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Abstract: In present communication, a generalized fuzzy mean code word length of degree B has been defined and its
bounds in the term of generalized fuzzy information measure have been studied. Further we have defined the fuzzy mean
code word length of type (a, B) and its bounds have also been studied. Monotonic behavior of these fuzzy mean code word
lengths have been illustrated graphically by taking some empirical data.
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1. Introduction

Let x be a discrete random variable with probability
R B .
distribution ~ , :{(Pl’l’z ........ pn)ip; 2 O;igl p; = 1} in an

experiment. [5] gave a mathematical formulation to measure
uncertainty of the randomness in a probability distribution
and information contained in an experiment as

n
H(P):_iglpi IOgle (1)

which is called Shannon’s entropy.

In many applications of the uncertainty function, the main
problem generated by researchers is that of efficient coding
of message to be sent over a noiseless channel, and to
maximize the number of messages that can be sent over the
channel in a given time. Let us consider that the messages to
be transmitted are generated by a random variable

X ={x, 0y, , x,, } with the probability distribution

P={(p1,pz, ...... ,pn):pIZO;iPFI}» Bach %, is called

i=1
source symbol or alphabet and is represented by a finite
sequence  of symbols select from the  set

A= {al’a2""’aD} . The set 4 is known as code alphabet

or set of code characters and the sequence assigned to each
x,5i=1,2,...,n iscalled code word. The number of code

character used for a code word is called code word length.
Let 7, be the code word length of X, then mean code

word length is given

L= 2:1: pin;, 2)

where j,  is the probability of occurrence of X; satisfying
Kraft’s inequality

D™ <], 3)

i=1

where D is the size of code alphabet.
In evaluating long run efficiency of communications, we
choose codes to minimize average code word length (2).
For uniquely decipherable codes, [5] noiseless coding
theorem states that

H(P)
log D

H(P)+1
logD ~

SL<

“

which determines the lower and upper bounds on L in
terms of [5] entropy.

To prove noiseless coding theorem, [11] inequality plays
an important role and is uniquely determined by the
condition for uniquely decipherability. To tackle such
situations, instead of taking the probability, the idea of
fuzziness can be explored.

[10] Introduced the concept of fuzzy set in which
imprecise knowledge can be used to define an event.
Because of their capability to model non-statistical
imprecision fuzzy set plays an important role in many
systems A fuzzy set A is a subset of X and is defined as
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={ o, () omy, (x,)O[0.1]:0x, D X},

where 4 (x,)represents the degree of membership and is

defined as

0,if x; [J Aand thereis noambiguity
i, (%) ={ Lifx; O Aandthereis noambiguity

0.5, thereis maximumambiguity whether x; [ orx; 1 4

The idea of measuring fuzzy uncertainty without
reference to probabilities began in 1972 with the work of [1]

who defined the entropy of ALIP(X) using Shannon’s
entropy as

H(A) = _Z”: [/'IA (x)log py(x;) + (1= (x;)) log(1 = 4 (xx))] 5

i=1

This is called fuzzy information measure. The fuzzy
information measure has found wide applications to
Engineering, Fuzzy traffic control, Fuzzy aircraft control,
Computer sciences, management and Decision making, etc.
and those have already been studied by various authors. [6]
Introduced a new measure of fuzzy divergence explaining its
application to clustering problems and to an object
extraction problem.

In present paper, we define fuzzy mean code word lengths
in section 2. In section 3, we also study the bounds of the
generalized fuzzy mean code word length of degree g in
terms of fuzzy information measure and we study the
bounds of the new fuzzy mean code word length of type
(a, B) interms of fuzzy information measure in section 4.
We discuss the monotonic behavior of generalized fuzzy
mean code word lengths in section 5.

2. Fuzzy Mean Code Word Lengths

[12] defined fuzzy mean code word length as given
below:

(4 (x;)

n.
n. .
L=log| D" T . (6)

They studied the lower and upper bounds of L in term of
(%)
Further based on [2], they generalized (6) as given below:

va
a-{u ) +a-p, )7} p "
a-1

La = gllog ;a>0,a#1, @)
i=

which was called fuzzy mean code word length of order « .
Its lower and upper bounds were obtained in term of the
following fuzzy information measure characterized by [6]:

1 n
Hy(A) =§i§110g[yj(xl.)+(1—yA(xl.))”]; a>0,a#l. (8)

[12] also defined fuzzy mean code word length of degree g
as given below:

- Sl a-uepf}n” P W7 ]—1;/3>0u6¢1, ©)

;
1-pi

which was called fuzzy mean code word length of degree
£ and studied its lower and upper bounds in term of fuzzy
information defined by [9] and is given as

1 n
wP= 3 hep+a-u )P -1} p>0821 (10)
1-Bi=1
Corresponding to [3], [8] proposed and studied the
measure of fuzzy entropy as given below:
| (ﬂ—l)il{pA(xi>loguA(xl->+<1—pA(xl-»log(l—uA(xi))}

B4 = =
HE (4)=——|2 -1,
()l_ﬁ

where
L>0,8%1. (11)
Corresponding to [4], [7] studied generalized sub additive
fuzzy information of type (&, ) given by

1 n
A =Wi§1|:”j(xi)+(l_'uA(xi»a —pf(x,—)—(l—pAu,-»'B} (12)

where
0<a<l,f=z21 or 0<fB<laz=1.

3. Bounds of a Generalized Fuzzy Mean
Code Word Length of Degree [

It may be noted that (6) can be generalized in various
ways; however, we consider the following generalization:

(14143

n 714 (X 7
(=) & log| (9D T

=~

(13)

0
<

where B>0,p#1

and study its bounds in terms of (11).
Theorem 1. For all uniquely decipherable codes, noiseless
coding theorem states:
iBy<i? <P sa-p QA 2y (14)

with equality if and only if
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where H’B(A) is given by (11).

Proof. [7] have given the following expression for

directed divergence:

\ [u ((loghia )

Hp(x;)
B e
, 1 IZIL +(-4,, (xi))logzlfz;%[
17 4,B)=——|2 l THEe
o . 20(15)

ol (15 ot (x4, (o) + 1= (5)
| ogll—42, ()11, oell-5(x)

¥ej 1
I B)=——2
“4B=_-

-
Takin, _ D! .
gluB(xi) —W,ISZ <n,
> D
A
- -
ﬂA(Xi)logﬂA (Xi)_ﬂA(Xi)IOgW+ (I‘NA (%)
n j:1
BD3Y
i=1 D_ni
B4 )11 o 1= =
Boap="12 A -1
B-1
=k (%)) logD i ~log § pnj
J=
-mi o
=
(1= g (xp)log| 1-— 22—
y D7
1 =l
H'B(A)sﬁ 2 -1} (16)

Using Kraft’s inequality, that is Zn: D™ <1, we get

J=1

On Generalized Fuzzy Mean Code Word Lengths

(=4 (x)

P < |> -1
1-p

H’B(A)SZ'B.

For uniquely decipherable code, [5] noiseless coding
theorem for fuzzy information measure as

H(A) < L < H(A)+1.

Then we have

L<H(A)+1.
It implies

~(41,(x)
-
log Dni'uA(xi) 1- b _l
n n "j
)y >z D
i=l Jj=1

<=5 [ log 15+ 15 logt1 =) ]+

e
no | mpxy| o D
1-P) S log| D AT - T

i=l noThy
> D
A

SB[ 105108 15+ (1= s el =1 ) [+ 1= .

It implies
(=1 4(x)
(1= L 10g liHa0D | DT
.Z 0g n - -
=l >D J
J7

2 -1
(/3—1),”21 |1y (log (e Y+~ (e Dlog(1=  (x) [H(1=B)
2 =

< -1
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(= 4(x))
(1-P) & 1og| D4 1—7,?_?” :
=]

. A

0 2(/3—1)i§1[uA(xi)loguA(x,-)+<1—uA<x,»))1og<1—uA<x,-»}+(1—,6) .

(B ﬁl[ﬂA(xi>logﬂA(x,~)+<1—uA<x,~))log(1—uA(x,~»}
2 = -1
B 1

AP )

n
51 2(ﬁ—1)i§l[uA(xi)loguA(x,~)+(l—uA(xl~))10g(1‘ﬂA("i»]_1 1)

+${ A —1}

P <P 2B - gy 0P

Hence
H'B(A)szﬁ <P 2P wa-py 10

Particular Case
When g8 1, 7" reduces to (6).
(41, (5,)
— n mp(x)| D
L=3Ylog| D AT -2
i=1 z D nj

A

-1

Set x; = [f('uA(xi)’ ,uB(xl-))}T D_ni > Vi

Then

-1 1

-n.

n no nt |t | n t
ing ! 2|:i§1](‘uA(xi)"uB(xi))D ! :| [iglf(uA(xi)’ﬂB(xi))}
by Kraft’s inequality

-1 1
n ntlt [ n n n o -n.
L;l JAEANTNER ok } Lgl Iy, <xi>,u3<xi>>} <3 D s

or
n n n.t
Lglf(ﬂA (). ,UB(X[))] < Lglf(ﬂA (x). Mg (x)D' ! ]

Subtracting n from both sides, we get

1
=[ 1yt [ and p =1, =——

Thus (13) can be called the generalized fuzzy mean code
word length of degree 3 .

4. Bounds of Fuzzy Mean Code Word
Length of Type (a,p)

In this section, we defined fuzzy mean code word length
of type (a,p)-

y 7] ' 7)
La= —m S (0=, 0 T a0 0

where 0<a <L,B21 or 0<fB<laz=l. (17)

Theorem 2. For all uniquely decipherable codes, noiseless
coding theorem states:

BonTB_ B 1
Hy(A)sLa <HL +—— 4D
a a - Sl-a 1 B

where Hg (A4) is given by (12).

Proof. By Hoélder’s inequality, we have

1 1

S vy 2 (flx;’)” (fly?)q [0<p<lg<0or0<g<ip<0, (19
i= i= i=

and

1 1

L q
soels Pl
i =

i 1:1p>1 q>1andx,y >0. (20)
P q
From (19), we have

1 l
n n
_glxl-yl-z Z,lxl Zyl O<p<lq<00r0<q<lp<0
i= i=

t
1+t

n n n.t
l_gl{f(uA(x,-), Hp e -1} sl_gl{f(uA(x,-), Hp()D ! —1}.

1
Setting a =—, a >0, t = and

1+¢ a

S, (), 1 () = 5 () + (1= 1, (x)".

Then
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1 iroa a
ng[ﬂA(xi)*'(l_ﬂA(xi» _1]

i
SRR (S R N L R
_21—0'_21— i=l AV AN -

Changing O to ,8 , we get

1 n ¥
W%M(xi)+(l_”fl(xf)) 1]

| 1B
T
SW%I g )+ (=, ()" D
Adding (21) and (22), we get

1
Wé[ﬂj@q)ﬂl-@(ﬁq)ﬂ-lg(ﬁq)ﬂl-/!A(xi))’BJ

y i i
S oA {opra-mep o dhop a0

1
Wé{/&m+<1—uA<)9~>>"—ufw—a—uA(x,-)ﬂ

I

| —— A 1_
Swizwig{{ﬁﬂwwa-m»"} il {epa-ugofo a[ﬂ

Hence 175 (4) < 17

Now, we have to prove

B B 1
La <Hp +—— —3D
21 a_21 B

La < Hy(A) +

Lo . . nl[l—a]
3 {1 +a-py 0} 0 -1

1 n
<

T -gi=l 1-a

It implies

1-a
él {ﬂj(xi)+(1_”A(xi))a}Dn’( a ]_1

(25)

: v
< 3 [ 1+ - ) -1]+4D a gl

=

1)

(22)

G .

D[I_TG] -1 (24)

1-a
ZI:,UZ(XI-)+(1—/1A(XI,))G_1:|+L D[ ]_1 )

Similarly, we can prove that

1-B
ZIBSHﬁ(A)+ D[ B ]—1 . (26)

-8

It implies

n (ﬂ]
Z{{uf(x,->+(1—m(x,-»/’}1)‘ g —11
) [ﬁ] (27)
<3 [uf(x,-)+(1—uA(xi>>ﬂ—1]+{D g —1}.

From (25) and (27), we have

a

1-a

! &4 a nl(ij
W%{{”AW*U‘%(W }o ‘1}
(28)

I-a
e o g
SW{%[”A(%H(]_”A(%)) —1}+{D —1H,

and

n .y 1-8
Zlﬂizlﬂ'ZI:{l[j(xi)+(l_ﬂA(xi))ﬂ}D [ A j —1‘|

i=l

1 @9

SM{iM(mﬂl—uA(x[»ﬂ —1}+{D[ 7) -1}].

i=1
Adding (28) and (29), we have
I-a
7

(1=
_{//j(xl.)ﬂl—pA(xi))E} Dnl{ B ]

il[uj(x,-)+(l—uA(x,-»“ ~y o+ 1=, ) |

| {D[sz’) _Di%‘fJ}

n.
Ly {1l ep+a-pue)?p’
21—0' —Zl_B =l

Hence

B B_ B 1 l_a] [1:8'8]
- a
Hp(A)<La <Hg +W D -D .

Particular Cases

=B
1. When @ =1land B - 1, La reduces to

- 1
L=-@é[ﬂA(x,-)logﬂA(xi)+(l-ﬂA(xi))log(l-/!A(xi))-ni logD].
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2. When @ - 1 and B=1,La reducesto

— 1 n
L =-@gl[ﬂA@,-)logﬂA(x»+<1-ﬂA<xi>)10g<1-ﬂA<xi>)-ni log |
Thus (17) can be called fuzzy mean code word length of
type(a, B) .

5. Monotonic Behavior of Fuzzy Mean
Code Word Lengths

In this section, we study analytically the monotonic

-8B
behavior of fuzzy mean code word length L
From equation (13), we have

[ == 4(x;))
il 4 (X;) - p i

$p

J=
2 -1, 30)

) ﬁllog D
=

Pt

-8

Equation (30) can be rewritten as

— 1 _
Lﬂz[ (1 'B)N—l],,ﬁil,ﬁ>0, a1
1-p
where
== (%)
-n
. ) 1
N =3 | 1og] p"Ha™ 1—% 0.
i= S D ]
J=1

Differentiating (31) with respect to 3, we have

ﬁ N {2(1—13)N _1} . N log 2{2(1—/3)N}
B (1-p)’ (1-p) '
L g

Here two cases arise:

Case 1: When <1, we have dr
dp

. 7B . . .
which shows that L is a monotonically decreasing

function of Sand g <1.

The above result is verified by plotting the graphs on
MATLAB for different values of Sand g <1.

From below figure we can generalize that the value of

<0,

L decreases with respect to  S.

B
Figure 1. Relation between L and [(<0).

ar’
Case 2: When B >1, we have Z=_ <0,
ap

which shows that L
function of ,8

The above result is verified by plotting the graphs on
MATLAB for different values of [ and B>1.

Sp——r—————— —

is a monotonically decreasing

B
Figure 2. Relation between L and [(>0).

From above figure we can generalize that the value of
7B . .
L monotonically decreases with respectto S and g8 >1.

We have also studied the monotonic behavior of fuzzy

mean code word length Za' .
From equation (17), we have

a a n’{l_Ta]
By {ep+a-pe o 9
T e B A ()| 32
A R e R
Equation (32) can be rewritten as
— 1 — —
La =W[(I_G)La -(1-p)LB ], (33)

where



133 Dhara Singh Hooda et al.:

_ (14
e zl—laél {”Z(xi)+(1"/1A(xi))a}Dnl[a ]—1
and i
(1
e l—lﬁél {ﬂf(xi)Jf(l—,uA(xi))ﬁ} Dnl[ﬂ ]_1 '

Differentiating (33) with respect to &', we have

-B 1-a
oLa 2 log2 T AT
= (e [a-ata-a-pLp]

. 1 (1-a) dZa Z
_ -La |
21_(] _21_ da

oih 2 La{t-mog2-1 +La2 B -2 1= Bl 10g2
- 2
oa (21—0/ ! /3)
, - dLa
21_0' _ZI_B da :

Here two cases arise:
Case 1: When 0<a<LB>1,La > L}, we get
-B
0La
Jda

>0>

which shows that Lﬁ is a monotonically increasing
function of &. The above result is verified by plotting the
graphs on MATLAB for different values of a(a <1)and
fixed value of 3 .

‘o o1 02 03 04 05 06 or o8 [i}:]
& —

Figure 3. Relation between Zg and a(<0).
Case 2: When a >1,0< < 1,20’ < Z,B,we have
)
0La
oa

>0

On Generalized Fuzzy Mean Code Word Lengths

which shows that Lg is a monotonically decreasing
function of @. The above result is verified by plotting the
graphs on MATLAB for different values of a(a >1)and
fixed values of f3.

52— . ¥ T ¥ ¥ T T T T

s

35 b 8 b - ke
a2

— ke e —l R
21 22 23 24 25 26 27 28 29 3

& -

Figure 4. Relation between Zg and a(>0).
Again differentiating (33) with respect to 3, we have
-B _
—21 B log 2

0La _ T T
- (oo [a-arta-a-pp]

. _py 4B 7
o170 A {(1 P a Lﬂ}

ﬁ 2 Pip{a-poga-} #1527 -2 Pa-a)Latog2
0B ( S _ 21—/3)2
_a-p dLp
B g

Here two cases arise:
Case 1: When 0<a<1,8>1,La >LJ3, we get
-B
oLa
s

>0

which shows that Lg is a monotonically increasing
function of S.

Case 2: When a >1,0< < I,Za <Z,6’, we have

which shows that Lg is a monotonically increasing

function of S.
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