
 

American Journal of Applied Mathematics 
2015; 3(6): 259-264 

Published online October 26, 2015 (http://www.sciencepublishinggroup.com/j/ajam) 

doi: 10.11648/j.ajam.20150306.14 

ISSN: 2330-0043 (Print); ISSN: 2330-006X (Online) 

 

A New Fuzzy-Valued Additive Measure 

Cai-Li Zhou 

College of Mathematics and Information Science, Hebei University, Baoding, China 

Email address: 
pumpkinlili@163.com 

To cite this article: 
Cai-Li Zhou. A New Fuzzy-Valued Additive Measure. American Journal of Applied Mathematics. Vol. 3, No. 6, 2015, pp. 259-264.  

doi: 10.11648/j.ajam.20150306.14 

 

Abstract: In this paper, we firstly invoke gradual Hausdorff metric to define a new additive fuzzy-valued measure on the 

ordinary measurable space. Then, from the view of a fuzzy number as a crisp interval of gradual numbers, we show that the 

new fuzzy-valued measure can be characterized by two gradual number-valued measures. Finally, we investigate some of its 

properties and structural characterizations. 

Keywords: Gradual Number, Fuzzy Number, Fuzzy-Valued Measure 

 

1. Introduction 

The concept of fuzzy set was introduced by Zadeh in 1965. 

After that, many applications of fuzzy sets have been 

developed. One of them is the fuzzy measure. The topic of 

fuzzy measures has received much attention because of its 

usefulness in several applied fields like mathematical 

economics and optimal control. In fuzzy mathematics the 

term “fuzzy measure” is used to denote the notion which 

generalizes a measure－an additive function which maps σ  

– algebra to the Banach set. These generalizations can be 

made in two dominant directions but with one common 

property – they all have a grade of uncertainty. The first 

approach treats the fuzzy measure as a nonadditive function 

which mapsσ– algebra to the set of reals. Additivity is 

usually substituted by some form of continuity. The examples 

of this kind of fuzzy measure are possibility, plausibility, 

null-measures. the second type of fuzzy measure (named 

fuzzy-valued measure) as a natural generalization of 

set-valued (or multivalued) measure is considered. Significant 

contributions in this area were made by Stojakovic [7], Xue, 

Ha and Wu [9] and Wu, Xue and Wu [8], etc.  

Metric on the space of fuzzy sets plays a very important role 

in fuzzy application systems. Recently, Zhou and Zhang [12] 

introduced a fuzzy metric on the space of fuzzy numbers and 

called it gradual Hausdorff metric. In particular, by gradual 

Hausdorff metric, the authors introduced a new infinite sum 

for sequences of fuzzy numbers and discussed its properties. 

In the present paper, based on the new concept of infinite sum 

introduced by Zhou and Zhang [12], we introduce a new 

additive fuzzy-valued measure. The new fuzzy-valued 

measure can be characterized by two gradual number-valued 

measures. By virtue of this property, we prove the finite 

additivity and monotonicity of the new measure which are 

similar to the classical measure and discuss its structural 

characterizations. 

The organization of the paper is as follows. In Section 2, we 

state some basic results about gradual numbers, fuzzy 

numbers and gradual Hausdorff metrics. In Section 3, we 

introduce the new fuzzy-valued measure. From the view of a 

fuzzy number as a crisp interval of gradual numbers, we 

investigate some of its properties. 

2. Preliminaries 

In this section, we state some basic concepts about gradual 

numbers, fuzzy numbers and gradual Hausdorff metrics. 

Definition 2.1. [4] A gradual number r~  is defined by an 

assignment function 

RAr →]1,0(:~  

Naturally a nonnegative gradual number is defined by its 

assignment function from ]1,0(  to )0[ ∞+， . 

In the sequel, )(~ αr  may be substituted for )(~ αrA . The set 

of all gradual numbers (resp. nonnegative gradual numbers) is 

denoted by )(IR  (resp. )(* IR ). A crisp element Rb ∈  has 

its own assignment function Rb →]1,0(:
~

 defined by 

bb =)(
~ α  for each ]1,0(∈α . We call such elements in 

)(IR  constant gradual numbers. In particular, 0
~ (resp. 1

~
) 
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denotes constant gradual number defined by 0)(0
~ =α  (resp. 

1)(1
~ =α ) for all ]1,0(∈α . 

Definition 2.2. [4] Let )(~,~ IRsr ∈ . The arithmetic 

operations of r~ and s~ are defined as follows: 

(1) ),(~)(~))(~~( ααα srsr +=+ ]1,0(∈∀α ; 

(2) ]1,0(),(~)(~))(~~( ∈∀−=− αααα srsr ; 

(3) ]1,0(),(~)(~))(~~( ∈∀⋅=⋅ αααα srsr ; 

(4) ,
)(~
)(~

)(~

~

α
αα

s

r

s

r =






 if ,0)(~ ≠αs ]1,0(∈∀α . 

Definition 2.3. [10] Let )(}~{ IRr Nnn ⊆∈  and )(~ IRr ∈ . 

(1) Nnnr ∈}~{  is said to converge to r~ if for each ]1,0(∈α , 

)(~)(~lim αα rrn
n

=
∞→

and it is denoted as rrn
n

~~lim =
∞→

. 

(2) If
i

n

in
r~lim

1∑ =∞→
exists, then the infinite sum of sequence 

Nnnr ∈}~{  is defined by 

i

n

innn
rr ~lim~

11 ∑∑ =∞→

∞

=
= . 

In the following, we describe some basic results about fuzzy 

numbers. A fuzzy number is a normal, convex, upper 

semicontinuous and compactly supported fuzzy set on R . In 

the sequel, let )(RFc denote the family of all fuzzy numbers. 

According to Fortin and Dubois and Fargier [4], a fuzzy 

number A
~

can be viewed as a particular gradual interval 

]~,~[
~ +−= aaA , where 

−a~  and 
+a~  are defined by  

})(
~

:inf{)(~ αα ≥=− xAxa
 

and 

})(
~

:sup{)(~ αα ≥=+ xAxa
 

for each ]1,0(∈α , respectively. 

A crisp interval ],[ +−= aaA can be regarded as a 

degenerate fuzzy number bounded by two constant gradual 

numbers and a gradual number r~ as a degenerate fuzzy 

number }~{r . We call that A
~

 is a nonnegative fuzzy number 

if 0)(~ ≥− αa for each ].1,0(∈α Let )(RFc

∗ denote the set of 

all nonnegative fuzzy numbers. Note that the boundaries of 

conventional intervals are real numbers, the boundaries of 

fuzzy numbers are gradual numbers. Thus, in the same way as 

defining crisp interval, we can define relation, sum and scalar 

multiplication on the space of fuzzy numbers as follows: 

Let ]~,~[
~ +−= aaA and ]

~
,

~
[

~ +−= bbB  be in )(RFc  and 

R∈γ . Define 

(1) BA
~~ =  if and only if 

−− = ba
~~

 and 
++ = ba

~~
; 

(2) BA
~~ ≤ if and only if 

−− ≤ ba
~~

and 
++ ≤ ba

~~
; 

(3) ]
~~,

~~[
~~ ++−− ++=⊕ babaBA ; 

(4) ]~,~[
~ +−= aaA γγγ if 0≥γ and ]~,~[

~ −+= aaA γγγ  if 

0<γ . 

Definition 2.4. [12] Let ]~,~[
~ +−= aaA and ]

~
,

~
[

~ +−= bbB
be in )(RFc .Define 

}.
~~,

~~max{)
~

,
~

(
~ ++−− −−= babaBAdH

 

We call
Hd

~
gradual Hausdorff metric on )(RFc

. In 

particular, we define 

)0̂,
~

(
~~

AdA H= , 

where 0̂ is the fuzzy number }0
~

{ . 

Definition 2.5 [12] Let )(}
~

{ RFA cNnn ⊆∈  and ).(
~

RFA c∈

We call that NnnA ∈}
~

{ converges to A
~

with respect to the 

gradual Hausdorff metric
Hd

~
if and only if 

0
~

)
~

,
~

(
~

lim =
∞→

AAd nH
n

. 

We denote it by AAn
n

~~
lim =

∞→
or AA Hd

n

~~ ~

→ . 

Definition 2.6 [12] Let )(}
~

{ RFA cNnn ⊆∈ and 

i

n

in AS
~~

1=⊕= the partial sum of sequence NnnA ∈}
~

{ . If the 

sequence NnnS ∈}
~

{ converges with respect to
Hd

~
, then the 

infinite sum nn A
~

1

∞
=⊕ of sequence NnnA ∈}

~
{ is said to be 

convergent and we also write 

i

n

i
n

n
n

nn ASA
~

lim
~

lim
~

11 =∞→∞→

∞
= ⊕==⊕  

i.e., if AAnn

~~
1 =⊕∞

= , then  

0
~

)
~

,
~

(
~

lim 1 =⊕ =∞→
AAd i

n

iH
n

. 

Definition 2.7 [12] Let ]~,~[
~ +−= aaA be in )(RFc . The 

gradual number-valued support function )
~

,(~ Aps of A
~

is 

defined as follows: 

RpArrpAps ∈∀∈= },
~~:~sup{)

~
,(~

. 

Definition 2.8 [11] Let ),( ΣX be a measurable space. A 

mapping )(:~ IRm ∗→Σ is called a gradual number-valued 

measure if it satisfies the following two conditions: 

(1) 0
~

)(~ =φm ; 

(2) if …21, AA are in Σ , with φ=∩ ji AA  for ji ≠ , 

then 
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∑
∞

=

∞

=

=







1

1

)(~~
i i

i

i AmAm ∪ . 

The second condition is called countable additivity of the 

gradual number-valued measure m~ . We say that )~,,( mX Σ
is a gradual number-valued measure space. 

For more details on gradual numbers, gradual Hausdorff 

metrics and gradual number-valued measures, we refer the 

reader to [1, 4-6, 11, 12]. 

3. Main Results 

Firstly, we introduce the new fuzzy-valued measure as 

follows: 

Definition 3.1 Le ),( ΣX be a measurable space. A mapping

)(:
~

RFM c

∗→Σ is called a fuzzy-valued measure if it 

satisfies the following two conditions: 

(1) 0̂)(
~ =φM ; 

(2) ( ) )(
~~

11 nnn n AMAM ∞
=

∞

=
⊕=∪ exists for any sequence

NnnA ∈}{ of disjoint measurable sets. 

The second condition is called countable additivity of the 

fuzzy-valued measure .
~

M We say that )
~

,,( MX Σ is a 

fuzzy-valued measure space. 

Theorem 3.2 Let ),( ΣX be a measurable space and

)(:
~

RFM c

∗→Σ a mapping. M
~

is a fuzzy-valued measure 

if and only if )(:
~

,
~

IRMM ∗+− →Σ defined by 

−− = ))(
~

()(
~

AMAM and 
++ = ))(

~
()(

~
AMAM  

are two gradual number-valued measures. 

Proof. Necessity. Suppose that )(:
~

RFM c

∗→Σ is a 

fuzzy-valued measure. Then .0̂)(
~ =φM It follows that 

0
~

))(
~

()(
~ == −− φφ MM and .0

~
))(

~
()(

~ == ++ φφ MM  If 

…21, AA are in Σ , with φ=∩ ji AA  for ji ≠ , then, by 

Theorem 3.9 [12], we have 

( )








=

⊕=

∑∑
∞

=

+
∞

=

−

∞
=

∞

=

11

1

1

))(
~

(,))(
~

(

)(
~

~

n

n

n

n

nn

n n

AMAM

AM

AM ∪

. 

This implies that 

( )
( )[ ]

( )

)(
~

))(
~

(

)(
~

~

~

1

1

1

1

1

nn

n n

nn

n n

n n

AM

AM

AM

AM

AM

∑

∑
∞

=
−

−∞

=

−∞
=

−∞

=

∞

=
−

=

=

⊕=

= ∪

∪

. 

In the same way, we have 

( ) ).(
~~

11 nnn n AMAM ∑
∞

=
+∞

=
+ =∪  

Hence, 
−M

~
and

+M
~

are two gradual number-valued 

measures. 

On the contrary, we prove the sufficiency. Suppose that 
−M

~
and 

+M
~

 are two gradual number-valued measures. 

According to Definition 2.8, we have 0
~

))(
~

()(
~ == −− φφ MM

and 0
~

))(
~

()(
~ == ++ φφ MM . It follows that 0̂)(

~ =φM . If 

…21, AA are in Σ , with φ=∩ ji AA  for ji ≠ , then we 

have 

−∞

=

∞

=
−

∞
=

−

∑

∑

=

=

∪

1

1

1

))(
~

(

)(
~

)(
~

n n

nn

nn

AM

AM

AM

 

and 

+∞

=

∞

=
+

∞
=

+

∑

∑

=

=

∪

1

1

1

))(
~

(

)(
~

)(
~

n n

nn

nn

AM

AM

AM

. 

By Theorem 3.9 [12], we have 

( )
( )( ) ( )( )
( ) ( )[ ]

[ ]
[ ]

).(
~

))(
~

(,))(
~

(

))(
~

(,))(
~

(

~
,

~

~
,

~

~

1

1

1 1

11

11

1

nn

nnn

n n nn

n nn n

n nn n

n n

AM

AMAM

AMAM

AMAM

AMAM

AM

∞
=

+−∞
=

∞

=

∞

=
+−

∞

=
+∞

=
−

+∞

=

−∞

=

∞

=

⊕=

⊕=

=

=





=

∑ ∑

∪∪

∪∪

∪

 

Hence, M
~

is a fuzzy-valued measure. This completes the 

proof. 
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Theorem 3.2 shows that a fuzzy-valued measure M
~

can be 

characterized by two gradual number-valued measures 
−M

~

and 
+M

~
. Hence, in the sequel, we denote M

~
by 

[ ]+−
MM
~

,
~

. 

Theorem 3.3 Let )
~

,,( MX Σ be a fuzzy-valued measure 

space and Σ∈BA, . 

(1) If ,φ=∩ BA then 

)(
~

)(
~

)(
~

BMAMBAM +=∪ . 

(2) If BA ⊆ , then )(
~

)(
~

BMAM ≤ . 

(3)If φ≠∩ BA , then 

)(
~

)(
~

)(
~

BMAMBAM +≤∪ . 

Proof. (1) Suppose that φ=∩ BA . Then, by Theorem 

3.2 and properties of gradual number-valued measures, we 

have  

)(
~

)(
~

)(
~

BMAMBAM −−− +=∪  

and 

)(
~

)(
~

)(
~

BMAMBAM +++ +=∪
 

It follows that 

( )
( ) ( )[ ]

[ ]
[ ] [ ]

).(
~

)(
~

)(
~

)(
~

)(
~

),(
~

)(
~

)(
~

),(
~

)(
~

~
,

~

~

BMAM

BMBMAMAM

BMAMBMAM

BAMBAM

BAM

+=

++=

++=

∪∪=

∪

+−+−

++−−

+−

 

(2) If BA ⊆ , then, by Theorem 3.4 [11], we have

)(
~

)(
~

BMAM −− ≤ and )(
~

)(
~

BMAM ++ ≤ . It follows that 

)(
~

)(
~

BMAM ≤ . 

(3) If φ≠∩ BA , then we have )\( ABABA ∪=∪
and φ=∩ )\( ABA . Thus, according to conclusion (1), we 

have 

)\(
~

)(
~

)(
~

ABMAMBAM +=∪ . 

According to conclusion (2), we have 

).(
~

)\(
~

BMABM ≤ It follows that 

).(
~

)(
~

)(
~

BMAMBAM +≤∪ This completes the proof. 

Theorem 3.4 Suppose that )(:
~

RFM c

∗→Σ is a 

fuzzy-valued measure on the measurable space ),( ΣX , then 

Σ∈∀= AAMpsAp )),(
~

,(~)(~ν  

is a gradual number-valued measure. 

Proof. Obviously, 

0
~

))(
~

,(~)(~ == φφν Mpsp . 

If …21, AA are in Σ , with φ=∩ ji AA  for ,ji ≠
then ( ) ).(

~~
11 nnnn AMAM ∞

=
∞

= ⊕=∪ By Theorem 3.11 [12], 

we have 

),(~

))(
~

,(~

))(
~

,(~

))(
~

,(~

)(~

1

1

1

1

1

nn p

n n

nn

nn

nnp

A

AMps

AMps

AMps

A

∑

∑
∞

=

∞

=

∞
=

∞
=

∞
=

=

=

⊕=

∪=

∪

ν

ν

 

which implies that 
pν~ is a gradual number-valued measure. 

This completes the proof.  

If )(:
~

RFM c

∗→Σ  is a fuzzy-valued measure on 

),( ΣX , for fixed }1,1{−∈x , define 

Σ∈∀= AAMxsAx |,))(
~

,(~|)(|~|ν , 

then |~| 1ν and |~| 1−ν are two gradual number-valued measures. 

We call that 

)(|~|)(|~|)(~
11 AAA −+= ννν  

is a gradual number-valued controlling measure of M
~

. 

Theorem 3.5 Let )(:
~

RFM c

∗→Σ  be a fuzzy-valued 

measure on measurable space ),( ΣX . Then 

we have 

Σ∈∀≤≤ AXAAM ),(~)(~||)(
~

|| νν . 

Proof. Firstly, we prove that )(~||)(
~

|| AAM ν≤ . By 

Definition 2.4 and Definition 3.1, we have 

{ }
{ }

).(~
)(|~|)(|~|

)(|~|),(|~|max

|)(
~

||,)(
~

|max

)0̂),(
~

(
~

||)(
~

||

11

11

A

AA

AA

AMAM

AMd

AM

H

ν
νν

νν

=
+≤

=
=

=

−

−

+−
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Secondly, since ,XA ⊆ by Theorem 3.4 [11], it is easy to 

see that )(~)(~ XA νν ≤ . This completes the proof. 

Theorem 3.6 Let ),( ΣX be a measurable space and 

)(:
~

RFM c

∗→Σ a fuzzy-valued measure on ),( ΣX . If A

and nA  )( Nn ∈ are in Σ such that AAn ↑ , then  

.0
~

))(
~

),(
~

(
~

lim =
∞→

AMAMd nH
n

 

Proof. If AAn ↑ , then for any Nn∈ , we have 

).\(
~

)(
~

)(
~

nn AAMAMAM ⊕=  

According to Theorem 3.3 [12] and Theorem 3.5, we have 

0
~

)\(~

||)\(
~

||

))\(
~

,0̂(
~

))(
~

),(
~

(
~

))\(
~

)(
~

,0̂)(
~

(
~

))(
~

),(
~

(
~

→≤

=

+≤

⊕⊕=

n

n

nHnnH

nnnH

nH

AA

AAM

AAMdAMAMd

AAMAMAMd

AMAMd

ν

 

as ∞→n . This completes the proof. 

Definition 3.7 Let ),( ΣX be a gradual number-valued 

measure space and )(:
~

RFM c

∗→Σ a fuzzy-valued 

measure on ),( ΣX .We call that M
~

is continuous absolutely 

with respect to m~ if for any ,Σ∈A ,0
~

)(~ =Am then

,0̂)(
~ =AM denoted as mM ~~ << . We call that M

~
is 

singular with respect to m~ if there exist Σ∈N such that for 

any Σ∈A , 0̂)(
~ =∩ cNAM , denoted as mM ~~ ⊥ . 

Theorem 3.8 Let )
~

,,( MX Σ be a fuzzy-valued measure 

space. Then M
~

is continuous absolutely with respect to its 

gradual controlling measure ν~ . 

Proof. In fact, from definition of gradual controlling 

measure, we have 

)(
~

)(
~

)(|~|)(|~|

)(~

11

AMAM

AA

A

+−

−

+=

+= νν
ν

 

for each Σ∈A . Hence, for any Σ∈A , if 0
~

)(~ =Aν , then 

0
~

)(
~

)(
~ =+ +− AMAM . It follows that 0

~
)(

~
)(

~ == +− AMAM , 

which implies that 

0̂)](
~

),(
~

[)(
~ == +−

AMAMAM . 

Thus, .~~ ν<<M This completes the proof.  

Theorem 3.9 Let )~,,( mX Σ be a gradual number-valued 

measure space and M
~

a fuzzy-valued measure on ),( ΣX  . 

Then 

(1) mM ~~ << if and only if m~~ <<ν ; 

(2) mM ~~ ⊥ if and only if m~~ ⊥ν ; 

(3) mM ~~ << and mM ~~ ⊥ if and only if 0̂
~ ≡M . 

Proof. (1) Suppose that mM ~~ << . For any Σ∈A , if 

0
~

)(~ =Am , then we have 0̂)(
~ =AM . It follows that 

.0
~

)(
~

)(
~

)(~ =+= +−
AMAMAν  

From Theorem 3.8, sufficiency is obvious. 

(2) If M
~

is singular with respect to m~ , then there exists

Σ∈N such that for any Σ∈A , 0̂)(
~ =∩ cNAM . It 

follows that 0
~

)(
~ =∩− cNAM and .0

~
)(

~ =∩+ cNAM

Hence 0
~

)(~ =∩ cNAν ,i.e., m~~ ⊥ν . 

Conversely, suppose that ν~ is singular with respect to m~ . 

Then there exists Σ∈N such that for any Σ∈A ,we have

0
~

)(~ =∩ cNAν .It follows that 0
~

)(
~ =∩− cNAM and 

0
~

)(
~ =∩+ cNAM . Hence 0̂)(

~ =∩ cNAM . 

(3) If mM ~~ << and mM ~~ ⊥ , then m~~ <<ν and m~~ ⊥ν . 

It follows that 0
~~ ≡ν , which implies that 0̂

~ ≡M . If 0̂
~ ≡M , 

then 0
~~ ≡ν . It follows that m~~ <<ν  and m~~ ⊥ν . By 

means of (1) and (2), we have mM ~~ <<  and mM ~~ ⊥ . This 

completes the proof. 

4. Conclusions 

In the current paper, we introduce a new fuzzy-valued 

measure and discuss some of its properties. In all applications 

which involve measure, when measurement or data are fuzzy, 

the measure defined in this paper can be applied. The 

directions of further investigation are numerous: specific 

properties of this new fuzzy-valued measure, integral with 

respect to the measure, expectation and conditional 

expectation, and application in economy. 
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