x = ky, 2x) =k, 2005 —hy) + Z p;:l;_k (=2x = ky, 2%y = ky, ks = 2x3)

Ky ey ks 07 Ky ey kg 0Z
+ Z Pk, k G(-2x; — ki ky =2x5,2x3 k) + Z Pkl o i (20 —ky ey = 2%, k5 = 2x3)
Ky ey Je 0Z Ky ey Jy0Z
=+, + _ _ =+,- _ _
Y P UG 22,20~ 2 —k) Y T Bk +2x,2x, —hy ky —2x;)
Ky ky ks 07 Ky ey ey 0Z
Y P+ 2wk =20, 2 k) Y Bk + 2y =2,k = 2x)
Ky ey ks 07 Ky ey ey 0Z (12)
P(=x1,%3,%3) = Z ﬁ;:;Jrk P(-2x —ky,2xy —ky, 233 —k3) + Z 13;:1;_;( P(2x; ~ky,2xy —ky, k3 = 2x3)
Ky ey Je 0Z k. ky 02
. e
Y B B2~k ke = 2%y, 20 k) D P B2~k =2~ 2xy)
Ky ey ks 07 Ky ey kg 0Z
~— 4+ ~— 4,
Z Pi ko ks Plky +2x,2x) —ky, 2%, —ky) + Z Dk iy Pky +2x),2x) ~ kg, ey —2x3)
Ky ey ks 07 Ky ey ey 0Z
- o
+ Z Pi i U+ 231, k) = 2%, 233 — k) + Z Py i Pk + 231,y = 2x5, k5 = 2x3)
Ky ey Je 0Z k. ky 02
P(x1,7xp,%3) = Z P;;’,;’;k3¢(2x1 ~hy, 22y —ky, 203 — k) + Z P;;’,;’Z_,k3¢(2x1 ~hi, 2%y —ky, ks = 2x3)
Ky ey hs 02 Ky ey s 0Z
Y P BN 2%, 20— k) Y pr B2x k423, = 2xy)
ki ko k307 ky ke ks 0Z
+ Z P;;’,J;r{’;k3¢(k1 =2x,72x) —ky, 23 — k) + Z P;;;,_ks Plhy = 2x,72x) ~ky, k3 = 2x3)
Ky ey s 0Z Ky ey s 0Z
Y Bl =20 2%, 20— k)t Y p Bl =2,k 42, = 2xy)
Kk s 07 ‘ Ky ey ks 0Z
~ 3 3 13
¢(x1,—x2,x3)— Z +++k ¢(2x1 ki, =2x) —ky,2x3 —k3) + Z P;; k¢(2x1—k1,—2x2—k2,k3 -2x;) ( )
Ky ke s 0Z Ky ey s 02
+ Z ﬁ;;’;;kﬁ(z% ~hisky +2x),2%3 —ky) + z 13;;’;{2_,;{3(5(2)‘1 ~hisky +2x5, k5 = 2x5)
ki ko k307 ky ke ks 0Z
=+t
Y PPl 2,720~k 2 — k)t Y B Bl = 23,72, ~ ey ks = 2x3)
Kk s 07 Kk s 07
+ Pt B0k =23k + 235,20, ~ k) + > i Pk =23k + 2%, ks = 2x3)
Ky ey s 02 Ky ey hey0Z
PO, =5) = D P BN k2% ko, 20— k)t Y pr B2~k 2%~ ks +2x5)
Ky ki 0Z Ky ky ki 0Z
Z P;:’,;’;k3 P2x —ky,ky =2x),"2x3 ~ k) + Z PZ’,;’Z_,;(3¢(2X1 ~hkisky = 2%,k + 2x3)
Ky ky ki 0Z Ky y ki 0Z
Z P;:l’;’;k3 Pk =2x,2x) ~ky, =233 ~ k3 ) + Z Pk_l’;’z_,k3¢(k1 =2x,2%, ~hy, ks +2x3)
Ky ky ki 0Z Ky ky ki 0Z
Y P ~2x ke =20y, 2~ k)t D pr T Bl =23,k =23, +2x3)
Ky ey ey 02 Ky ey ki 0Z (14)
PO 3y =x) = D Pt Bx =k 2x, kg 2xy—h) Y BT B2x k2%, ~hy ky +2x;)
Ky kg 0Z Ky ey ;02
+ Z P P2 =k ky =23, =23y —ky) + z P PQxy — ki ky =235,k +23)
Ky ey k302 Ky ky ks 0Z
Y BBl =2x,2x ~ky, =2~ k) + Pk B0k =23, 23, ~ky ey +2x3)
ky ey k3 0Z ki ky ks0Z

D BB =2x .k =2y, 2k k)t Y B Bl =2,k =2,k +2x5)
kky oy 02 o Kk JeyOZ )
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P(—x;,7xp,x3) = Z +++k P(~2x) —ky,72xy ~ky, 2%, — k) + Z P ks W OC2x —ky, =2y —ky ks —2x3)
kyoky ks 0Z Kok ly0Z
+ z P P23~k ey + 23y, 2005 k) + z P P2 —ky ey + 2y k3 = 2x3)
kyoky ks 0Z kyoky ks 0Z
-+t
+ Z Pic e P00 +2x,72x) —ky, 233 — ks ) + Z Pkl o i O + 23,7205 —ky ey = 23)
kyky ks 0Z kyky ks 02
+ z P;;; k¢(k1+2x1,k2+2x2,2x3 k) + z p,:];_k Pky + 23, ky + 23y, k3 = 23)
Koy ks 0Z Kk ks 02
_ ~ ~ =
P(—x1,7x3,X3) = Z pkl,kz,k3¢(_2xl ~h, 2%, —ky, 203 k) + Z Pk],kz,kjﬁ(_le —ki, 2%, ~ky ey = 2x;3)
kyoky ks 0Z ko Jy 02
+ z Py P20~k ey + 23y, 2005 k) + z Py P2 —ky ey + 25,k = 23)
koky ks 0Z kyoky ks 0Z
Y B B 2,2~k 2 mh) D B Bl +2x,,72x, ~hy, ke =20)
kyoky ks 0Z kyoky ks 0Z
+ Z 13;;_ k¢(kl+2xl,k2+2x2,2x3 ky)+ Z ﬁ;;;c_k Pky +2x,ky + 23y, k3 = 2x3)
Koy kg 0Z Ky Ky k02

P 0) = D P BN — k2% k2 —k) D P B(22x —hy, 2~y +2xy)

ke Js 0Z ki hey b 02

+ Z p;::;;;% B(-2x; —kyky = 2%y, 723 —ky ) + Z pkx,;f’z_,ks O(—2x, —ky ky —2x,, k5 +2x3)
kysky s 0Z kysky Js 0Z

+ Z p/q Ky ke ¢(k +2x1,2x) —ky,=2x; —k3) + Z pkl ook T Pk +2x,2x5 =k, kg +2x5)
Ky ky ey 02 Ky ky ey 07

+ Z P;;;{;k} Pk +2x),ky =22y, —2x3 —k3) + Z p,;l’;;z_’k} Pk +2x,ky —2x5, ks +2x3)
Ky sky ks 0Z ky ks JyOZ

P(—x1,%y,7x3) = Z ﬁ;;’,;;fksiﬁ(_le —hky,2x) —ky, =233 —ky) + Z }7;; J;r{ P20~k 2%y —ky ks +2x3)

Ky ky Jy0Z Ky ky l 02

+ Z ﬁ/:l ;c+k P(2x, =k ky =22y, 2%y —k3) + Z ﬁ;’}’;kxﬁ(—le =k ky = 2%y, ks +2x3)
Ky ky s 02 ky ky by 0Z ‘

~— ~ -

+ Z Pi ks Bk +2x),2x) —ky, =23 —k3) + z pkl,kz,k3¢(k1 +2x,,2x, —ky, kg +2x3)
Ky sky ks 0Z ky ks JyOZ

+ Z Pt Bk + 23,k = 2xy,=2x, — k) + z i Bk + 231,k =2, ky +2x7)
kyoky Jy0Z K ky k02

P(xi,=xy,—x3) = Z ;;Jrk P(2x) ~ ki, =23y —hy, ~2x; — k) + Z Pk k’;k3¢(2xl—k1,—2x2—kz,k3+2x3)

Ky ey k302 Ky ey k302
+-+ _ _ _ +-- _
+ Z P BQRx —ky kg + 235,720 — k) + Z P BQ2x ki ky + 23y ky +2x3)
ky ey ey 0Z ky ey ey 0Z
-+t -+, _ _ _
Y P = 2x, 2, =k, 2 k) E Y e Bk = 23,22, —ky ks +2xy)
ky ey ey 0Z Ky ey ey 0Z
-t — — — B —
Y P = 2x kg 20y, =2 mh) D p Bk =2k, 2%,k +2x3)
Ky ey k302 Ky ey k302
_ ~+ +,+ ~ =
PO =% =x) = D Bt B2 — k2%~ 2 k) D B B2 — k=2, — ke +2xy)
Ky ey k302 Ky ey k302
St ~+,—,= _
Y B B0x ke 23,720 k) D P B~k ky 2,k +2x)
ky ey ey 0Z ky ey ey 0Z
~ _a+a+
ol
+ Z P ey b, Ok = 230,727 =k, =203 —k3) + Z P i P =22, 7220 = kg, ey +2x3)
Ky ky ks 0Z ki ky k3 UZ

===t - —_ —_ 5T T —
O BBl =20 + 20,2 — k) Y Bl =23,k + 23,k +20)
Ky ky s 0Z Ky ky s 0Z

146

(15)

(16)

a7
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P(=x,7xy,7x3) = Z P;:]’,Z:h P(=2x — k. "2xy —ky, =25 — k) + Z P;;’,;;J% P(=2x) —ky, 72xy ~ky kg +2x3)
Kk by 0Z Kk s 007 )
+,-F +,--
+ z pkl’,kz,k3¢(_2x1 _kl’kz +2x2,—2x3 _k3) + z pknkz’ks ¢(_2x1 _klakz +2x2’k3 +2X3)
Ky K02 koo Jy 017
—++ -+,
+ Z Pr Ky ks Pl +2x,=2x) —ky, —2x3 —k3) + Z Pkl’,k;,kﬁ(kl +2x,72x, —ky, k3 +2x;)
Ky k07 ko g 0Z
Y P B+ 2k + 2, 2xy —) Y pr B 23,k + 2%,k +2x5)
K ey k002 K ey k012 (18)
P(=x1,=xp,7x3) = Z P;:]’,;:k} P(=2x =k, =2x, —ky, =2y —h3) + Z P;:l’,;;,k} P(=2x) =k, =2x,) —ky kg +2x3)
koo 0z kysJey ey 0Z
~+ -+ ~4 - —
Y B B e 225,720 k) D BT B2~k kg + 2,k +2)
Ky ey k02 Ky 02
~—++ ~—
Y B B 2,20~k 2 k) D B Bl +2x,, 2%, ey, kg +2)
Ky ky kg 0Z ) Ky ke ey 0Z
I S
+ Z Pr Ky ks Pl +2x),ky +2x5,—2x3 —k3) + Z Pk]’,k’z,kf(kl +2xp,ky +2x), k3 +2x3)
Ky ey k02 Ky ey k02

Fourier transform of (12) ~ (18) can be obtained as follows:

¢(_a’1’%’%):p+’+’+(_? 2 2N TN
-t @y.@) = 5 (- “2*%%)é(—%%%ﬁif+‘<—%%%>¢<—%%—%)
par @)= p (G- e - By B2 gl 2 5
bl ey )= po (-2 g 22 By o B2 g -2 A

B4 W) Wy LW Wy Wy s W W W s W W W
+p (2, 2,2)425(2,2,2)+p (2, 2,2)¢5(2,2, 2)
o4+ cq _a& (4)3 *_a{ _a& @ o4 — 0.,] _wz (4)_~, ”_a{ _a& _@
+p (—2, EREY )9( EREEY ,—2)+p (2, EREY )P( EREEE —2)
oy (q _(4)2 c% A_(q (4)2 (4)3 Lo (q _(4)2 @ A_(q (4)2 _@
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pla. oy =p (L2 -Ehpth 2 By prn L BB 25

27 2 2727 2 2727 2 27272
e N I APV R R A R N A V1L AT )
tp (2’2’ 2)¢(2’ 27 2)+p (2’2’ 2)¢(2’ 2’2)
—++ ﬂ ﬁ _ﬁ _ﬂ & _ﬁ e ﬁ & —ﬁ —ﬂ ﬁ ﬁ
tp (2’2’ 2)¢( 2727 2)+p (2’2’ 2)¢( 2’2’2)
“ “ fﬁi)

2 2 2 2 2 22 2 2 2
blag.wpm) = po (L IR By @2 B 2 A
pa @)= pt (-2 gL B By e AL B2 8
R N I
P, 0, ~ay) =
w0, -w) =

148

21

(22)

(23)
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2’ 2 2’

¢(a{ @, a&)_ 2 2 2 2 27 2’
S +a4 ey w} 2] wz Oy e wz _@ ﬂ&&

( 5 )¢(2 > 2) ( > )¢5(2 ) 2)

~<t+£i _w _gi _gi W @ P a& ab _4W . 2 _w

+p ( T P(——, 5 2) ( > )¢( 2 )

2’ 27 2’ 2

Se-vo W _W W q W W W W W
+p (27 27 2 2727 2 27 27 2)¢( 27272)

N N NV R 2 N2 N ST R S W) R )
+ ey )¢(*2, EREYAY A S )¢(*2, )

ok W W _Ws W W W - W W W W W W
AR e 2)¢(2,2, AT iy 2)¢(2,2 5)

If the:
Ax) Xy, %3 ) = [P(x;,x,%3), (=21, X0, X3), (1, =%, %3), P(Xp, X5, =X3),
¢(_-x1 s T Xp, X3 )5 ¢(_x1 s Xp, T X3 )’ ¢(xl s X T X3 )’ ¢(_X1 s XT3 )]T
(Z(xl,xzsf%) =[P(x1, X, x3), P(=x1, X0, %3), P (X1, =X, X3), P, Xy, —3),
P(=x1, =20, %3), P(=x1, X, =X3), P(X;, =X, =23), P(=1, =X, —X;)] T

Where ‘T’ represents the transpose of the matrix, and there can be partitioned matrices:

+++(C¢2{,a2b,02)3) 4+ (CUI ‘;2 a’é) p+,,+(024,%,aé) +--(%,%,%)

—w—w)=pr L Bl B Wy e B GG D
¢(a{’ a&’ a&) p ( > 2 > 2 )¢(2 > 2 > 2 )+p (2 > 2 > 2 )¢( 2 H 2 >
e B S ROYE. WO T WY I SO NP YL B N
e )¢(2 LA A T )¢( 5

—++‘“1 L 4 ‘“1 e e ) _ﬁ 4w W

> )¢( LAl AN T 2)¢( TR

“*(“* Y ‘W(”“’Z L e e

2

~__+(0.{ &)2 0‘)3)¢( 0_{ &)2 0‘)3)_'_'“———(0'{ &)2 @)¢( 02)2 %

R T T
L L S YL I T WO B S S P B N
T AT L T )
R N S R VL R B RPN L R RV Vi . .
L L B e A )
s —%,—%m(%% a2 e 22

24

(25)

(26)

@7
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Thus, the symbols of the enhanced mask in Equations (26) and (27) can be obtained.

3. Biorthogonal of the Two-scale Three-dimensional Eight-direction Scale Functions
and Wavelet Functions

Definition 3.1 If the three-dimensional eight-direction scale function @(x;,x,,X;) [16] is orthogonal, then the following
conditions are true :

<¢(x1,x2,x3),¢(xl —ky,xy —ky, _k3)>
<¢(xl,x2,x3),¢(k1—xl,x2—kz,x3—k3)> 0
(P(x1,35,33). B3 =hys ky = 33,33 =h3)) = 0
<¢(x1,x2,x3),¢(xl—kl,xz—kz,k3 —x3)>=0
<¢(x1,x2,x3 ), @ky = x1,ky =Xy, %3 — ks )> =0; (28)
{ )=0
{ )=0
0

I
e
=
qu
=
\.OQ
=

P(x1, %3, %3), Plky = X1, %) —ky ks = x3)

Definition 3.2 1f the three-dimensional eight-direction scale functions @(x,x,,x;)and @(x;,x,,X;)[16] are biorthogonal,
then the following equations are satisfied :
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¢(xl,x2,x3),¢(x1—kl,xz—kz,x3—k3)>
¢(xlax2ax3)a¢(k1_xlaxz_kzax3_k3)> 0
¢(xlax2ax3)a¢(x1_klak2_xzax3_k3)> 0
¢(xl,x2,x3),¢(x1—kl,xz—kz,k3—x3)> 0
P(x;, X5, %3), P(ky = X1, ky = x5, x5 _k3)> =0, (29
)=0
)=0
)=0

{
{
{
{
{
{
{
{

Definition 3.3 If{ V/} - is a three-dimensional eight-direction multi-resolution analysis of @(x;,x,,x;) scale function and
7

{W-}, is the orthogonal complement space of V. in V., as well as L2(R3): aw. , where
J1 oz J J+l jaz Y

W, = Wj(l) u Wj(z) u Wj(3) | Wj(4) 0 Wj(S) 0 Wj(6) O Wj(” , Wj(y)(y: 1,2,3,4,5,6,7) is orthogonal to each other. Thus, there

exists a ternary compact supported wavelet function ¢”(x;,x,,x;):y=1,2,3,4,5,6,7 , making the function set:

W (x, =k, xy =k, X3 = k3,0 (ky = X, %0 =k, X3 —k3),
WY (= kiky =x5,05 = k)0 (3 =y, x =k, Ky = x3),
WY (ke = x1,ky = %3,5 = k)WY (hy = X1, %, —ky by = x3),
WY =k ky = xy ks =) 0 (hy =1,k =,k = x3)
Y =1,2,3,4,5,6,7:k  ky ks 0 Z)

It forms an orthonormal basis for W, . The tightly supported wavelet function " (x;,x,,x;):)=1,2,3,4,5,6,7.
corresponding to ¢’ (x;,x,,%3): ¥ =1,2,3,4,5,6,7. satisfies:

<¢(x1,x2,x3),(//y(x1 =k, xy ks, x5 _k3)> =<¢(x1=x2=x3)sl//y(k1 =X, % ~ky, X3 _k3)> =0,
(5200 (1 =ty = =) ) = (B0 50000 (=33, =y, =) = 0
(052500 0 =y =3 =k)) = (0050000 (5 =i =y =) = 0
(15200 (1 =iy =3 =) ) = (B 000 000 (5 =i =y =) = 0
(9102000 =k =005, =) ) = (B8 3)00 Oy =310, =y =) = 0
<¢(x1,x2,x3),z//y(kl ~ X,k m X0, _k3)> =<¢(x1=x2=x3)al//y(k1 =X, Xy ~ky ks —x3)> =0;
(052,500 G =y =8 =300 ) = (90500000 (=3 =,y =) = 0
(52,009 01 =y =8 =300 ) = (B0 500000 (=3 =0,y =) = 0



P (%, %).40" (%)
P (3, %5540 (%)
P (3, %).40 (%)
@ (3, %5, %), (%)
Pr (%, %).4" (k
P (3, %0,%).40" (y
Pr (%, %).40" (%)

T~ T o~ o~/

<zﬁk(x1,x2,x3),(,0’(xl —kyky = x5,k = x3)

Among them: ), k,t =
Hence there is a sequence:

To satisfy:

l//y(xpxz,)%) = z

ey Jey e 012

f Y g

by ky k312

+Zq

ki ks k02
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—ky,x,
—kyx
—ky,ky
—ky,k,
=X,k
—x,k;

—ky.k,

1,2,3,4,5,6,7.

s
Ky ky kg

Y=+

—hy,x3 —
—ky,x3 =
T Xy, X3 T
TXp, X3 T
T Xy, X3 T
TXp, X3 T

=Xy, k5 —

0;

Jkta-()k150k250k3 <‘/’ (X150, %), 40" (y =1, =y x5 = k3)>

030" (%0, (5 =Ky %y = ey = 33)) = 0

k) =
k) =
k)
)
)
)
)
)

{
=0<lﬁ (15X, %3 ), 0" () =k, %, =y ey = x3)>=0,
k3) =0<¢/ (X, 53 )" (hy = x,,%, =y by = )>=o;
= 03(07" (%) (=30, %~y s =) = 0;
)=0< KO X 030 (hy =31,k = x5, 5 = )>=o;
= {0 (a0 (hy =Ky =y =) =0

}k Joy k07

)
}kkk3IIIZ{ kokoks |k y0z

A SR Ul oy
Kk g0z U Rk g onz

VA
}k oy 012 {q ki k3}k1,k2,k3DZj 2%

9 Bn — k2, k23— k)t D @ B2~k 2x, —ky ks = 2x5)

Ky ko Js0Z

BOx, ki hy =23y, 205 k) + D g T, BOx ki, kg =2,k = 2x;)

Ky ke J 07

ko, P = 23,257 =k, 203 —hy) + z q" K, kz i Ok = 2x0,2x) —ky ey = 2x3)

Ky ke ey 02

Y @B =23 =20y, 20— k)t Y @ T Bl =23k, 2%, ~2x;)

ky ky k02

ky ke s UZ

The same is true for ¢ (x;,x,,%;):y=1,2,3,4,5,6,7.:

W(xl,xz,xg) = Z

e Jey ey 02

i

ki sk ks LIZ

L Bx k2%, k20— k) + D GL B2x ~hy, 2%, ke, ke = 2x;)
ky ey Jey 02

~1;c/+k_1: (2x =y, ky =2xy,2x3 —k3) + z ‘?;}{Hk_; (2x; —ky, ky =25, k3 —2x3)
Ky ky k3 0Z

+ z ~y_;;;¢(k1 2x,2%) =y, 2x3 —k3) + Z é;};_kzk(ﬁ(kl 2x,2%) —ky, k3 =2x3)

Ky ke ey 02

ky ey Jey0Z

+ z ‘H;,k;éﬁ(kl =2x,ky =2x5,2x3 k3 ) + Z ‘?1};_,};;3 P(ky = 2x1,ky = 2%, k3 = 2x3)

ky ke ks UZ

ky ky ks UZ

The Fourier transform of (31) and (32) can be obtained:

51”50k 50,1{250,k3é<‘f/ (xl,xz,x3),zﬁt(k1 =X, %) ~hy, Xy _k3)> =0;

152

(30)

(€2))

(32)
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y proc M @ Bypd G Gy oy B Gy d G G
Pl w, @) = 0" (= S )+ O (T A )
A B T Y e M B ROV A S M B R Y L L
+0 (2 2,2)45(2, 5 2)Q (2 2,2)45(2, 5 2)
e A e B YO W T ROV S, B B R PR W R
0 (2,2,2)65(2,2 )+0 (2 2,2)45(2,2, 2)
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y AR e e B Y B e B, V2P B I B Vi B B 3
7" (@.0,0)=0 (2 2,2)¢5(2,2,2)+Q (2,2,2)¢(2,2, 2)
oA M M Y Vi N T RO i, B T B P B B
+0 (2,2,2)¢(2, 2,2)+Q (2,2,2)¢(2, 5 2)
oL e T B VO e T DY, T2 T B YOG e B X
+0 (2 2,2)¢7(2,2,2)+Q (2,2,2)¢(2,2, 2)
e W M RN VO B S R VRSP B T R O B R |
+0 (2,2,2)¢(2, 2,2)+Q (2,2,2)¢(2, 5 2)
Among them:
Wk ok, @k Wk ok, ks
v+, 0 W W _1 o+ _’(wli)ri*' ) -, 0 W Wy _1 b I AT
Qy o (_7_7_)__ qy o 2 Qy (_5_5_)__ qy o e 2 2 5
27272 SMEDZ hiska ks 27272 skl,kg;m ks s
Wk ok, @k Wk Wk | wk
N po TS @ @ @ R
- LD M v e e e L W N
2°2 2 8k1 kgc‘gmz frleks 2°2 2 kl k%l]z bk
ky , @rky wsks (u]kl Lk @k3
W W w1 -k _’(a{ ) oyt A “ wj - —+- 00 )
Qy (_a_a_)__ ‘]y’ ’ 2 Qy ( _____ ‘]y 2 5
2°2 2 k k;jmz frlaks 27272 kl k%l]z o
. 1 . (("Ikl Wky %ks) o . _l(%+%+%)
O @Rl Y e e AR Y e
ky ky s 0Z Ky ky by 0Z

W’ (x;,x,,x;) is called the three positive mask symbols; positive, positive and negative mask symbols; positive, negative and
positive mask symbols; positive, negative and negative mask symbols; negative, positive and positive mask symbols; negative,
positive and negative mask symbols; negative, negative and positive mask symbols; three negative mask symbols, respectively.
The corresponding ¢ (x;,x,,%3): ¥ =1,2,3,4,5,6,7 are three positive mask symbols; positive, positive and negative mask
symbols; positive, negative and positive mask symbols; positive, negative and negative mask symbols; negative, positive and
positive mask symbols; negative, positive and negative mask symbols; negative, negative and positive mask symbols; three
negative mask symbols, respectively. As follows:

9 & @ b
T N SEE  S
2.2 2 8k1,k2,k3DZ e
~+,—,+C¢{C¢ba}_«;_ ~y+, -+
0" NS EY D ke
Ky ko ky0Z
~_,+,+cqa)2w3_ ~—++
0 )T,  dhi,
Ky ky ky0Z
- W W e
0L =L X e
ko k02

If the:

_ ch LWk @k
(44 22 3) Qy++ (ﬂﬁﬂ):l z G o
27272 Dy ky
Ky ky ey 0Z
k, k k-
R R R AN YV S
) 2 ) 2 b 2 qkl kz k3
ky.ky 02
- qu Lk, ok
I QV‘ﬁ,‘(ﬁ Y ﬁ):l Z G o
27272 Ty by ks ©
ky.ky 02
_j bk @k | ks
e 22+ 3).QV—,——(ﬂ&ﬂ):l Z g’ " e
) 2 ) 2 s 2 qkl’kzak,%
Ky ky Jy0Z

_i(%+a&kz +%k3)
2 2

_l(%_,_ Wk, +“ék3 )
2 2 2

(“Ikl Lk “éks L1

—i(—L 5

_i(("likl.‘.("&]% +%7k3)
2 2

>

>
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WY (x5 20, %3) = @7 (31,50, %) 07 (=315, 363,07 (3, =30, 33,40 (31, %, —3),
l//y(_xl, —xz,x3),l//y(—x1,x2, X3 ),l//y(xl, X, TX3 ),l//y(_xp Xy, TX3 ))T§
l-TJy(xl,xz,)@) = (@Y (x1,%, %350 (=x1, %, 3,07 (X1, =%, 3), 07 (X1, %5, —3),
([/V(—xl,—x2,x3),(/7y(—x1,x2,—x3),(/7y(xl,—xz,—x3),l/7y(—x1,—xz,—x3))T;

Where ‘T’ is the transpose of the matrix, and there are partitioned matrix E, F,G and H whose specific form are as follows:

ﬂ ﬂ ﬂ) QV‘%t‘(ﬂ ﬂ ﬁ) Qy+,_a+(ﬁ ﬁ ﬂ) QVﬂ‘f(ﬂ ﬂ ﬁ)

Qw,ﬂ(z’z’z 27272 27272 27272

Then, the enhanced masks corresponding to W (x;,x,,x;) and ¥”(x;,x,,x;) can be written as follows:

7 ):E F.iy( ):E F
W@, @) = o gy o 7,0, & b

principle, the two-scale three-dimensional eight-direction

4. Conclusion multiresolution analysis is given. Furthermore, the

Based on bidirectional wavelet theory and tensor product construction of two-scale three-dimensional eight-direction
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scale function and wavelet function is studied, and the
two-scale three-dimensional eight-direction wavelets under
orthogonal and biorthogonal conditions are obtained. Hereby,
the one-dimension orthogonal biorthogonal wavelet is
extended to two-scale three-dimension eight-dimension
biorthogonal wavelet; this research may promote the
theoretical study of high dimensional wavelet.

Acknowledgements

This research was supported by the Scientific Research
Start-up Fund for Excellent Young Teachers of Xinjiang
Normal University (Grant No.: XJNU202014).

References

[1] Wang Shupeng; Zhao Weigang; Zhang Guangyuan; Xu,
Hongbin; Du, Yanliang. Identification of structural parameters
from free vibration data using Gabor wavelet transform [J].
Mechanical Systems and Signal Processing, 2021, 147:
107122.

[2] L. Shen; H. H. Tan; J. Y. Tham; Symmetric-antisymmetric
orthonarmal multiwavelets and related scalar wavelets [J].
Appl. Comp. Harm. Anal, 2000, 8: 258-279.

[3] LebrunJ, Vetterli M. High order balanced multiwavelets [J]. In:
Proc IEEE Int Conf Acoustics, Speech and Signal Processing,
1998, 3: 1529-1532.

[4] Yang Shouzhi; Zhang Kecun. Fast algorithm for multiwavelet
function values [J]. Numerical calculation and computer
applications, 2002, 6: 18-23.

[5] Leng Jingsong; Cheng Zhengxing; Yang Shouzhi; Huang
Tingzhu. Construction of orthogonal conjugate filter [J].
Numerical mathematics, 2004, 10:151-160.

[6] Li Youfa; Yang Shouzhi. The construction algorithm of Armlet

(8]

9]

[10]

The Orthogonality of Two-scale Three-dimensional Eight-direction Wavelet

multiwavele [J]. Numerical
applications, 2007, 8: 290-297.

calculation and computer

Lebrun J; Vetterli M. Balanced multiwavelets theory and
design, IEEE Trans Signal Process, 1998, 46(4): 1119-1125.

Yang Shouzhi; Peng Lizhong. An orthogonal multi-scale
function with high order equilibrium is constructed based on
PTST method [J]. Science in China Series E Information
Science. 2006, 36(6): 644-656.

Lian J A. Analysis-ready multiwavelets (Armlet) for
processing scalar-valude Signal [J]. IEEE Processing letters,
2004, 11: 205-208.

Lian J A. Armlet and balanced multiwavelets: flipping filter
construction [J]. IEEE Transaction on Signal Processing, 2005,
53:1754-1767.

Cui C. K; Lian J A. A study on orthonormal multiwavelets [J]. J.
Appl. Numer. Math, 1996, 20: 273-298.

Han B.; Mo Q. Multiwavelet frames from refinement function
vectors [J]. Adv. Comp. Math. 2003, 18(2): 211-245.

Yang shouzhi; Li Youfa. Two-direction refinable functions and
two-direction wavelets with dilation factor m [J]. Appiled
Mathematics and Computation, 2007, 188: 1905-1920.

Yang Shouzhi; Li Youfa. Bidirectional fine-grained functions
and bidirectional wavelets with high approximation order and
regularity [J]. Science in China Series A: Mathematics, 2007,
37 (7): 770-795.

Zhang Jing; Huang Yunhu; Guan Huihui, et. al. An algorithm
for constructing the scale function of a-scale three-dimensional
eight-dimensional plus fine waves [J]. university mathematics,
2017, 33(005): 12-23.

Zhang  Jing; Zhou Shihang. Biorthogonal a-scale
three-dimensional eight-dimensional scale function and
wavelet function construction algorithm [J]. Journal of Hubei
University (Natural Science), 2018, 40(03): 36-46.



