American Journal of Applied Mathematics
2021;9(2): 44-51

http://www.sciencepublishinggroup.com/j/ajam

doi: 10.11648/j.ajam.20210902.12

ISSN: 2330-0043 (Print); ISSN: 2330-006X (Online)

LgnY J' 0 I‘ Y
otlencer

Science Publishing Group

The Fermionic-bosonic Representations of
A(M-1,N-1)-graded Lie Superalgebras

Lingyu Yu
School of Mathematics and Statistics, Shandong Normal University, Jinan, P. R. China

Email address:
17864193324@163.com

To cite this article:
Lingyu Yu. The Fermionic-bosonic Representations of A(M-1,N-1)-graded Lie Superalgebras. American Journal of Applied Mathematics.
Vol. 9, No. 2, 2021, pp. 44-51. doi: 10.11648/j.ajam.20210902.12

Received: March 17, 2021; Accepted: March 31, 2021; Published: April 10, 2021

Abstract: Lie groups, Lie algebras and their representation theories are important parts of mathematical physics. They play a
crucial character in symmetries. As a generalization of Lie algebra, Lie superalgebras are from the comprehending and
description for supersymmetry of mathematical physics. Unlike the semisimple Lie algebras, understanding the representation
theory of Lie superalgebras is a difficult problem. Lie superalgebras graded by root supersystems are Lie superalgebras of great
significance. In recent years, the representations of types B(m,n), C(n), D(m,n), P(n) and Q(n)-graded Lie superalgebras
coordinatized by quantum tori have been studied. In this paper, we construct fermionic-bosonic representations for a class of
A(M-1,N-1)-graded Lie superalgebras coordinatized by quantum tori with nontrivial central extensions. At first, we introduce the
background of the research on the graded Lie superalgebras and present some basics on it. Then, a set of bases for
A(M-1,N-1)-graded Lie superalgebras and the multiplication operations among them are given specifically to present the
construction of the vector space. By using the tensor product of fermionic and bosonic module, the operators and their operation
relations are derived. Finally, we obtain a brief and pretty representation theorem of A(M-1,N-1)-graded Lie superalgebras with
nontrivial central extensions.
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many branches of mathematics, such as quantum supergroup,
differential geometry, topology and algebraic groups, etc.

In 1992, Berman and Moody [2] gave the concept of Lie
algebras graded by finite root systems so as to comprehend
the notion of generalized intersection matrix algebras
proposed by Slodowy. Since then, under the research of
many scholars, complete classification of all graded Lie
algebras has been realized [3-5]. Graded Lie superalgebras
are natural extension of graded Lie algebras. Unlike Lie
algebras, even for finite dimensional Lie superalgebras has
no strict root theory. Since entering the 21st century, Benkart
and Elduque have given some concepts of classical finite
dimensional graded Lie superalgebras based on the root
; o ] supersystems of classical Lie superalgebras given by Kac [6],
structure ['1], which are naturali generalizations of L%e and have classified types A(m,n), B(m,n), C(n), D(m,n), D(2,1;
algebras. Lie superalgebra theory is more complex than Lie a), F(4) and G(3)-graded Lie superalgebras [7-9]. Gao [10]

algebra theory. On the one hand, Lie super'alg.ebra theory' is gave the fermionic and bosonic representations of the high
closely related to quantum field theory, statistical mechanics

and string theory, so scholars in various fields need to have a

profound physical background to study Lie superalgebra; on  torus C, of two variables as coordinate algebra. Later,
the other hand, close contact between Lie superalgebra and

1. Introduction

At the end of the 19th century, Lie proposed the concept of
continuous transformation group when he studied the
invariance of differential equations. In memory of his
contribution, futurity call it Lie group. Later, mathematicians
considered its linearization at the infinitesimal level, and thus
obtained a structure of infinitesimal group, which is called
Lie algebra. In the 1970s, the development of bosons and
fermions theory in physics prompted people to propose
supersymmetry.  Therefore, people introduced Lie
superalgebra structure to characterize it.

Lie superalgebras are Lie algebras with Z, -graded

dimensional affine Lie algebra m with quantum
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Chen-Gao [12, 13] structured representations for BC)
-graded Lie algebras and B(0,N)-graded Lie superalgebras

coordinatized by quantum tori. Cheng established the bosonic
and fermionic representations for a kind of generalized
B(m,n), C(n), D(m,n), P(N), O(N)-graded Lie superalgebras
with the quantum tori as the coordinate algebra [14-16]. At
present, the research of Lie superalgebra is still limited, and
many works are far from complete.

In the letter, by constructing fermionic-bosonic
representations, one obtains A(M —1,N—1) -graded Lie
superalgebras with nontrivial central extensions.

The remainder is arranged as follows. Certain basics on
Lie superalgebras, A(M —1,N —1) -graded Lie superalgebras,
the quantum tori and the matrix Lie superalgebras
coordinatized by quantum tori are looked back in section 2.
Then, in section 3, we present the construction of
A(M -1,N —1) -graded Lie superalgebras with the quantum
tori as the coordinate algebra. And the representations for
A(M —-1,N -1) -graded Lie superalgebras coordinatized by
quantum tori are established by using the tensor product of
fermionic and bosonic module. Finally, section 4 presents the
conclusion.

Notations: In this paper, we assume that[Fis a field of
characteristic zero. One denotes 7Z as the set of integers

and N" as the set of positive integers.

2. Preliminaries

In this section, we recall some basics. First, we review the
basic concepts of Lie superalgebras. Then we introduce Lie
superalgebras A(M —1, N —1) and the definition of its graded

Lie superalgebras. Finally, we introduce the quantum tori and
the matrix Lie superalgebras with the quantum tori as the
coordinate algebra.

2.1. Notions of Lie Superalgebras

Definition 1. Vector spaceV is a Z,-graded vector space
if V' is the direct sum of two vector spaces, i.e.

Remark 1.vV:(i=0,1) is called homogeneous element
and we denote |v|=i as the degree of v.
Definition 2. Suppose that G =G5 0 Gy is a Z,-graded

vector space over field T with a bilinear operation
[[O:GxG - G. G is a Lie superalgebra over T if the

three conditions are met:
()[Gy.Gpl 0 Gy, p forall @, Bin Z, = {0,1};

(ii)[x, 1= =(=1)" W[y, x];
iii)[x, [y, 21 =[x, ¥], 2]+ (=) 1y, [z, x]],

forallx,y,z0G,,aU0Z,.

The Fermionic-bosonic Representations of 4(M-1,N-1)-graded Lie Superalgebras

Remark 2. Let gl(m,n)(F) (or simply as gl(m,n)) be a
set of all block matrices over field F with the following

form:
A B
X = ,
C D
where 4 and D are matrices over [F with order mXm
and nxn , respectively. Then,

A 0 0
gl(m,n):[0 DJD[C

[x, v]:= xp = (=) yx(x, y O gl(m,n)) is a Lie superalgebra.
And we usually call it the general linear Lie superalgebra.

] under the bilinear operation

2.2. Lie Superalgebras A(M —1,N -1)

Now we present some basics on Lie superalgebras
AM -1,N-1).

In fact,
AM-1L,N-1)=sI(M,N)={aOgl(M,N)]|str(a) =0},
M#N,M,N 21.

Remark 3. sl(m,n) is a subsuperalgebra of gl(m,n) ,

which is ordinarily named the special linear Lie superalgebra.
Following [6], one denotes b as the Cartan subalgebra of the

Lie superalgebra A(M —1, N —1). With respect to b, the root
system A=A;OA; for A(M —1,N—1) is as follows:

Dp={g—&;|1<i# jSM}O{G, 0 |1Sk#I< N},

Dy = {(& - 3,)|1i<M,1Sk< N},

Next, we present an important concept in this paper.

Definition 3. (see [8]) A Lie superalgebra L over T is
graded by the root system A of AM —1,N-1) if

() Lincludes A(M -1,N-1);

@)L has a root space decomposition L = |:| L,

LOAD{0}

relative to a split Cartan subalgebra by of A(M =1,N =1);,
L,={x OL[h,x]= u(h)x forall hOk} for
LOAT{0} ;

where

2.3. The Matrix Lie Superalgebras with the Quantum Tori

From [17], we are aware that quantum tori related to
g (02¢g0OC) is the unital associative C -algebra

C,[x*,»*] (or, simply as C, ) with the generators x*, y*
given by

xx =y =xTx=y Ty =1 =g

Then



American Journal of Applied Mathematics 2021; 9(2): 44-51 46

m_n_s_t ns _m+s _ n+t

XTyxy =g x "y -,
and

C,= Z OCx™y".

m,n0Z
Set

Ng)={nUZ|q" =1.

From [18], we know that elements x™'y" for mOA(g) or
nOA(g) form the bases of [C,,C,].

We have a Lie superalgebra g/(M,N)(C,) (M,NDN*)
of (M +N) by (M +N) matrices with entries from (Cq.

Then following the central extensions of general linear Lie
algebras g, ((Cq) by professor Gao in [4], we form a central

extension of the Lie superalgebra gl(M,N)(C,),

gl(M.N)(C, )= gl(M,N)((Cq)D[ > DCc(n)J O Ce,
nOA(q)

with the Lie superbracket

[A(x"y"), B(x"y")]
- A(xmyn )B(xsyt) _ (_l)degAdegB B(xxyt )A(xmyn)
+mq" stt(AB)J,,., o0 sc(n+t) M

n+t,0

+nqg" Str(AB)JmH,O 5n+t,Ocy >

where m,n,s,tUZ; A,BOgI(M,N),,aU0Z,; ulN\(g)in
c(u), pOZ-N(g) for pOZ, str’ represents the supertrace
of g/(M,N)and c, are central elements of m) ((Cq )

3. A(M-1,N-1)-Graded Lie Superalgebras

In this section, we first present the construction of
A(M —1,N —1) -graded Lie superalgebras with the quantum
tori as the coordinate algebra. And then we construct the
representation of A(M —1,N —1) -graded Lie superalgebras

by using bosons and fermions.

3.1. The Construction of A(M-1,N-1)-Graded Lie
Superalgebras

In this subsection, we study the structure of
AM -1,N —-1) -graded Lie superalgebras with coordinate

algebra as quantum tori.

Weset G=sl(M,N)C,),ie.

G=[glM,N)C,),gl(M,N)C,)]={4Ugl(M,N)C,)|str(4) =0 mod [C,,C,]}.

Remark 4.G isan A(M —1,N —1) -graded Lie superalgebra (since (Cq is unital) with (Cq as a coordinate superalgebra.

Then let G, ={x0G[h,x]=a(h)x, forall AOH} .

We have the following root space decomposition:

G=Go0) Gse,0G5-6)0 D (Gs-5, 0G5,

i,j

Gs,-5 =spancigu(m,n) =x"y"ey o prar} -k £1,

itj
here
Ge,—e, =spanc{f;(m,n):= x"y"e; )i # j,
gg[—d—k =spanc {ﬁ;k (m,n)=x"y"e; \rox}s
G¢ .+, = spanc{Gy (m,n):= X"y eyranits
and

Go =spang { f;(m,n) = fr1y 1 (m,n) |1 i <M —1}
U spang {gy (m,n) _§k+1,k+1(myn) [IsksN-1}

U spang {];MM (m,n) + gpr4q pr41(myn)},

where 1<i,j<M,1<k,J/<N, and m,n07Z .

Then one gets a central extension of G
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@=QD( > D(Cc(n)jD(Ccy

nOA(q)

with the Lie superbracket as (1).

Remark 5. @ isan A(M —1,N —1) -graded Lie superalgebra.

Now we give the multiplication of Lie superalgebra @ specifically.

Proposition 1.

[j;j (msn)a];kl(pas)] = ijqnpj;l(m +pan +S) _Jﬂqms]}g’(m +p,l’l +S) +mqnp5jk5i15

[f; (m,n), & (P, )1 = 0;
Lf;; (m,n), Fy (p.5)] = 8,,q™ Fy(m+ p,n +5);
[f; (m,n), Gy (p.5)] = =0,.q"™ Gy (m+ p,n+5);

(g, (m,n), &4y (p,9)]= 044" gy (m+ p,n+s)=8,q™ g (m+ p,n+s)=mq" 5,0,

(&y (m,n), Fy (p,s)] = = izqmsﬁ/g' (m+p,n+s);
[gl/ (m,n), G~/(l (p,S)] = leqnpék[ (m + p.n + S),
L5 (m,m), Fy (p,5)] = 0;

[ﬁ;‘/(m7n)aG~k[(p7S)] = leqnpj;.‘k(m+pan+S)+5[kqmsglj(m+p’n+s)+mqnp5 5 5

[G,(m,n), Gy (p.5)] =0.

3.2. The Representations of A(M-1,N-1)-graded Lie
Superalgebras

In this subsection, fermionic-bosonic operators are used to
achieve a family of A(M —1, N —1) -graded Lie superalgebras
whose coordinate algebra is a quantum tori.

Now we follow the method in [10, 19] to construct

representations for the Lie superalgebras G which are given
in sec. 3.1.
Let U be an arbitrary associative algebra. For 7 =+1, we

define a 7 -bracket on [ as follows:
) =xy+ryx, x,y00.

have

[xv.z]=x{y,z}; —T{x,z}, y.
Let b be a unital associative algebra with generators
hi,h-*,lgigX 0N satisfying

1
{mon} ={ni.m} =0, {n.n;} =4,
r T T

Let a(X,r) be the associative algebra generated by

Obviously, we X,y =iy, xi, and

N
b(s) b0 Dl (chocw).s0z

satisfying

{b(s),d(0)}; =1b,d}; Osyp-

5 np .
m+p,0 n+5,6c(n + S) +ng ijdildm+p,05n+s,0cy >

O s5€(n+5)=nq"0;.040,.4 00,45.06,

ilZm+p,0%,+5.0 m+p,0%n

O— c(n+s)+nq"0o,0,0, o,

ik j1%m+p,0%,550 ik ©j1Om+ p,09n+s5,0Cy>

Then we define the normal ordering as in [6]:

b(s)d(2), s>t
:b(s)d(t) = %(b(s)d(t) —1d()b(s)), s=t,
=1d(1)b(s), s <t,
=-T:d()b(s):

for s5,t07%, and b,d Ub. Set

1, s>0,

1,s=0,

P(s) = 5
0,s <0.

Then we have
Lhy($)hy (1) = h()h, () = =Th; (Dh(s),  (2)
Lhy ()R () = Iy ()R (1) = =Th, (Oh; (s),  (3)
By (YR () = b (R () : 40, 0,4, 0B (s =1),  (4)
K (Oh(5) = 1 (DR (8) : #1001, Pt =5).  (5)

Next, we denote the generators of a(M,+1) by

a;(s),a;(t) and the ones of a(N,=1) by ¢(s),e;(). By a

direct computation, we have
Proposition 2. The subspaces of both Clifford algebra
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a(M,+1) and Weyl algebra a(N,-1) consisted of and
fermionic and bosonic quadratic operators, respectively, are
closed under the Lie bracket [LI]L.

Proposition 3. The subspace of the tensor product algebra
aM,+)Oa(N,-1) composed of fermionic-bosonic

quadratic operators is closed under the Jordan bracket [L1J,. ta;(s) e; (1) =
Furthermore, set  b(s)01=>b(s),10d(t)=d(t), then .
b(s) O d(t) = b(s)d(t) = d(t)b(s). ta;(s)e; (1) =
. +
Asin[10, 19],let a(X,T)" be the subalgebra generated by La) (s)e; (1) =

K(s),h,(t) and B (0) for s,6>0 and I<i,jk<X. Let

a(X,T)  be the subalgebra generated by hj (s),h; (), and
h,(0) for s,6<0 and I<i,j,k<X. Let V(X,T) be a
simple a(X,r) -module containing an element vé ,
satisfying simple.
Let

a(X,n)"vi =0

0, nONA(g),

Sy (m,n) :gz“q"’” ta;(m=s)a;(s):— ;5”5’”0 q" "'1 nOZ\A(Q),
0, nONA(q),

g, (m,n) = SZDZ:q-ns re,(m=s)e}(s):+ %5?/5,,,,0 Z: : n0Z\A(g),

ta;(m=s)e;(s):,

Fy(mn)=> g™
sOZ

Gij (m,n) - zq—ns

sOZ

: a;k(s)e; (m=-s):.

To calculate the commutator relations of these operators, we give the following lemma.
Lemma 1.

V(X,1)=a(X,1) V.
The rest of normal orderings are defined as follows:

ai (S) ej (Z)a

a;(s)e; (1),

: a: (s)ej- ()= a: (s)ej- ().

Clearly, the a(M,+1)0a(N,—1)-module
V(M,N)=V(M,+))OV(N,-1) = a(M,+1) Da(N,-)v;' Ov'

[a;(m)a; (1), (P)a; ())- = 80,4, 00: (M) ()= 08 04 (PNt (n),

[a,(m)a; (n), e, (p)e ()] =0,
[a,(m)a; (n), a; (P)e; (5))- = =04 ,,,0a; (W)e; (5),
[a,(m)a;(n), @ (P)e; (5))- = 08,1, 0; (m)e; (5),
[e; (m)e, (n), € (P)e; (5))- = 00,4, 0€; (M)e () = ;8,4 01 (P)e; (1),
[e; (m)e, (n), a; (P)e; (5))- = =8, 8,+, a; (P)e; (),
[e] (m)e; (n), ax (p)e] ()] = 0,18, 0z (P)e; (m),

[a;(m)e; (n), @ (P (s)). =0,

a; (s)e; (t),

48

(6)

(7

®)

(€))

is

(10)

(11)

(12)

(13)

(14)

(15)

(16)
(17)
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[a;(m)e;(n),a; ((P)e; ()1, = 89, ot p,0€1 (S)e (1) + 3,8, 0@, (m)ay (p),

mn

Later, it n0A(q), let <

Proposition 4.

[a; (m)e; (n),a; (p)e; ()]s = 0.

-1 . -
=m to avoid ambiguity.

LS (m,n), fu (p,)] = 8™ foy(m+ p,n+s)=8,q™ fi;(m+ p,n+s)+mq,,0,0, On+p.005555>

[fij (ma n)agkl (p,S)] = 0’

[fl,(m n),Fu (p,s)]1= jkq”pEl(m"'Pa""'S)

[f;‘j(man)a le (p,S)] = ikqu gl (m +p5n +S),

(g (m,n), g4y (Ps$)] = 0™ gy (m+ p,n+5)=3,q" gy (m+ p,n+s)=mq,,0,0;0,., 005

[gij(man)aFkl(pas)] =" ilquij(m +p9n+s)y

[gz/(m n) le(pas)] jlqankl(m+p7n+S)

[F;j (mv }’l), Fkl (p,S)] = O,

[ (m }’l) le(pas)] jlqnpfk(m+p7n+s)+ kq gl/(m+pan+S)+qup51k5j15m+p05,;0a

[G;; (m,n), Gy (p,$)] =0.

Proof: Notice that constants have no effect for Lie bracket.

From (4) and (10), we have

[fij (ma I’l), fkl (pa S)]
= g a(m=0ay(0).a,(p~r)a; ()]

t,r0Z

= > (048 im0 (M =00 (1) = 88,y 0 (P = 1) 1))

t,r0Z

(18)

(19)

(20)

2]

(22)

(23)

24

(25)

(26)

@7

(28)

(29)

= Z g " Vb' 5p+t ,0( ai(m—t)a, (r): 480,14, 0O(m = t—r)) Z q"5,0,., tO( ak(p—r)a;(t) +5 Jpﬂ ,OH(p—r—t))

t,r0Z

t,r0Z

20,4 Y a7 a(m p=n)a; (1):=G,4™ Y g g (m+ p=1)aj(t):+6;04 8, 0q" Y a7 (6(=2r) = 6(=2m = 2r)).

0z

Since

37 (@(-2r) - B(-2m~2)) =

rz

two cases will be discussed as follows.

07 0z
0, m =0,

_(1+ m(n+g‘))+ Z —r(n+s) m>0 _ ( (n+s) + ) m(n‘”) 1
1q q (n+s) -1 ’

—m+

—-m-1

(1+qm(n+v)) Z q —r(n+s) ,m <0,
r=1

(30)
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Case 1: If n+s0OA(g), then

Ly mm), fu (o)1= 80" D g™ ") 1, (m+ p=r)a (r): =8,4™ D q ") ray (m+ p=1)a}(£) : +mq"? 8,0,4.8,1 -
r0Z tOZ

Case 2: If n+sU0Z\N(g), then

[f;l (ma l’l), fkl (p,S)]
np —r(n+s) * ms —t(n+s) * 1 () +1 ms np
=0,4" Y q ta;(m+ p=rya (r):=0,4™ ) q sy (m+ p=0)a;(0): 2003 0pspo (47 =4™)
7 Mz q -1
B . 1 (n+s) +1 _ . 1 (n+s) +1
— n r(n+s) . _ . q _ ms (n+s) . _ . q
=0,4" | D a 1 (m* p=r)ay (r):=—G;0yp0 (nTLJ %4 [Zq W s (m+ p=t)a;(n): 2 9mOmepo G |
0z q (07 q
Hence, one obtains that
[ﬁj (ma n)a fkl (p’ S)] = ijqnp](il (m tp,nt S) - Jilqmsf}cj (m tp,nt S) + mqnpdildjkdnﬁp,o%’ﬁ :
This means that (20) is true.
From (6) and (11), one has
Lf;(m,n), Fy (p,s)] = z q " a;(m —t)a; (1),a;(p—r)e(r)] = Z q_m_sro-jkapﬂ—r,oai (m=t)e(r)
1007 1,02
— np —r(n+s) _ - np
=8,4" > " a(m+ p=r)e (r) = 8" Fy(m+ p.n+s).
rOZ
This means that (22) is true.
From (4), (5), (18) and (30), we have
[F;j (ma n): le (p7 S)]
=D ¢ g (m=)e, (1), ap (e (p=1)]
t,r07
= Z g " (o_ik5m+r—t,oe;k (p- ”)ej @+ ledp+t—r,0ai (m _t)a; (”))
t,r07
_ —ni—sr Lo . —nt=sr . * .
= Z q 5ik5m+r—t,0 ( e(p- ”)ej ®: _le5p+t—r,0€(p -r _t)) + Z q le5p+t—r,0 ( a;(m=t)a,(r): +5ik5m+r—t,09(m —t _V))
1,07 1,07
=3,q™ Y a7 el (m+ p=0)e;(1): 48" g ram+ p=)a (1) +640:8,,00" D a7 (O(-2r) ~6(-2m =2r))
Mz I 0z
ms ~t(n+s * n —r(n+s * wp 1 n+s o) -1
=3ug™ D a7 e (mk p =0 (0484 Y a ) sy (mok p =) () 4,818,000 (6 + D
Mz yIZ q -1
Whenn+sOA(g) , we get

[y (m,n), Gy (p,9)] = g™ D g™ e (m+ p=t)e,(1): +0,q™ Y q ") sa,(m+ p=r)a; () : +mq"? 8,0,8,,1 .-
VA rZ

When n+sUOZ\N(g), we get

(£ (m,n), Gy (p,s)]
ms —t(n+s * n, —r(n+s * 1 (nts) +1 ms np
=4 ‘Zq ) g (m+p=t)e;(t):+9;q pzq () 3ai(m+17_”)ak(”)3+—5j15ik5m+p,0q(,,T(q *=q")
07, 107, 2 q -1
n —r(n+s * 1 q(n+S) +1 ms —t(n+s * 1 q(n+S) +1
=3,4" | D a7 +):ai(m+p_r)ak(r):_Ea_ika_rrﬁp,OW +q™| D a7 (m+p=0)e;(1):+= 030 po~ G5 |
0z q 1 o q 1

Therefore, one obtains that
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[F;j (m,n),le (p,S)] = a-jlqnpf;‘k (Wl + p.n + S) + qum‘gl](m + p.n + S) + mqnpdika-jla-m+p,05;

This means that (28) is true.
Finally, the proof of the others can be received similarly
from Lemma 1. O

~

Theorem 1.V(M,N) is a module of Lie superalgebra G
subject to relations

7 fiy (m,m) = f;;(m.,n), 1(Z;(m,n)) = g; (m,n),
7(F; (m,n)) = F; (m,n), 71Gy(m,n)) = Gy (m,n),
mm(c(n)) =1, m(c,) =0.

4. Conclusion

In this paper, we studied the representation theory of
AM —1,N —1) -graded Lie superalgebras with coordinate
algebra as quantum tori. We first gave the structure of
A(M —1,N —1) -graded Lie superalgebras concretely, i.e., a
set of bases and their multiplication operations. And finally,

we constructed the representations by using the tensor product
module which are extremely concise and pretty results.
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