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Abstract: Lie groups, Lie algebras and their representation theories are important parts of mathematical physics. They play a 

crucial character in symmetries. As a generalization of Lie algebra, Lie superalgebras are from the comprehending and 

description for supersymmetry of mathematical physics. Unlike the semisimple Lie algebras, understanding the representation 

theory of Lie superalgebras is a difficult problem. Lie superalgebras graded by root supersystems are Lie superalgebras of great 

significance. In recent years, the representations of types B(m,n), C(n), D(m,n), P(n) and Q(n)-graded Lie superalgebras 

coordinatized by quantum tori have been studied. In this paper, we construct fermionic-bosonic representations for a class of 

A(M-1,N-1)-graded Lie superalgebras coordinatized by quantum tori with nontrivial central extensions. At first, we introduce the 

background of the research on the graded Lie superalgebras and present some basics on it. Then, a set of bases for 

A(M-1,N-1)-graded Lie superalgebras and the multiplication operations among them are given specifically to present the 

construction of the vector space. By using the tensor product of fermionic and bosonic module, the operators and their operation 

relations are derived. Finally, we obtain a brief and pretty representation theorem of A(M-1,N-1)-graded Lie superalgebras with 

nontrivial central extensions. 

Keywords: Graded Lie Superalgebras, Quantum Tori, Fermionic-Bosonic Representations, Nontrivial Central Extensions 

 

1. Introduction 

At the end of the 19th century, Lie proposed the concept of 

continuous transformation group when he studied the 

invariance of differential equations. In memory of his 

contribution, futurity call it Lie group. Later, mathematicians 

considered its linearization at the infinitesimal level, and thus 

obtained a structure of infinitesimal group, which is called 

Lie algebra. In the 1970s, the development of bosons and 

fermions theory in physics prompted people to propose 

supersymmetry. Therefore, people introduced Lie 

superalgebra structure to characterize it. 

Lie superalgebras are Lie algebras with 2Z -graded 

structure [1], which are natural generalizations of Lie 

algebras. Lie superalgebra theory is more complex than Lie 

algebra theory. On the one hand, Lie superalgebra theory is 

closely related to quantum field theory, statistical mechanics 

and string theory, so scholars in various fields need to have a 

profound physical background to study Lie superalgebra; on 

the other hand, close contact between Lie superalgebra and 

many branches of mathematics, such as quantum supergroup, 

differential geometry, topology and algebraic groups, etc. 

In 1992, Berman and Moody [2] gave the concept of Lie 

algebras graded by finite root systems so as to comprehend 

the notion of generalized intersection matrix algebras 

proposed by Slodowy. Since then, under the research of 

many scholars, complete classification of all graded Lie 

algebras has been realized [3-5]. Graded Lie superalgebras 

are natural extension of graded Lie algebras. Unlike Lie 

algebras, even for finite dimensional Lie superalgebras has 

no strict root theory. Since entering the 21st century, Benkart 

and Elduque have given some concepts of classical finite 

dimensional graded Lie superalgebras based on the root 

supersystems of classical Lie superalgebras given by Kac [6], 

and have classified types A(m,n), B(m,n), C(n), D(m,n), D(2,1;

α), F(4) and G(3)-graded Lie superalgebras [7-9]. Gao [10] 

gave the fermionic and bosonic representations of the high 

dimensional affine Lie algebra �( )N qgl ℂ  with quantum 

torus qℂ  of two variables as coordinate algebra. Later, 
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Chen-Gao [12, 13] structured representations for NBC

-graded Lie algebras and (0, )B N -graded Lie superalgebras 

coordinatized by quantum tori. Cheng established the bosonic 

and fermionic representations for a kind of generalized 

B(m,n), C(n), D(m,n), P(N), Q(N)-graded Lie superalgebras 

with the quantum tori as the coordinate algebra [14-16]. At 

present, the research of Lie superalgebra is still limited, and 

many works are far from complete. 

In the letter, by constructing fermionic-bosonic 

representations, one obtains ( 1, 1)A M N− − -graded Lie 

superalgebras with nontrivial central extensions. 

The remainder is arranged as follows. Certain basics on 

Lie superalgebras, ( 1, 1)A M N− − -graded Lie superalgebras, 

the quantum tori and the matrix Lie superalgebras 

coordinatized by quantum tori are looked back in section 2. 

Then, in section 3, we present the construction of 

( 1, 1)A M N− − -graded Lie superalgebras with the quantum 

tori as the coordinate algebra. And the representations for 

( 1, 1)A M N− − -graded Lie superalgebras coordinatized by 

quantum tori are established by using the tensor product of 

fermionic and bosonic module. Finally, section 4 presents the 

conclusion. 

Notations: In this paper, we assume that F is a field of 

characteristic zero. One denotes ℤ  as the set of integers 

and *
ℕ  as the set of positive integers. 

2. Preliminaries 

In this section, we recall some basics. First, we review the 

basic concepts of Lie superalgebras. Then we introduce Lie 

superalgebras ( 1, 1)A M N− −  and the definition of its graded 

Lie superalgebras. Finally, we introduce the quantum tori and 

the matrix Lie superalgebras with the quantum tori as the 

coordinate algebra. 

2.1. Notions of Lie Superalgebras 

Definition 1. Vector spaceV  is a 2Z -graded vector space 

if V  is the direct sum of two vector spaces, i.e. 

0 1
.V V V= ⊕  

Remark 1. ( 0,1)iv V i∈ =  is called homogeneous element 

and we denote | |v i=  as the degree of v . 

Definition 2. Suppose that 
0 1

G G G= ⊕  is a 2Z -graded 

vector space over field F  with a bilinear operation

[ , ] : G G G⋅ ⋅ × → . G  is a Lie superalgebra over F  if the 

three conditions are met: 

2

| || |

| || |

( )[ , ] for all ,  in {0, 1};

( )[ , ] ( 1) [ , ];

( )[ ,[ , ]] [[ , ], ] ( 1) [ ,[ , ]],

 

x y

x y

i G G G Z

ii x y y x

iii x y z x y z y z x

α β α β α β+⊆ =

= − −

= + −

 

for all 2, , ,x y z G Zα α∈ ∈ . 

Remark 2. Let ( , )( )gl m n F  (or simply as ( , )gl m n ) be a 

set of all block matrices over field F  with the following 

form: 

,
A B

X
C D

 
=  
 

 

where A  and D  are matrices over F  with order m m×  

and n n× , respectively. Then, 

0 0
( , )

0 0

A B
gl m n

D C

   
= ⊕   
   

 under the bilinear operation 

| || |[ , ] : ( 1) ( , ( , ))x yx y xy yx x y gl m n= − − ∈  is a Lie superalgebra. 

And we usually call it the general linear Lie superalgebra. 

2.2. Lie Superalgebras ( 1, 1)A M N− −  

Now we present some basics on Lie superalgebras 

( 1, 1)A M N− − . 

In fact, 

( 1, 1) ( , ) { ( , ) | str( ) 0},A M N sl M N a gl M N a− − = = ∈ =
, , 1.M N M N≠ ≥  

Remark 3. ( , )sl m n  is a subsuperalgebra of ( , )gl m n , 

which is ordinarily named the special linear Lie superalgebra. 

Following [6], one denotesh as the Cartan subalgebra of the 

Lie superalgebra ( 1, 1).A M N− − With respect to ,h  the root 

system 
0 1

∆ = ∆ ∪ ∆  for ( 1, 1)A M N− −  is as follows: 

0

1

{ |1 } { 1 },

{ ( ) |1 ,1 }

|

.

i j k l

i k

i j M k l N

i M k N

ε ε δ δ
ε δ

∆ = − ≤ ≠ ≤ ∪ − ≤ ≠ ≤

∆ = ± − ≤ ≤ ≤ ≤
 

Next, we present an important concept in this paper. 

Definition 3. (see [8]) A Lie superalgebra L  over F  is 

graded by the root system ∆  of ( 1, 1)A M N− −  if 

( ) i L includes ( 1, 1)A M N− − ; 

( ) ii L  has a root space decomposition 

{0}

L Lµ
µ∈∆∪

= ⊕  

relative to a split Cartan subalgebra h  of 
0

( 1, 1)A M N− − , 

where { [ , ] ( )   for all }L x L h x h x hµ µ= ∈ = ∈∣ h  for 

{0}µ ∈ ∆ ∪ ; 

0 = [ ,( ) ]Li L Lii µ µ µ∈∆ −∑ . 

2.3. The Matrix Lie Superalgebras with the Quantum Tori 

From [17], we are aware that quantum tori related to 

 (0 )q q≠ ∈ℂ is the unital associative ℂ -algebra 

[ , ]q x y± ±
ℂ  (or, simply as qℂ ) with the generators ,x y± ±

given by 

1 1 1 1 1,  .yy x yxx x y yx qxy− − − −= = == =  

Then 
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,m n ns n ts t m sx y x y x yq + +=  

and 

,

.m n
q

m n

x y

∈

= ⊕∑
ℤ

ℂ ℂ  

Set 

( ) { | 1}.nq n qΛ = ∈ =ℤ  

From [18], we know that elements 
m nx y for ( )m q∉ Λ  or 

( )n q∉ Λ form the bases of [ , ]q qℂ ℂ . 

We have a Lie superalgebra *( , )( ) ( , )qgl M N M N ∈ℂ ℕ  

of ( )M N+  by ( )M N+  matrices with entries from qℂ . 

Then following the central extensions of general linear Lie 

algebras ( )r qgl ℂ  by professor Gao in [4], we form a central 

extension of the Lie superalgebra ( , )( )qgl M N ℂ , 

� ( ) ( )
( )

( , ) ( , ) ( )q q y

n q

gl M N gl M N c n c

∈Λ

 
 = ⊕ ⊕ ⊕
 
 
∑ℂ ℂ ℂ ℂ  

with the Lie superbracket 

deg deg

,0 ,0

,0 ,0

[ ( ), ( )]

( ) ( ) ( 1) ( ) ( )

  str( ) ( )

  str( ) ,

sm n

m n A B m n

ns
m s n t

ns
m s n

t

s t s

y

t

t

A x y B x y

A x y B x y B x y A x y

mq AB c n t

nq AB c

δ δ

δ δ

+ +

+ +

= − −

+ +

+

(1) 

where , , ,m n s t ∈ℤ ; 2, ( , ) , ;A B gl M N α α∈ ∈ℤ ( )u q∈ Λ in 

( ),c u ( )p q∈ − Λℤ  for ,p ∈ℤ ‘str’ represents the supertrace 

of ( , )gl M N and yc  are central elements of � ( )( , ) .qgl M N ℂ  

3. A(M-1,N-1)-Graded Lie Superalgebras 

In this section, we first present the construction of 

( 1, 1)A M N− − -graded Lie superalgebras with the quantum 

tori as the coordinate algebra. And then we construct the 

representation of ( 1, 1)A M N− − -graded Lie superalgebras 

by using bosons and fermions. 

3.1. The Construction of A(M-1,N-1)-Graded Lie 

Superalgebras 

In this subsection, we study the structure of 

( 1, 1)A M N− − -graded Lie superalgebras with coordinate 

algebra as quantum tori. 

We set ( , )( )qsl M N= ℂG , i.e.

 

[ ( , )( ), ( , )( )] { ( , )( ) | str( ) 0 mod [ , ]}.= = ∈ ≡ℂ ℂ ℂ ℂ ℂq q q q qgl M N gl M N A gl M N AG  

Remark 4.G  is an ( 1, 1)A M N− − -graded Lie superalgebra (since qℂ  is unital) with qℂ  as a coordinate superalgebra. 

Then let { }[ , ] ( ) ,  for all x h x h x hα α= ∈ = ∈∣G G H . 

We have the following root space decomposition: 

0

,

( ) ( ),
i j i j i j i j

i j i j

ε ε δ δ ε δ ε δ− − − − +
≠

= ⊕ ⊕ ⊕ ⊕∑ ∑G G G G G G  

here 

,

,

,

span { ( , ) : }, ,

span { ( , ) : }, ,

span { ( , ) : },

span { ( , ) : },

i j

k l

i k

i k

m n
ij ij

m n
kl M k M l

m n
ik i M k

m n
ik M k i

f m n x y e i j

g m n x y e k l

F m n x y e

G m n x y e

ε ε

δ δ

ε δ

ε δ

−

− + +

− +

− + +

= = ≠

= = ≠

= =

= =

ℂ

ℂ

ℂ

ℂ

ɶ

ɶ

ɶ

ɶ

G

G

G

G

 

and 

0 1, 1

1, 1

1, 1

span { ( , ) ( , ) |1 1}

      span { ( , ) ( , ) |1 1}

      span { ( , ) ( , )},

ii i i

kk k k

MM M M

f m n f m n i M

g m n g m n k N

f m n g m n

+ +

+ +

+ +

= − ≤ ≤ −

⊕ − ≤ ≤ −

⊕ +

ℂ

ℂ

ℂ

ɶ ɶ

ɶ ɶ

ɶ ɶ

G

 

where 1 , ,1 , ,i j M k l N≤ ≤ ≤ ≤  and ,m n ∈ℤ . 

Then one gets a central extension of G  
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�

( )

( ) y

n q

c n c

∈Λ

 
 = ⊕ ⊕ ⊕
 
 
∑ ℂ ℂG G  

with the Lie superbracket as (1). 

Remark 5. �G  is an ( 1, 1)A M N− − -graded Lie superalgebra. 

Now we give the multiplication of Lie superalgebra �G  specifically. 

Proposition 1. 

,0 ,0 ,0,0
[ ( , ), ( , )] ( , ) ( , ) ( ) ;

[ ( , ), ( , )] 0;

[ ( , ), ( , )] ( , );

[ ( , ), ( ,

+ + ++= + + − + + + + +

=

= + +

ɶ ɶ ɶ ɶ

ɶ ɶ

ɶ ɶ ɶ

ɶ ɶ

np ms np np
ij kl jk il il kj jk il m p jk il m p n s yn s

ij kl

np
ij kl jk il

ij kl

f m n f p s q f m p n s q f m p n s mq c n s nq c

f m n g p s

f m n F p s q F m p n s

f m n G p

δ δ δ δ δ δ δ δ δ δ

δ

,0 ,0 ,0,0

)] ( , );

[ ( , ), ( , )] ( , ) ( , ) ( ) ;

[ ( , ), ( , )] ( , );

[ ( , ), (

+ + ++

= − + +

= + + − + + − + −

= − + +

ɶ

ɶ ɶ ɶ ɶ

ɶ ɶɶ

ɶɶ

ms
ik jl

np ms np np
ij kl jk il il kj jk il m p jk il m p n s yn s

ms
ij kl il kj

ij kl

s q G m p n s

g m n g p s q g m p n s q g m p n s mq c n s nq c

g m n F p s q F m p n s

g m n G

δ

δ δ δ δ δ δ δ δ δ δ

δ

,0 ,0 ,0,0

, )] ( , );

[ ( , ), ( , )] 0;

[ ( , ), ( , )] ( , ) ( , ) ( ) ;

[ ( , ), ( , )] 0.

+ + ++

= + +

=

= + + + + + + + +

=

ɶ

ɶ ɶ

ɶɶɶ ɶ

ɶ ɶ

np
jl ki

ij kl

np ms np np
ij kl jl ik ik lj ik jl m p ik jl m p n s yn s

ij kl

p s q G m p n s

F m n F p s

F m n G p s q f m p n s q g m p n s mq c n s nq c

G m n G p s

δ

δ δ δ δ δ δ δ δ δ δ

 

3.2. The Representations of A(M-1,N-1)-graded Lie 

Superalgebras 

In this subsection, fermionic-bosonic operators are used to 

achieve a family of ( 1, 1)A M N− − -graded Lie superalgebras 

whose coordinate algebra is a quantum tori. 

Now we follow the method in [10, 19] to construct 

representations for the Lie superalgebras �G  which are given 

in sec. 3.1. 

Let ℜ  be an arbitrary associative algebra. For 1,τ = ±  we 

define a τ -bracket on ℜ  as follows: 

{ , } , , .x y xy yx yxτ τ= + ∈ℜ  

Obviously, we have { , } { , }x y y xτ ττ=  and 

[ , ] { , } { , } .xy y z z yz x xτ ττ= −  

Let b  be a unital associative algebra with generators 
* *, ,1i ih h i X ∈ℕ�� satisfying 

{ } { } { }* * *, , 0, , .i j i j i j ijh h h h h h
τ τ τ

δ= = =  

Let ( , )Xα τ  be the associative algebra generated by 

( )*

1
( ) ,

N

i i
i

b s b h h s
=

 
 ∈ ⊕ ∈ 
  

⊕ ℂ ℂ ℤ∣  

satisfying 

,0{ ( ), ( )} { , } .s tb s d t b dτ τ δ +=  

Then we define the normal ordering as in [6]: 

( ) ( ),                           s ,

1
: ( ) ( ) : ( ( ) ( ) ( ) ( )),    ,

2

( ) ( ),                       s ,

                 : ( ) ( ) :

b s d t t

b s d t b s d t d t b s s t

d t b s t

d t b s

τ

τ
τ

>

= − =


− <

= −

 

for , ,s t ∈ℤ  and , .b d ∈b  Set 

1, >0,

1
, 0,

2

0

( )

0, .

s

s

s

sϕ =




= 

<






 

Then we have 

: ( ) ( ) : ( ) ( ) ( ) ( ),i j i j j ih s h t h s h t h t h sτ= = −   (2) 

* * * * * *: ( ) ( ) : ( ) ( ) ( ) ( ),i j i j j ih s h t h s h t h t h sτ= = −   (3) 

* *
,0( ) ( ) : ( ) ( ) : ( ),i j i j ij s th s h t h s h t s tϕδ δ += + −

    
(4) 

* *
,0( ) ( ) : ( ) ( ) : ( ).j i j i ij s th t h s h t h s t sτδ ϕδ += + −

    
(5) 

Next, we denote the generators of ( , 1)Mα +  by 

*( ), ( )i ja s a t  and the ones of ( , 1)Nα −  by *( ), ( )i je s e t . By a 

direct computation, we have 

Proposition 2. The subspaces of both Clifford algebra 
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( , 1)Mα +  and Weyl algebra ( , 1)Nα −  consisted of 

fermionic and bosonic quadratic operators, respectively, are 

closed under the Lie bracket [ , ] .−⋅ ⋅  

Proposition 3. The subspace of the tensor product algebra 

( , 1) ( , 1)M Nα α+ ⊗ −  composed of fermionic-bosonic 

quadratic operators is closed under the Jordan bracket [ , ] .+⋅ ⋅
Furthermore, set ( ) 1 ( ),1 ( ) ( ),b s b s d t d t⊗ = ⊗ =  then 

( ) ( ) ( ) ( ) ( ) ( ).b s d t b s d t d t b s⊗ = =  

As in [10, 19], let ( , )Xα τ +
 be the subalgebra generated by 

* ( ), ( )j ih s h t  and 
*(0)kh  for , 0s t >  and 1 , , .i j k X� �  Let 

( , )Xα τ −
 be the subalgebra generated by * ( ), ( ),j ih s h t  and 

(0)kh  for , 0s t <  and 1 , , .i j k X� �  Let ( , )V X τ  be a 

simple ( , )Xα τ -module containing an element 0 ,vτ
 

satisfying 

0( , ) 0X vτα τ + =  

and 

0( , ) ( , ) .V X X vττ α τ −=  

The rest of normal orderings are defined as follows: 

: ( ) ( ) : ( ) ( ),i j i ja s e t a s e t=            (6) 

* *: ( ) ( ) : ( ) ( ),i j i ja s e t a s e t=             (7) 

* *: ( ) ( ) : ( ) ( ),i j i ja s e t a s e t=            (8) 

* * * *: ( ) ( ) : ( ) ( ).i j i ja s e t a s e t=            (9) 

Clearly, the ( , 1) ( , 1)M Nα α+ ⊗ − -module 

1 1
0 0( , ) : ( , 1) ( , 1) ( , 1) ( , 1)V M N V M V N M N v vα α + −= + ⊗ − = + ⊗ − ⊗ is 

simple. 

Let 

*

,0

0,                      ( ),

( , ) : ( ) ( ) : 1 1
, \ ( ),

2 1

−

∈

∈ Λ
= − − + ∈ Λ −

∑
ℤ

ℤ

ns n
ij i j

ij ms n

n q

f m n q a m s a s q
n q

q
δ δ

 

*

,0

0,                      ( ),

( , ) : ( ) ( ) : 1 1
, \ ( ),

2 1

−

∈

∈ Λ
= − + + ∈ Λ −

∑
ℤ

ℤ

ns n
ij i j

ij ms n

n q

g m n q e m s e s q
n q

q
δ δ

 

( , ) : ( ) ( ) :,ns
ij i j

s

F m n q a m s e s−

∈

= −∑
ℤ

 

* *( , ) : ( ) ( ) : .ns
ij i j

s

G m n q a s e m s−

∈

= −∑
ℤ

 

To calculate the commutator relations of these operators, we give the following lemma. 

Lemma 1. 

* * * *
,0 ,0[ ( ) ( ), ( ) ( )] ( ) ( ) ( ) ( ),− + += −i j k l jk n p i l il m s k ja m a n a p a s a m a s a p a nδ δ δ δ                    (10) 

* *[ ( ) ( ), ( ) ( )] 0,i j k la m a n e p e s − =                                      (11) 

* * * * *
,0[ ( ) ( ), ( ) ( )] ( ) ( ),i j k l ik n p j la m a n a p e s a n e sδ δ− += −                              (12) 

*
,0[ ( ) ( ), ( ) ( )] ( ) ( ),i j k l jk n p i la m a n a p e s a m e sδ δ− +=                              (13) 

* * * *
,0 ,0[ ( ) ( ), ( ) ( )] ( ) ( ) ( ) ( ),− + += −i j k l jk n p i l il m s k je m e n e p e s e m e s e p e nδ δ δ δ                       (14) 

*
,0[ ( ) ( ), ( ) ( )] ( ) ( ),i j k l il m s k je m e n a p e s a p e nδ δ− += −                             (15) 

* * * * *
,0[ ( ) ( ), ( ) ( )] ( ) ( ),i j k l jl n s k ie m e n a p e s a p e mδ δ− +=                             (16) 

[ ( ) ( ), ( ) ( )] 0,i j k la m e n a p e s + =                                      (17) 
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* * * *
,0 ,0[ ( ) ( ), ( ) ( )] ( ) ( ) ( ) ( ),+ + += +i j k l ik m p l j jl n s i ka m e n a p e s e s e n a m a pδ δ δ δ

 

                  (18) 

* * * *[ ( ) ( ), ( ) ( )] 0.i j k la m e n a p e s + =                                  (19) 

Later, if ( ),n q∈ Λ  let 
1

1

mn

n

q
m

q

− =
−

 to avoid ambiguity.  

Proposition 4.

 

 

 ,0 ,0
[ ( , ), ( , )] ( , ) ( , ) ,+ += + + − + + +np ms

ij kl jk il il kj np il jk m p n s
f m n f p s q f m p n s q f m p n s mqδ δ δ δ δ δ         (20) 

 [ ( , ), ( , )] 0,ij klf m n g p s =                                      (21) 

[ ( , ), ( , )] ( , ),np
ij kl jk ilf m n F p s q F m p n sδ= + +                             (22) 

[ ( , ), ( , )] ( , ),ms
ij kl ik jlf m n G p s q G m p n sδ= − + +                            (23) 

,0 ,0
[ ( , ), ( , )] ( , ) ( , ) ,+ += + + − + + −np ms

ij kl jk il il kj np il jk m p n s
g m n g p s q g m p n s q g m p n s mqδ δ δ δ δ δ             (24) 

[ ( , ), ( , )] ( , ),ms
ij kl il kjg m n F p s q F m p n sδ= − + +                           (25) 

[ ( , ), ( , )] ( , ),np
ij kl jl kig m n G p s q G m p n sδ= + +                           (26) 

[ ( , ), ( , )] 0,ij klF m n F p s =                                     (27) 

 ,0 ,0
[ ( , ), ( , )] ( , ) ( , ) ,+ += + + + + + +np ms

ij kl jl ik ik lj np ik jl m p n s
F m n G p s q f m p n s q g m p n s mqδ δ δ δ δ δ            (28) 

[ ( , ), ( , )] 0.ij klG m n G p s =                                     (29) 

Proof: Notice that constants have no effect for Lie bracket. 

From (4) and (10), we have 

( )
( )

* *

,

* *
,0 ,0

,

*
,0 ,0

, ,

    [ ( , ), ( , )]

[ ( ) ( ), ( ) ( )]

( ) ( ) ( ) ( )

: ( ) ( ) : ( )

− −

∈

− −
+ − + −

∈

− − − −
+ − + −

∈

= − −

= − − −

= − + − − −

∑

∑

∑

ℤ

ℤ

ℤ

ij kl

nt sr
i j k l

t r

nt sr
jk p t r i l il m r t k j

t r

nt sr nt sr
jk p t r i l il m r t

t r t r

f m n f p s

q a m t a t a p r a t

q a m t a r a p r a t

q a m t a r m t r q

δ δ δ δ

δ δ δ δ θ ( )
( )

*
,0 ,0

( ) * ( ) * ( )
,0

: ( ) ( ) : ( )

: ( ) ( ) : : ( ) ( ) : ( 2 ) ( 2 2 ) .

+ − + −
∈

− + − + − +
+

∈ ∈ ∈

− + − −

= + − − + − + − − − −

∑

∑ ∑ ∑
ℤ

ℤ ℤ ℤ

il m r t k j jk p t r

np r n s ms t n s np r n s
jk i l il k j il jk m p

r t r

a p r a t p r t

q q a m p r a r q q a m p t a t q q r m r

δ δ δ δ θ

δ δ δ δ δ θ θ

 

Since 

1 ( )
( ) ( ) ( ) ( )

( )
1

1
( ) ( )

1

0,                                          0,

1 1 1
    ( ( 2 ) ( 2 2 )) (1 ) , 0, ( 1) ,

2 2 1

1
(1 ) , 0,

2

− +
− + + − + +

+
∈ =− +

− −
+ − +

=




=


−− − − − = + + > = +
−


− + − <



∑ ∑

∑

ℤ

m n s
r n s m n s r n s n s

n s
r r m

m
m n s r n s

r

m

q
q r m r q q m q

q

q q m

θ θ

   

       (30) 

two cases will be discussed as follows. 
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Case 1: If ( ),n s q+ ∈ Λ  then 

( ) * ( ) *
,0[ ( , ), ( , )] : ( ) ( ) : : ( ) ( ) : .− + − +

+
∈ ∈

= + − − + − +∑ ∑
ℤ ℤ

np r n s ms t n s np
ij kl jk i l il k j il jk m p

r t

f m n f p s q q a m p r a r q q a m p t a t mqδ δ δ δ δ  

Case 2: If \ ( ),n s q+ ∈ Λℤ  then 

( )
( ) * ( ) *

,0 ( )

( )
( ) *

,0 ( )

    [ ( , ), ( , )]

1 1
: ( ) ( ) : : ( ) ( ) : ( )

2 1

1 1
: ( ) ( ) :

2 1

+
− + − +

+ +
∈ ∈

+
− +

+ +
∈

+= + − − + − + −
−

 += + − −
−

∑ ∑

∑

ℤ ℤ

ℤ

ij kl

n s
np r n s ms t n s ms np

jk i l il k j il jk m p n s
r t

n s
np r n s

jk i l il m p n s
r

f m n f p s

q
q q a m p r a r q q a m p t a t q q

q

q
q q a m p r a r

q

δ δ δ δ δ

δ δ δ
( )

( ) *
,0 ( )

1 1
: ( ) ( ) : .

2 1

+
− +

+ +
∈

  +− + − −  
   −   

∑
ℤ

n s
ms t n s

il k j jk m p n s
t

q
q q a m p t a t

q
δ δ δ

 

Hence, one obtains that 

,0 ,0
[ ( , ), ( , )] ( , ) ( , ) .+ += + + − + + +np ms

ij kl jk il il kj np il jk m p n s
f m n f p s q f m p n s q f m p n s mqδ δ δ δ δ δ  

This means that (20) is true. 

From (6) and (11), one has 

*
,0

, ,

( )

[ ( , ), ( , )] [ ( ) ( ), ( ) ( )] ( ) ( )

                             ( ) ( ) ( , ).

− − − −
+ −

∈ ∈

− +

∈

= − − = −

= + − = + +

∑ ∑

∑
ℤ ℤ

ℤ

nt sr nt sr
ij kl i j k l jk p t r i l

t r t r

np r n s np
jk i l jk il

r

f m n F p s q a m t a t a p r e r q a m t e r

q q a m p r e r q F m p n s

δ δ

δ δ
 

This means that (22) is true. 

From (4), (5), (18) and (30), we have 

( )
( )

* *

,

* *
,0 ,0

,

*
,0 ,0

, ,

    [ ( , ), ( , )]

[ ( ) ( ), ( ) ( )]

( ) ( ) ( ) ( )

: ( ) ( ) : ( )

− −

∈

− −
+ − + −

∈

− − − −
+ − + −

∈

= − −

= − + −

= − − − − +

∑

∑

∑

ℤ

ℤ

ℤ

ij kl

nt sr
i j k l

t r

nt sr
ik m r t l j jl p t r i k

t r

nt sr nt sr
ik m r t l j jl p t r

t r t r

F m n G p s

q a m t e t a r e p r

q e p r e t a m t a r

q e p r e t p r t q

δ δ δ δ

δ δ δ δ θ ( )*
,0 ,0

( ) * ( ) * ( )
,0

( ) *

: ( ) ( ) : ( )

: ( ) ( ) : : ( ) ( ) : ( ( 2 ) ( 2 2 ))

: ( ) (

+ − + −
∈

− + − + − +
+

∈ ∈ ∈

− +

∈

− + − −

= + − + + − + − − − −

= + −

∑

∑ ∑ ∑

∑

ℤ

ℤ ℤ ℤ

ℤ

jl p t r i k ik m r t

ms t n s np r n s np r n s
ik l j jl i k ik jl m p

t r r

ms t n s
ik l j

t

a m t a r m t r

q q e m p t e t q q a m p r a r q q r m r

q q e m p t e

δ δ δ δ θ

δ δ δ δ δ θ θ

δ
( )

( ) * ( )
,0 ( )

1 1
) : : ( ) ( ) : ( 1) .

2 1

+
− + +

+ +
∈

−+ + − + +
−∑

ℤ

m n s
np r n s np n s

jl i k ik jl m p n s
r

q
t q q a m p r a r q q

q
δ δ δ δ

 

When ( )n s q+ ∈ Λ , we get 

( ) * ( ) *
,0[ ( , ), ( , )] : ( ) ( ) : : ( ) ( ) : .− + − +

+
∈ ∈

= + − + + − +∑ ∑
ℤ ℤ

ms t n s np r n s np
ij kl ik l j jl i k ik jl m p

t r

F m n G p s q q e m p t e t q q a m p r a r mqδ δ δ δ δ  

When \ ( ),n s q+ ∈ Λℤ  we get 

( )
( ) * ( ) *

,0 ( )

( )
( ) *

,0 ( )

    [ ( , ), ( , )]

1 1
: ( ) ( ) : : ( ) ( ) : ( )

2 1

1 1
: ( ) ( ) :

2 1

+
− + − +

+ +
∈ ∈

+
− +

+ +
∈

+= + − + + − + −
−

 += + − −
−

∑ ∑

∑

ℤ ℤ

ℤ

ij kl

n s
ms t n s np r n s ms np

ik l j jl i k jl ik m p n s
t r

n s
np r n s

jl i k ik m p n s
r

F m n G p s

q
q q e m p t e t q q a m p r a r q q

q

q
q q a m p r a r

q

δ δ δ δ δ

δ δ δ
( )

( ) *
,0 ( )

1 1
: ( ) ( ) : .

2 1

+
− +

+ +
∈

  ++ + − +  
   −   

∑
ℤ

n s
ms t n s

ik l j jl m p n s
t

q
q q e m p t e t

q
δ δ δ

 

Therefore, one obtains that 
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,0 ,0
[ ( , ), ( , )] ( , ) ( , ) .+ += + + + + + +np ms np

ij kl jl ik ik lj ik jl m p n s
F m n G p s q f m p n s q g m p n s mqδ δ δ δ δ δ  

This means that (28) is true. 

Finally, the proof of the others can be received similarly 

from Lemma 1. □  

Theorem 1. ( , )V M N  is a module of Lie superalgebra �G

subject to relations 

( ( , )) ( , ),   ( ( , )) ( , ),

( ( , )) ( , ),   ( ( , )) ( , ),

( ( )) 1,                     ( ) 0.

ij ij ij ij

ij ij ij ij

y

f m n f m n g m n g m n

F m n F m n G m n G m n

c n c

π π

π π
π π

= =

= =

= =

ɶ ɶ

ɶɶ  

4. Conclusion 

In this paper, we studied the representation theory of 

( 1, 1)A M N− − -graded Lie superalgebras with coordinate 

algebra as quantum tori. We first gave the structure of 

( 1, 1)A M N− − -graded Lie superalgebras concretely, i.e., a 

set of bases and their multiplication operations. And finally, 

we constructed the representations by using the tensor product 

module which are extremely concise and pretty results. 
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