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Abstract: In this paper, we firstly invoke gradual Hausdorff metric to define a new additive fuzzy-valued measure on the
ordinary measurable space. Then, from the view of a fuzzy number as a crisp interval of gradual numbers, we show that the
new fuzzy-valued measure can be characterized by two gradual number-valued measures. Finally, we investigate some of its

properties and structural characterizations.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh in 1965.
After that, many applications of fuzzy sets have been
developed. One of them is the fuzzy measure. The topic of
fuzzy measures has received much attention because of its
usefulness in several applied fields like mathematical
economics and optimal control. In fuzzy mathematics the
term “fuzzy measure” is used to denote the notion which
generalizes a measure —an additive function which maps o
— algebra to the Banach set. These generalizations can be
made in two dominant directions but with one common
property — they all have a grade of uncertainty. The first
approach treats the fuzzy measure as a nonadditive function
which maps 0 — algebra to the set of reals. Additivity is
usually substituted by some form of continuity. The examples
of this kind of fuzzy measure are possibility, plausibility,
null-measures. the second type of fuzzy measure (named
fuzzy-valued measure) as a natural generalization of
set-valued (or multivalued) measure is considered. Significant
contributions in this area were made by Stojakovic [7], Xue,
Ha and Wu [9] and Wu, Xue and Wu [8], etc.

Metric on the space of fuzzy sets plays a very important role
in fuzzy application systems. Recently, Zhou and Zhang [12]
introduced a fuzzy metric on the space of fuzzy numbers and
called it gradual Hausdorff metric. In particular, by gradual
Hausdorff metric, the authors introduced a new infinite sum
for sequences of fuzzy numbers and discussed its properties.
In the present paper, based on the new concept of infinite sum
introduced by Zhou and Zhang [12], we introduce a new
additive fuzzy-valued measure. The new fuzzy-valued

measure can be characterized by two gradual number-valued
measures. By virtue of this property, we prove the finite
additivity and monotonicity of the new measure which are
similar to the classical measure and discuss its structural
characterizations.

The organization of the paper is as follows. In Section 2, we
state some basic results about gradual numbers, fuzzy
numbers and gradual Hausdorff metrics. In Section 3, we
introduce the new fuzzy-valued measure. From the view of a
fuzzy number as a crisp interval of gradual numbers, we
investigate some of its properties.

2. Preliminaries

In this section, we state some basic concepts about gradual
numbers, fuzzy numbers and gradual Hausdorff metrics.

Definition 2.1. [4] A gradual number 7 is defined by an
assignment function

A:(0]] - R

Naturally a nonnegative gradual number is defined by its
assignment function from (0,1] to [0, + ).

In the sequel, 7(a) may be substituted for 4. (a). The set
of all gradual numbers (resp. nonnegative gradual numbers) is
denoted by R(s) (resp. R'(I)). Acrisp element b1 R has
its own assignment function 5 : (0,]] - R defined by

5(a)=b for each g [J(0,1]. We call such elements in
R(I) constant gradual numbers. In particular, {j (resp. T )
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denotes constant gradual number defined by 5(0’) =0 (resp.
T(a)=1) forall a0(0,1].

Definition 2.2. [4] Let 7,5 OR(I) . The arithmetic
operations of 7 and § are defined as follows:

W(F+s)a)=r(a)+5(a), DaO(0,1];

QF -5)a)=F(a)-s(a),0a0(0,1];

Q)T 5 a)=F(a)[5(a),0ad(0,1];

(4)(?)@ 7@ i 5(ay#0, Da0(0,1].
s s(a)

Definition 2.3. [10] Let {7,},,y O R(I) and 7 OR([).
(1) {7, },0n is said to converge to 7 if for each ar [1(0,1],

lim7 (a) =7 (a)and it is denoted as lim7, =7 .
n—o

n—o

(2) If lim Z'_’_l 7 exists, then the infinite sum of sequence

n— o

{7,, }on is defined by

0~ . n ~
Z ¥o= hmZA 7.
n=l pn i=1 !

n—o

In the following, we describe some basic results about fuzzy
numbers. A fuzzy number is a normal, convex, upper
semicontinuous and compactly supported fuzzy set on R . In

the sequel, let /¥, (R) denote the family of all fuzzy numbers.
According to Fortin and Dubois and Fargier [4], a fuzzy
number A can be viewed as a particular gradual interval

A=[a",d"],where @~ and @ are defined by
G (a)=inf{x: A(x)=a}

and
a*(a)=sup{x: A(x)=a}

for each @ [1(0,1], respectively.

A crisp interval A=[a " ,a"] can be regarded as a

degenerate fuzzy number bounded by two constant gradual
numbers and a gradual number 7 as a degenerate fuzzy

number {7} . We call that A is a nonnegative fuzzy number
ifa”(a) = 0for eachar [1(0,1].Let F"(R) denote the set of

all nonnegative fuzzy numbers. Note that the boundaries of
conventional intervals are real numbers, the boundaries of
fuzzy numbers are gradual numbers. Thus, in the same way as
defining crisp interval, we can define relation, sum and scalar
multiplication on the space of fuzzy numbers as follows:

LetA=[a ,a"Jand E=[Z;_,Z;+] be in F,(R) and
y R . Define

(1) A=B ifandonlyif @ =b and a"

2) A<Bifandonlyif & <b and a*

G3) ADB=[a +b ,a"+b"'];
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@ JA=[yi " if y20and JA =[a" yi] it
y<0. _ o
Definition 2.4. [12] Let A =[a@~,a " ]and B =[b",b"]
bein F,(R). Define
at-b.

b

JH(Z,E) =max{‘a~_ -b-

We call d , gradual Hausdorff metric on F (R) . In
particular, we define

l|=3,(35).

where 0 is the fuzzy number {6} .
Definition 2.5 [12] Let {4 } O F.(R) and AOF.(R).
We call that {Zn } .oy converges to A with respect to the

gradual Hausdorff metric 67  if and only if
limd, (A4,,4)=0.

We denote itby Im A, = A4 or Zn O - 4.
n— 00

Definition 2.6 [12] Let {4 }_, OF(R) and

S =0, 4 the partial sum of sequence {4, } . If the
sequence {5, }, converges with respect to d y » then the

infinite sum [I°_ A4, of sequence {A, } -, is said to be

convergent and we also write

0°, 4, =1imS, =lim0", 4,

n-o nooo
ie,if 0, 4 = A, then

limd, (0", 4,4)=0.

n-o

~

Definition 2.7 [12] Let A =[a",a" ]be inF,(R). The

gradual number-valued support function §( p,Z) of Ais
defined as follows:

5(p,A)=sup{pr:70A4},Op0OR.

Definition 2.8 [11] Let (X,X)be a measurable space. A

mapping 71:% — R"(I)is called a gradual number-valued
measure if it satisfies the following two conditions:

(1) m(p)=0;

Q) if A, A,...arein T, with 4, N A, =@ for i £ j,
then
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The second condition is called countable additivity of the
gradual number-valued measure 71. We say that (X,Z,m)

is a gradual number-valued measure space.

For more details on gradual numbers, gradual Hausdorff
metrics and gradual number-valued measures, we refer the
reader to [1, 4-6, 11, 12].

3. Main Results

Firstly, we introduce the new fuzzy-valued measure as
follows:
Definition 3.1 Le (X, %) be a measurable space. A mapping

M:3 - F;D(R) is called a fuzzy-valued measure if it
satisfies the following two conditions:

(1) M(@)=0:

2 M (U:;l An): 0%, M(A,) exists for any sequence
{4, } oy of disjoint measurable sets.

The second condition is called countable additivity of the

fuzzy-valued measure M. We say that (X,3,M) is a
fuzzy-valued measure space.
Theorem 3.2 Let (X,2) be a measurable space and

M:s S FCD(R)a mapping. M is a fuzzy-valued measure
ifand onlyif M ~,M"*:% — R™(I) defined by

M™(A)= (M (4)" and M (4) = (M (4))"
are two gradual number-valued measures.
Proof. Necessity. Suppose that M 2 - FCD(R) is a
fuzzy-valued measure. Then M (@) = 0. It follows that
M (@)= (@) =0and M (@)= (@) =0. 1f

A,4,.. .arein X, with 4,n Aj =@ for [ £ j, then, by
Theorem 3.9 [12], we have

i, 4)
=05, M(4,)

=[§(M(A,,)>‘,§(M(A,,)f]

This implies that

a4

il a)
= (o, #(4,))
=>" (M(4,)
=" M7(4,)

In the same way, we have

M+(U:=1 A"): Z:=1M+(Aﬂ)'

Hence, M~ and M " are two gradual number-valued
measures.
On the contrary, we prove the sufficiency. Suppose that

M and M"* are two gradual number-valued measures.
According to Definition 2.8, we have M- (@ =( M (p) = 0

and M*(¢)=(M(@))" =0. It follows that M (@) =0. If

A, A, .. .arein Z, with 4. n A/- =@ for i £ j, then we
have

and

By Theorem 3.9 [12], we have
M( X A,,)

L ol )]

i)
n=l 7 n=1

=D (A2 (A?<An>)+]

=07, |7 (a,)), (7 (4,))*]
=07, M(4,).

Hence, Misa fuzzy-valued measure. This completes the
proof.
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Theorem 3.2 shows that a fuzzy-valued measure M canbe
characterized by two gradual number-valued measures M-
and M* .
i1

Theorem 3.3 Let (X ,Z,M ) be a fuzzy-valued measure
spaceand 4, B[] .

(DIf An B =g, then

Hence, in the sequel, we denote M by

M(AOB)=M(A)+M(B).

()IfAC B, then M(A)< M(B).
B)IfANn B # ¢, then
M(AOB)<M(A)+M(B).

Proof. (1) Suppose that 4 N B = ¢. Then, by Theorem

3.2 and properties of gradual number-valued measures, we
have

M~ (A0B)=M (A)+M (B)
and
M*(A0B)=M"(A)+M*(B)
It follows that
M(40 B)
= [M‘(A OB)M* (40 B)]
= [§(A)+ B (B), 51 (4)+ 51 (B)
= [M‘(A),M*(A)]+ [A? “(B)+M +(B)]
= M(A)+M(B).

(2) If A0 B, then, by Theorem 3.4 [11], we have
M (A)S M (B)and M*(A)< M (B) .1t follows that
M(A)<M(B).

B)If An B# ¢, then we have ALJB=AU(B\A)

and 4N (B\ A) = ¢. Thus, according to conclusion (1), we
have

M(AOB)=M(A)+M(B\ A).

According to conclusion (2), we have

M(B \A) < M(B) It follows that
A7[(A UB)< M(A) +]\2(B).This completes the proof.
Theorem 3.4 Suppose that M:3 F. D(R) is a

fuzzy-valued measure on the measurable space (X, 2) , then

A New Fuzzy-Valued Additive Measure

V (4)=5(p,M(4)),040%

is a gradual number-valued measure.
Proof. Obviously,

V(@) =5(p,M(@)=0.

If A,A,...are in T, with 404, =@ for i # j,
then 1\71(5::1 An): [0°, M (A4, ). By Theorem 3.11 [12],
we have

I'7;7([|:L°:1 An)

=5 (p,M(O;_ 4,))
=5(p,U,M(4,))
=" 5(p,M(4,))
=) 7,(4,),

which implies that I7p is a gradual number-valued measure.

This completes the proof.

It M:2 - FCD(R) is a fuzzy-valued measure on
(X,2), for fixed x[J{-11}, define

|V, [ (4) =5 (x, M (4))],040%,

then | |and |/ |are two gradual number-valued measures.
We call that

V() =0 (P, [(4)

is a gradual number-valued controlling measure of M .

=~ 0
Theorem 3.5 Let M 12 — Fc (R) be a fuzzy-valued

measure on measurable space (X,2). Then
we have

| M (A) €V (4) < 7(X),040% .

Proof. Firstly, we prove that || ]\Z(A) IV(A) . By
Definition 2.4 and Definition 3.1, we have
| M (4)
=d,; (M(A4),0)
= max{ 47 (A) ||| 41 (4) |}
= max{| 7, | (4), 7, | (4)}
S|V [ (A0 [(A)
=V (A).
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Secondly, since A [J X, by Theorem 3.4 [11], it is easy to
see that V' (A4) <V (X). This completes the proof.
Theorem 3.6 Let (X,2) be a measurable space and
o O
M :% - F,(R)a fuzzy-valued measure on(X,%). If 4
and A, (nON)areinZ suchthat A, 1 A,then

limd, (M(A,),M(A)=0.
Proof: 1f A 1 A, then forany n[1N, we have

M(A)=M(A4,)0M(A\A,).
According to Theorem 3.3 [12] and Theorem 3.5, we have

d, (M (4,),M(4))

=d, (M(A)00,M(A4,)0M(A\A4,))

< dy (M(4,),M (A4,))+d, (0,M(A\ 4,))
=S| M(A\A,)||

<PU(4\4,) - 0

as N — 00 This completes the proof.
Definition 3.7 Let (X,Z) be a gradual number-valued

measure space and ]\7[ DI FCD(R) a fuzzy-valued
measure on (X ,2).We call that M is continuous absolutely
with respect to m if for any AOZ, m(A) :6, then
]\Z(A) =0, denoted as M <<fi . We call that M is
singular with respect to mif there exist N []X such that for
any A, M(A nN°) :G,denotedas M O,
Theorem 3.8 Let (X, Z,Z\Z ) be a fuzzy-valued measure

space. Then M is continuous absolutely with respect to its

gradual controlling measure V.
Proof. In fact, from definition of gradual controlling
measure, we have

V(A)
=|0, | (A)+| 7, [ (A4)
=M™ (A)+M"(4)

for each 41X . Hence, for any AL Z, if V(A4) = 0, then

M~ (A)+M*(4)=0. It follows that A/~ (4)=M*(4)=0,
which implies that

M(A)=[M"(4),M"(4)]=0.

Thus, 1\7 << V. This completes the proof.
Theorem 3.9 Let (X ,Z,n) be a gradual number-valued

measure space and M a fuzzy-valued measure on(X,2) .
Then

(1) M <<mifand only if U << ;

(2) M Omifandonlyif V' Om;

(3) M <<jitand M Ofitifand onlyit M =0.

Proof. (1) Suppose that M <<AnN1. For any ALY, if
n(A) =0, then we have M (A)=0. It follows that

D(A4)=M (A)+M*(4)=0.

From Theorem 3.8, sufficiency is obvious.

) 1f M is singular with respect to 771, then there exists
NOZ such that for any A0E, M(AnN)=0. It
follows that M (AN N)=0 and M*(An N°)=0.
Hence U (AN N¢)=0,ie, UV 0.

Conversely, suppose that Vis singular with respect to 77 .
Then there exists N [12 such that for any 4[] ,we have

V(4An N°) =0 It follows that M_(A NN =0 and
M*(An N°)=0.Hence M(ANn N°)=0.

(3) If M <<piand M O, then V <<mandV Om.
It follows that I/ Ef(\j,which implies that M=0.1tM 56,

~

then V=0 . It follows that V' <<m and U Om . By

means of (1) and (2), we have M <<#i and M O 7. This
completes the proof.

4. Conclusions

In the current paper, we introduce a new fuzzy-valued
measure and discuss some of its properties. In all applications
which involve measure, when measurement or data are fuzzy,
the measure defined in this paper can be applied. The
directions of further investigation are numerous: specific
properties of this new fuzzy-valued measure, integral with
respect to the measure, expectation and conditional
expectation, and application in economy.
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