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Abstract: Cholera was prevalent in the U.S. in the 1800s, before modern water and sewage treatment systems eliminated its
spread by contaminated water. Cholera is an acute intestinal infectious disease caused by the bacterium vibrio cholerae. We
propose and analyse a mathematical model for cholera considering quarantine. Quarantine plays an important role to control
the disease. Our goal is to control the disease through the quarantine even if infected population again becomes suscepted.
Determine two equilibrium points of the model: disease-free and endemic. Also basic reproduction number R, is obtained.
Reproduction number plays as a key role for analyzing stability for disease-free and endemic equilibrium points. Stability has
been discussed for both equilibrium points using Ruth-Hurwitz criterian. We concluded that the disease-free and endemic
equilibria are locally asymptotically stable if Rq<1 and Ry>1 respectively. Also, Numerical simulations are carried out for the
model. From the graphically representation it is more clearly seen that when the disease becomes dies out and when it

persistence.
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1. Introduction

Cholera is an infection of the small intestine by some
strains of the bacterium Vibrio cholerae. When the bacteria
attaches to the small intestine’s walls, human’s body begins
to secrete large amounts of water that lead to diarrhea and
rapid loss of fluids and salts. Contaminated water supplies
are the primary source of cholera infection. Uncooked fruits,
vegetables, and other foods can also contain the bacteria that
cause cholera. Cholera is an ancient disease that continuous
to cause epidemic and pandemic infection despite ongoing
efforts to limit its spread. Wang J. and Modnak C. have been
formulated a cholera mathematical model with control
measures which represents a coupling between multiple
transmission pathways of cholera and multiple control
measures [9]. In spite of the recent progress of medical
sciences, cholera still remains as a severe global threat in
view of more morbidity or mortality and its currently
spreading in countries such as Zimbabwe and other parts of
the world. Das P. and Mukherjee D. focused to the role of
lytic bacteriophage in the cyclic behavior of cholera

outbreaks [4]. Emvudu Y. and Kokomo E. considered a
cholera epidemic mathematical model of a closed population
in [5]. A nonlinear delayed SIRS cholera mathematical model
with immigration for the spread of the disease with carriers in
the environment have been proposed and analyzed by
Agarwal M. and Verma V [1]. One useful method to control
the spread of infectious diseases is to isolate some infectives,
in order to reduce transmissions of the infection to
susceptibles. Pang Y. et al. discussed the dynamics of a
stochastic SIQS epidemic model [8]. The cholera outbreak
began in 2010 in Haiti reminds us the importance of cholera
prevention, treatment and control that has eliminated the
disease from much of the developed world. Chun I. and Fung
H. gave a brief introduction of the cholera transmission
dynamic models and discussed that how the models can be
modified and focused on the model structure, impact of
water, sanitation using modeling and model misspecification
and parameter uncertainty [2]. Authors proposed a SVR-B
cholera model with vaccination [3]. A mathematical model of
cholera has been proposed to see the impact of vaccination,
therapeutic treatment on the transmission dynamics of
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cholera infection in a varying population [6]. Many
mathematical models have been proposed by many
researchers to investigate the complex epidemic and endemic
behavior of cholera. The effects of vaccination on the
transmission of cholera models are also studied by many
authors. Nirwani N. et al. proposed a SIQR-B cholera
epidemic model. They studied and analyzed the effects of
quarantine and incidence on the spread of cholera disease [7].

2. The Mathematical Model

We have referred Nirwani N. et al. [7] and modified it by
adding transmission rate @/ Considered an SIS cholera

epidemic model with quarantine effect. In the model human
population is divided into classes containing susceptible (.S),
infectious ( / ), quarantine ( Q ) and recovered ( R )
individualsat time 7. The pathogen population at time ¢ is
given by B(¢) . Now consider the total number of population
at time tis S+/+Q+R=1. When there is an adequate
contact of a susceptible with an infective, the susceptible
becomes infected and leaves the class S . Hence infected
individuals enter the class / of infectious people and have a
full disease case of an infectious disease. After sometime,
infected people leaves the class 7. There are two possibilities
for the infected peoples: (1) Upon recovery they enter the
class R and (2) goes back through an immediate returning
path @/ to the susceptible class. There are two ways to
recover the infected peoples: Firstly, they can be recovered
directly with the transmission rate ¢ 7 and secondly, they can

be recovered through quarantine class @ with transmission

rate O which imposed the disease and then move to class
R with transmission rate £(Q , otherwise they will be
susceptible again. This model is called an SIS model with
quarantine effect.

The flow of individual is depicted in the following transfer
diagram (Figure 1):

T ]

7 BSB_, BSI aI £0 MR
' > S 1+a‘8+1+a:1 I Q R 1_,
1S @ + L1 (d,+14)0 Human
ni
B u, B Pathogen

Figure 1. Transfer diagram for SIS cholera model.

The symbols are used here stands for
M4 = Natural human birth and death rate,

B, . B, = Contact rates for the human-environment &

human-human
interactions respectively,
a,, a, = Constant rates,

d,, d, = Disease related death rate constant in / & Q
respectively,

a = Recovery rate from the disease,

O = Transmission rate between compartments /to 0,

& = Transmission rate between compartments Q toR,

7 = Rate of human contribution to the growth of the
pathogen,

16 = Death rate of the pathogen in the environment,

w = Disease transmission rate from compartment / to S'.

All parameters are assumed nonnegative.

3. Formulation of the Model

The differential equations corresponding to the transfer
diagram are

ds i BSB _BSI _

_ = +
a 1+a,1

S
dt 1+a B a

dl _BSB  BSI

= -(d+ u+o+a+w)l
dt  1+a,B l+a,l i+t )

d
L= s1-(e+ dy +p)0 (M)

dR
—=al+eQ0—- U R
7 O-t

dB
= =pIl-1,B
" ni=H
Since equations first, second, third and fifth of system (1)
are independent of the variable R , therefore, the system can
be rewritten as

ds _BSB _ BSI

— = p+wl
# l+a,l

S
dt 1+ B #

di _BSB  BSI _

di+ u+o+a+w)l
i 1+aB  1+a,l @+ 4 ) 2)

D= 51-(e+ dy +1)0

dB
L pr-u B
7 ni=t

The feasible region of human population D corresponding
to the system (2) will be

D={(S,1,0):520,1=20,0=20,S+I1+Q <1}
and the feasible region of pathogen Q will be
Q={B:B=0}

Thus, the proposed model is mathematically well posed
and is epidemiologically reasonable, since all of the fractions
remain between 0 and 1.
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4. Derivation of the Model

4.1. Equilibrium Points

There are two types of equilibrium points: disease-free and
endemic. First of all, we determine disease-free equilibrium
points.

4.1.1. Disease-free Equilibrium ( E %)
All the equations of the system (2) equate to zero, then the
system of equations becomes

_ASB _BSI _

U+l 5=0
1+aB l+al
BSB | BSI —(d+ y+0+a+w)i=0 3)
1+, B l+a,l

Ol=(e+d, +14)0=0
ni-pB=0

Assume that if the disease is not occurring, then 7 =0 .

Now, from equations third and fourth of system (3), we
have

0=0and B=0.

At7=0 and B=0 from equation first of system (3), we get
S=1.
Thus, the disease-free equilibrium is £ 0 =(1,0,0,0) .

4.1.2. Endemic Equilibrium (E : )

[t~ +p+a+o)r ]

147

Here, we find the endemic equilibrium points and discuss
the uniqueness of the points. For this, the system (2) can be
written as

_IBIS B*_IBZS 1* _,U]S*:O
1+a,B" 1+a,1

th+ @l

BSB  BST

1+, B 1+a, I

—(d,+p+a+3+w) =0 “4)

O =(dy+ 14 +£)Q" =0
nl =B =0

From equations third and fourth equation of system (4), we
get the values of QO “and B such that

*

_nl

M

* ol

= 2~ and B
(e+p,+d,)

0

From first and second equation of system (4), we get

g = M (di+p+a+d)1”
H

Again, from second equation of system (4),

{ﬁ”# B *}S‘*I*—(d1+/4+a+5+a)1*20 )
[é+q/7[ 1+£61

Substituting the value of S " in equation (5),

- (d, v +a+d+w) (I =0.

{ﬂm+

By
ranl 1+a, I

It means that either 7~ =0 or

[/11 —(di+ 14 +a+5)1*]

H

= (d,+ +a+o+w)=0.

Bn " B
thranl 1+a, I

But in case of endemic 7~ #0 , SO we have

H

H

t=(dy+pp+a+ o)
An -+ b - [ ] - (d, + 4 +a+3+w)=0.
bmranl  1+ayl H
Or M—(d+u+a+d)I" _ (d+py+a+d+w) . Now, for determining the uniqueness of /°, we assume
H { sn_ . B } that/=1", then
o el el U TR A
* _ * 1 - 1 2 .
We assume that g,({ )=g,({ ), H ﬂ2+ﬂ1’71+1+a2]}
N w_ (ditp+a+d+w)
" =,u1—(dl+yl+a+6)1 U )= If7=0,then gl(()):landg 0)= o (di + i +a+d+w)
where g(I")==——"————— and {7/’1’7 P } ? (Bin+ Bot)

wranl’ 1+ay I’
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If 1>0then g(/)<Oand g,(/) >0.

Thus, we see that g, (/) is increasing function for />0 .

Hence, basic reproduction number R, is given by

R,= £(0) .
8,(0)
or

R = Bn+B 1)

q_#z(d1+/'ll+a+5+w)' ©

When R, >1, then g,(0) <g,(0)=1 thatis g,(0) <I.
Hence, there is a unique solution of ;* to the equation
g(1)=g,(I")

Thus, endemic points  are given by

Deepti Mokati et al.: A Mathematical Model for SIS Cholera Epidemic with Quarantine Effect

*

th = (dy +p+a+ )l I ol ’7_1*

E =( T ,
y Etpytdy fh

E

where /* can be determine by g, ( I*) =g, (1*) .

4.2. Stability Analysis

In this section, we have analyzed the stability of disease-
free and endemic equilibrium by proving the theorem 1 and
theorem 2 respectively.

4.2.1. Stability of Disease-free Equilibrium
Theorem 1. If R <1, then the disease-free equilibrium is

locally asymptotically stable.
Proof. The variational matrix will be

AB_A B , A
1+qB l+gl (+a I} (+q B
S
JE)3 AB AT A “dHyrordty 0 AS !
HaB @l (+gl} (+q By
0 o H&ty+d) O
.0 n 0 N
At disease-free equilibrium points, the matrix will be
—H w=p5 0 -
—(d+y+rotatw 0
J( EO): B —(d + 1 ) J£1
o —(etdy +py) 0
0 n 0 ~ kb
Now, the characteristic equation will be
‘J(EO)—ZI‘:O .
—H~z w= B 0 -B
0 By—(d + ph+ 0+ a+wtz) 0 B _o
- 2] —(e+dy+ptz) 0|
0 n 0 M-z

On simplification, we have

(e+dy +p+2)(ph+ 2){ 2+ (W + d + p + O+ a+w=-3)z
th (At O+ atw)=(th5 + 5} =0.

It is clear that there are four eigen values corresponding to
the characteristic equation. First two are given by z =—44
and z = —(&+ 14 +d,) which are negative.
where,

Remaining two eigen values are obtaining by the following
equation
22Uy di U r I atw-By)z

Uy (dy+ O+ atw)- (B, + B n)=0.
which can be written as

2 -
z"+a z+a, =0

a=(htd+p+to+tatw-B),



American Journal of Applied Mathematics 2019; 7(5): 145-151 149

= - - _ B+ BN
ay=fh(d + th+ 0+ a+w)=(tho+ i) = h(d + th+ O+ a+w)| 1 uz(d1+,u1+6+a+a))}
=1-R,.
+
where, R, = Bntht) 4.2.2. Stability of Endemic Equilibrium

o (d + [ +a+0+w)

Hence, it is clearly seen that

@>0,a,>0anda a,>0.

Thus, by the Routh-Hurwitz criteria the disease-free
equilibrium is locally asymptotically stable if R, <I.

Theorem 2. If R, >1, then the endemic equilibrium is

locally asymptotically stable.
Proof. The variational matrix will be

*

1+aB 1+l I+ 1) (+aB)
sy AE LB B upsiag 0 A5
1+aB 1+al  (+al) (+aB)
o ~e+d,+y) 0
L 0 n 0 ]
This matrix can be written as
1~k w=J, 0 —J3
. J Jy=(d,+ g +o+a+w 0 J
J(E")= 1 2= (di+ 1y ) i 3
0 o (etd, +1) 0
0 7 0 —H
where, where, K =J, —(d|+ (4 +a+0+w) and L=(&+ Y +d,).
= BB . BT ,,_ B S and J. = BS ) Then the characteristic equation is given by
1+, B 1+ l” T (+al’) T (+aB') .
‘J(E )-A 1‘:0.
_Jl _ﬂl w_.]2 0 _J3
* J K 0 J =Ji == w-J 0 -J.
orJ(ED= 5 -1 0 | JIUl KA o s
= J(E")= ' > o=
0 n 0 -4 0 o —(L+A) 0
0 n 0 - A

Or (LAMN[=(Jy + 1+ DK =) (th +A)=(J; + 1y + ) I3 =T, @ (thy + )+ I, (th + )+, J37]=0.

It means that either L+ A =0 or
[yt D) K=A)(py + D)=, + A I3n—J, w (py +A)+J,J, (1 + A)+J; J37]1=0. This means that one eigen

value A=—(£+ 4 +d,) is obtained which is negative and remaining are obtained by the following equation

= (S + D) (K fh + KA = Al =A*) =(Jy + th + D) T3 7=, @ ( +A)
oty + )+ Iy J30n]=0.

On simplification,

A+ (=K +J,+ )+ A=K phy =K (Jy+ 1)+ (I + 1) o =Ty = Jy o+ J, J)
+ Iyt + I3 =J iy =K (Jy + )y = (I + 1) I3 =0.

Now, substitute K = J, —(d, + 4 + @ +J+w) and on solving, we obtain
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B Qi+t +(di+a+0+w)+J, = Jy) AP+ + () + b +dy +a+ 3+ w=J,)
“(Ly=-(Hrdi+a+0+w)) th —J3n - Jiw]lA+ h (J+14) ((+d+a+0+w)

~H (Jy fp +T30) =T @y =0.

Or N’ +aA*+Aa, +a; =0

where,

@ =2+ (d + O+ at W)t +J -,
ay =L Sy (I ) (it td ta+ O+ w=J;y)
(o= +di+a+0+w)hy =J3n-J, w,
a3 = (Jy ) (dy+ + O+ a+ W)=y (M, +J50) T W, .

It is clearly seen that ;>0 , a,>0 , ;>0 and
Hence, by Routh-Hurwitz criteria, the endemic equilibrium
Case I

is locally asymptotically stable.

5. Numerical Analysis and Graphical
Representation

In this section, I have analyzed the model numerically and
graphically by considering the set of parameters values. From
practical point of view, numerical solutions are very
important beside analytical system.

L B T O]

S(0) =80000, 7(0) = 20000, Q(0) = 40000, R(0) = 50000, B(0) = 200000,

M =9.13 x107 /day, B, =0.00025/day,a, =5days, 5, =0.00015/ day,

a, =10days,d, =0.015/day,a =0.2/ day,0 = 0.1/ day,& =0.05/ day,

d, =0.013/day,n =2cells / litre/ day | person, i, =0.01/day,w= 0.2/ day,
R, =0.097 <1.

Time t

Figure 2. SIS cholera model with Quarantine effect when Ry<l.

w2l "_:i{-_m{v;‘;i:_.;.;.u_-.\..,'-.-_L'\in:'»_,,_m_:—na.uT)\_:_mn-_.f.r..._-.-.._‘_,._._...‘._.-_-.1.\.:.-.u.-.r...-_-_\.....__ra..-r.u....-\.-_;..\.-.._.r...r. R
B &% 4] )

Figure 2 shows that S(#) and R(z) approaches to its steady state value while (), O(t) and B(t) approaches zero as time

progresses, the disease dies out.
Case II
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S(0) =80000, /(0) =20000,0(0) = 40000, R(0) = 50000, B(0) = 200000,

M =9.13 x107° /day, B, =0.0025/ day,a, =5days, 5, =0.0015/day,

a, =10days,d, =0.015/day,a =0.2/day,d = 0.1/ day,& = 0.05/ day,

d, =0.013/ day,nn =5cells / litre/ day | person, i, =0.03/day,w=0.05/day,

R, =1.14>1.

®Dnp—w

Time t

Figure 3. SIS cholera model with Quarantine effect when Ry>1.

Figure 3 shows that S(#) and R(?) approaches to its steady
state value while /(?), Q(t) and B(t) approaches zero as time
progresses, the disease becomes endemic.

6. Conclusion

Cholera was prevalent in the U.S. in the 1800s, before
modern water and sewage treatment systems eliminated its
spread by contaminated water. Cholera outbreaks are still a
serious problem in other parts of the world. At least 150,000
cases are reported to the World Health Organization each
year. Cholera was first spread in Russia in 1817, after few
years in Europe, and from Europe to North America and the
rest of the world. In this paper, we have considered an SIQR
cholera epidemic model of Nirwani N. et al. [7] and
converted into SIS cholera epidemic model with quarantine
effect which is a generalized form.

I have found disease-free and endemic equilibria for the
model and analyzed the stability criteria for the both
equilibria. I have seen that the disease-free equilibria and
endemic equilibria arelocally asymptotically stable by Routh
- Hurwitz criteria if R,</ and R,> I respectively. It plays an
important role in controlling the disease. Also, numerical
simulations are carried out for the model with graphical
representation for ordinary differential equation and

numerically found that if R,</, the disease dies out and if
R,>1, the disease becomes endemic. This can be more
clearly seen in the graphs.
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