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Abstract: Data on solving of nonlinear integro-differential equations using Laplace-SBA method are scarce. The objective of
this paper is to determine exact solution of nonlinear 2 dimensionnal Voltera-Fredholm differential equation by this method. First,
SBA method and Laplace SBA method are described. Second, three nonlinear Voolterra-Fredholm integro-differential equations
are solved using each method. Application of each method give an exact solution. However, application of Laplace-SBA method
permits for solve integro-differential equation compared with SBA method. This proves that this last method can be fruitfully
applied in the resolution of integro-differential equations.
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1. Introduction equations by the Laplace-Somé Blaise Abbo (SBA) method

initiated by African mathematicians, particularly those of
For 50 years, we have observed the renewal of an intimate ~ Burkina Faso [6], and Congo-Brazzaville (7, 8].

link between numerical analysis and physics (theoretical

and applied). The two scientific fields become more and

more complementary and the methods developed in one are 2. Description Of SBA Method and

fruitfully applied in the other. Indeed, the partial integro-

differeni]ialpef)quations (linear and nonlinear) all)re involvecgl in Laplace-SBA Method

the modeling of several phenomena and mechanisms observed

in engineering sciences (mechanics of structures and fluid 2.1. SBA Method

dynamics, process engineering, etc), in physics (propagation About SBA method, we can see [6, 7]

of waves, field theory, etc) and even in biology [1,2]. It is in

this context that their resolution has interested mathematicians,

especially the specialists in numerical analysis. To this

proposal, several researchers have devoted their work to

the search of exact or approximate solutions of nonlinear

2.2. Laplace-SBA Method: [9, 10]

Consider the following equation:

integro-differential equations using various methods, such as Au=f (1)
triangular function [3], reduced differential transformation
method [4], Tau method [5]. A: H — H is alinear or a nonlinear operator H is a real

In this paper, we solve some nonlinear integro-differential ~ Hilbert space, f € H and u is the unknown.
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We suppose that we can decomposite the operator A in the Applying the Laplace transform £ to (3), we obtain :
following form:
A=L+R+N ) L(Lu) + L (Ru) + L (Nu) = L(g) C))
Where L + R, is the linear part and IV, the non-linear part, ] o2
L is supposed invertible in the sens of Adomoian with L~ as Let’s Consider the case where : L(.) = 92 ()
inverse. Then

Then, equation (1) gives

2
L [W} = s2L (u(x,t)) — su(z,0) — u(z,0) 3)
Lu+Ru+Nu=g 3) ot ot
Thus, equation (4) becomes:
s2L (u(x,t)) — su(z,0) — au({;, 0 + L(Ru)+ L(Nu)=L(g) (6)
=
£ ula, 1) = ~ £ (Rufa,0) £ (Nu(e, ) + u(r,0) + 5 200y L) a)
u(@,t)) = - u(z, 2 u(z, Sl ol =L
According to the successive approximations method from (7), we have:
1 . 1 _ 1 1 Ju(z,0) 1
k _ k k—1 )
L (uf(z,1)) = —8—25 (Ru®(z,t)) — 8—25 (Nu""Hz,t)) + gu(m,O) + R + S—Zﬁ (9),k>1 (8)
We look for the solution of (1) in a serie expansion form:
—+o0
uF o t) =Y uf(x,1). )
n=0
Taking (9) in to (8), we obtain:
+o00o 400 1 1
S (L (k@ n) = -3 (82£ (Rum,t))) - Lo (v )
n=0 n=0 (10)
1 1 Ou(z,0) 1
- Sk Sk A A >
—|—Su(gc,0)+52 5 —&—SQE(g),kfl

According to the SBA method, we suppose that the solution of (1) is u(z,t) = i lim w”(z,t) and for every k > 1, we get
c— 400

uk (x,t) for n > 0 the following SBA algorithm:
We deduce the following SBA algorithm:

L (ulg(x,t)) = %u(m,O) + i% +LL(g) - L (Nuk_l(x,t))

52 s s an
L(uf (x,t) == (HL(Rub(z,t)),n>0
Applying the inverse transform£~! Laplace to (11), we have:
(1) = £7 (Lu(,0) + £ (H2650) 4 £ (LL(9) - £71 (HL (Nt (1))
12)

uﬁﬂ(x,t) =L (S%,C (Rufl(x,t))) ,Vn >0

The SBA principle needs that , for k& = 1, we must choose u’(x,t) like N(u®) = 0 and for k¥ > 1, we must have
N(uF=1) = 0.
The solution at each step is given by:

u= lim «* = lim uk (13)
k—+oco k——+oco
n>0
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3. Numerical Application

We apply SBA method and Laplace-SBA method to solve three nonlinear integro-differential equations.

3.1. Example 1: [3, 13]

In this example, we consider the following a two-dimensional mixed Volterra-Fredholm integro-differential equation:

11
Uge + Ut (T, 1) +ff (xt+yz2) u(y, z)dydz + u>(x, t)+
00
t x
[ [ (@+t+y+2)u’(y, 2)dydz = g(x,1), (x,t) € [0,1)?
00
u(0,t) =0
uz(0,t) =
where
(z,t) = Lot 2 bierp Lo Ton Lospy Lo
A A T L Gy L U T
7 1 1
I ﬂlAth n gmsezt _ Ewsezt Lot 4 33t
Resolution by the SBA method
Consider the equation
11
Ugz = g(2,1) — uxt($,t)+//($t+y22) u(y, 2)dydz | — [ v®(x,t) + //(m+t+y+z)u2(y,z)dydz
0 0 0 0

From (16), we obtain:

T T A

A A 11
u(z,t) = ze +/ g(s,t)ds | dX — (/ ust(s,t)ds | dA 7/ / // (st +yz®) uly, 2)dydz | ds | dX
0 0o \o \0 0

0 \0
T A T A t s
—/ /( (s,1)) ) — / / //(8+t+y+z)u2(y,z)dydz ds | d\
0 \0 0 \0 0
Thus 1 1 1 1 1
u(x,t) = ze' + 6$26— Etm + 2.7326 - 3x2 + Etw%—&—N(u)
T A T A 1 1
—/ ust(s,t)ds d)\—/ / // st +y2°) u(y, z)dydz | ds | dA
0 \o o \o \0 0
where
N (u (@, 1)) = — s ta® — 2i0x562t+ 210 5e3t 4 T abe2 4 L g5

— 5% + dstade 2t—|—f f(u3(5,t)) ds | d\
0 \0

x

A t s
-/ (f (ff(8+t+y+z)u2(y,z)dydz> ds> d\
0 \0 0

0

Applying the successive approximations method to (18), we have:
ub (z,t) = ze' + gate — ta® + Jate’ — 322 + Ltade + N (uF7Y)

k>1

z <fus, s,t) ds) ) — f (f (j({l (st +yz?) uk(y,z)dydz) ds) d\ 7

21

(14)

(15)

(16)

A7)

(18)

19)

(20)
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According to the SBA method, we find the solution of problem (1) ,through the followind modified Adomian algorithm:

uf (z,t) = ze' + N (u1) k> 1
A
uf (z,t) = ta%e — Stad 4+ La%e! — Ja? + Ltade — | (f (u0)¥, (s, t)d ) d\
0
z (XN /11
—[S (ff (st +yz?) ué(y,z)dydz) ds | dX 21
0 \0 \00
z (X /11
ub  (x f f un)¥, (s, t)ds | dx— [ | [ (ff(st—i—yzQ) uﬁ(y,z)dydz) ds | d\,n >0
0 \0 \00
For k = 1, we have the following SBA algorithm:
ud (z,t) = wet + N(u?)
z [ A
ul (z,t) = $a%e — Ltad + Ja?e! — La? + Ltade 7{ of ) d\—
T A/11
IS <ff (st + yz?) ué(y,z)dydz) ds | dX (22)
0 \0 \00
z [ A 1 T A 11
Up g (t) == [ | [ (un)g (s,t)ds | dX— [ | [ (ff (st +yz?) u#(y,z)dydz) ds | dX
0 \0 0 \0 \00
From (23) , we have get:
ud (z,t) = wet
u (z,t) = (gae + a2e’ — 1a? — Stad + 5tade) + (—ate — 322! + fa? + 2t — adte) =0 (23)
ul (z,t) =0
So the solution in step 1 is:
= Z ul (x,t) = ul (x,t) = ze’ car Yn > 1ul (2,t) =0 (24)
Thus, we get the solution in step 1:
ut (z,t) = ze (25)
For k = 2, we have following SBA algorithm:
ud (z,t) =zet + N (u) k> 1
z [ A
ui (w,t) = $a%e — 5tad + fae’ — La? + Ltate — [ (f uo)?, (s,t)d ) d\
0 \0
(26)

—Of (f/\ (ij (St + yz2) ud(y, z)dydz> ds) d\

(

(st + yz?) v2(y, z)dydz) ds) d\,n >0

Of—

]

O —>

(un)it (s,t)ds) d\ — of <

Ct—>

n+1(x t):_‘0f<
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First, let’s calculate N (u') .

1 1 1 7 1
N () = — =% — 52t L 58t 2862t | =5
() =~ 1551 ~30% ¢ T 3% Tt T agp”
7 T A
5 2t 3 3t
S ds | dx
720"t 60 60 / /5 e as
0 0
x A t s
—/ / //(s+t+y+z) y2e**dydz | ds | dX
0 \o \0 0 @7
1 1 1 7 1
ot ggs ot o2t tosst . L oe2t s
120 2107 ¢ Tu"C Tt ¢ T o
7 1 1 6 7
_ Dbt _ L5t . O sy L5
20" Tl 5T e Tt
12 7 3
5 2t 5, 2t 5 2t 5
- - t - -
T Tt Tt T T "
—0

Therefore, the modified SBA algorithm (26) allows to write:

uf (z,t) = we' + N (u?)
z [ A
ui (z,t) = $ae — tad 4+ fa?el — L% + Ltade — [ | [ (uo) 2 (s,1)d >d/\
0 \0
z (A /11
— [/ ( [ [ (st+yz?) ug(y,z)dydz) ds | d\ (28)
0 \0 \0 0
z [ A z (X /11
uh oy () =—[| [(u ds|dx—[| [ (ff (st +yz?) u%(y,z)dydz) ds | d\
0 \0 0 \0 \00
54
ud (x,t) = xe’
1 1 1 1 1 1 1 1 1 1
uf (x,t) = (61‘ e+ 2$2€t 3x2 - Etxg + 12t1‘?’e> + (—69626 233‘ el + 337 + Ex?’t - 121‘3t€> =0 (29
us (x,t) =0
The exact solution in step k = 2 is
u? (z,t) = e’ (30)
The solution is deduced by recurrence at each step:
u? (x,t) = (x,t) = - = P (z,t) = zet 31
and the exact solution of problem 1 is given by:
u(z,t) = lim u®(z,t) = ze' (32)
k—+o00

3.2. Example 2: [4, 11, 12]

Consider the following integro-differential equation:

t
wge + t2u( — [ [ye**ud(y, z)dydz = g(x,1), (z,t) € [0,1]?
0

u(z,0) =0
ug(xz,0) = €*

O—x8

(33)
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where

1 1
D= +t—2)e* "t — —(3x—1)t*e3* — —t4
g(x,t) = (" + )e 36 (3z —1) 36

Resolution by the Laplace-SBA method

Consider the equation
x

t
uge + t2u(z, t) //yegzug(y,z)dydz = g(x,t)
0 0

Applying the Laplace transform £ to (35 ), we have:

L (u) + £ (FPu(z ye**u?(y, z)dydz | = L (g(z,t))

Ot~
\

52£(u(x,t))—su(x,())—w—kﬁ(t2 —L /
0

SO

1 1 1
L(u(z,t)) =€ — —E (Pu(z,t)) + <L ye**ud(y, 2)dydz | + =L (g(x, 1))
52 52 0// 52

Applying th inverse transform applied to equation (38), we obtain:

x

=te® — L1 L 2u(x, -1 1 / e*u’(y, z z (L x,
(@) = te® — L (Szﬁ(t ( t))>+£ L O/O/y3 3y, 2)dyd n, (Szﬁ(g( t)))

We remark that:

e (e taten)

12 30

1
+e” (6t 4+ 24e™" 4+ 18te™" + 6t%e " + t°e " —24) — @tﬁ

Therefore, we get:

u(z,t) =te® + (35 — 5we3) 3t° + (2" — 2e"e" — 2e”1)
+te® 4+ 2eTet + teTeTt — 26 + 67t + 24eTet + 18te®et + 6t2eTet

+t3e"e™t — 24e” — 55t® — L7 (S L (FPu(a,t)))

(e f o))

u(x,t) = te® + 24e"e™ " — 24e” + 5te” + 19te”e ! 4 6t2eTe T 4 t3ee !

— Lt (;ﬁ (t2u(x7t))> + N (u(w,t))

Thus

where

/y&3 2)dydz | = £ (g, 1)

=1
1 3 1 3x 1 6 —t T —t —t
= %e — —zxe —t° +e” (2 2e —2t) + e (t+26 +te " —

(34)

(35)

(36)

(37

(38)

(39)

(40)

(41)

(42)

(43)
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Applying the successive approximation method to (42), we have:
uf (z,t) = te® 4 24e%et — 24e® + 5te” 4+ 19te®e ! + 6t%e%e ! + t3e%e !
1
—c! <2£ (tQuk(x,t))) +N (ukil(a:,t)) VE>1
s
From (44), we have the following modified SBA algorithm:
ul (z,t) =te*e '+ N (ukil(:c, t))

1
k T —t x T x, —t 2 ze —t 3z —t -1 2,k
uy (x,t) = 24e”e 24e” 4 6te” + 18tee” " + 6t°e +t7e - L (525 (t U (x,t))) k> 1

1
quH (z,t) = —L7! <s2£ (tQUIZ(m,t))) n>1
For k = 1 we have the following SBA algorithm:
u (z,t) = te®e™" + N (u(z,t))

ul (w,t) = 24ee™t — 24e” + 6te” + 18te¥e™! + 6t2e%e ! + t3eTe
L7 (HL (Puf(z,1)))

ul g (w,t) = —L71 (L L (Pul(2,1)) ,Vn > 1

We suppose that one can find u® as N (u®) = 0, from (46), we obtain:

up (z,t) = te®e™?

ul (w,t) = 24e®e~t — 24e” + 6te® + 18te®e ™! + 6t%eet + t3eTe I~
(6e”t + 24e%e~" + 18te”e ™! + 6t2e”e " + t3e"e ™t — 24e”) =0
ul (z,t) =0,Vn > 2

From (47), we get:
ul (,t) = up (z,t) = te”

For k = 2, calculate Ny (u'(x,t))

Ny (ul) = //ye3zu3 z)dydz — Flg()tfj (39663‘” — e 4 1)

_ 3z _ 3z -1 l o 1 (9 3z _ 3z
= (3xe e +1)£ <3s7) 1080t (3xe e +1)

_ 3z _ 3z 1 6 1 6 3x
= (3ze e +1)1080t 1080t (3ze®™ — " + 1)

The SBA algorithm gives:
ud (x,t) = te®e™"
1
uf (x,t) = 24e%e" — 24e” + 6te” + 18te et + 6t2e et + t3ete — L7 ( L(tQUO(J: t)))
52

ul g (z,t)=—L7" (5125 (t2 2 (x, t))) ,Vn>1

25

(44)

(45)

(40)

(47)

(48)

(49)

(50)
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From (50) , we get:
ud (x,t) = te®e’
2(x,t) = 24e"e™" — 24e” + 6te” + 18te”e " 4 6t2e e 4 t3ee !
— (6t +24e”e™" + 18te"e " + 6t%c e +tPe"e ! —24e") =0
u? (z,t) = 0,Yn > 2

u

Thus:
u? (x,t) = ud (z,t) = te”

Using the same procedure we obtain:

u? (x,t) = (x,t) = - =P (z,t) = te® !
and the solution of (33) is:
u(z,t) = lim u*(z,t) =te**
k—+oco

3.3. Example 3: [3]

Consider the following integro-differential equation:

t x
uge +u(z,t) — [ [ (y — cosz)u?(y, )dyderffu y, 2)dydz = g(z,t), (2,t) € [0,1]?
00
u(z,0) =0
u(z,0) =z
where

1 1
—cos(1) + T3 cos®(1)

1 1 1 1 1
g(z,t) = §x4 costsint — §w4t - §x3 sint + §x3 sint cos?(t) + 6 1

Resolution by the SBA method

Let’s denote

2u

ot?’

Ru (z,t) = u(z,t)

N (u(z,t)) = g(a,t) +

u =

(y + cos z) u?(y, )dydszfu y, 2)dydz

o o
C—s8

The equation (55) gives:

Lu+ Ru= Nu
From (58), we obtain:
t s t
u(x,t) =u(x,0)+ //Ruxv dvds+//Nuxv)dvds
00 0
=
t s t
u(x,t):xt—//u(x,v)dvds—i—//]\fu x,v) dvds
00 0
let’s denote ,

(S

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)
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From (62), we get the following SBA algorithm:

ub (z,t) = at+ N (b (2, 0) k> 1
t s

ub o (z,t) = — [ [uk(z,0)dvds;n >0
00

For k = 1, we suppose that one can find u® as N (u°) = 0, we obtain the following SBA algorithm :

ud (w,t) = xt
t s
ub g (z,t) = — [ [ul (z,0)dvds,Vn >0
00
From (64), we get :
up(x,t) = xtl
ul(z,t) = —633153
1
ud(x,t) = 1—20:10755
_1)"
1 t) = ( t2n+1
Gt = G

From (65), we have :

For k = 2, we have the following algorithm :

ud(x,t) = at+ N (u' (2,1))
t s

(o) = — [ [u2 (2,0)duds,sn> 0
00

We calculate:

N (u' (z,1)) = /t/sNul (z,v) dvds

00
where
11
N (u(z,t)) = g(x,t) +// y+cosz) [u'(y, dydz // dydz
0 00
A B
t
A= /y—i—cosz)[ (y,2) dydz // y + cos z) y? sin? 2)dydz
0 00

[}

x

1 1
/sm z /(y +y cosz) dy dz—/(4x4sin z+§x3 (siDchosz)> dz
0 0

0

12 8 36

1 1 1 1 1
/ < (1 —cos2z) — —a> (cos 3z — cos z)) dz = —§x4 costsint + —tx* — —a3sin 3t + ﬁw3 sint
0

1 1 1 1
= —§x4costsmt+ 8tx — %x (4cosztsint — sint) + Ex3 sint

14't t+1t41 int 2t+13't
= — =X SINntCos —lXx — —X SINtCOoS —X  Sln
8 8 9 9

27

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)
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and
11 11
B= // [ul( dydz = //y3 sin® zdydz
0 0 0 0
1 3 3 1
—@COS —ECOS +6 (71)
1 3 1
T (4cos 1 —3cosl) — Ecosl—l— G
1 1 1
= Ec0531— 1c051—|—6
Therefore
N (u' (z,t)) = g(z,t) + A— B
1 1 1. 1 1 1
= §x4 costsint — §x4t - §x‘3 sint + §z3 sint cos?(t) + 61 cos(1)
+ 1 cos?(1) + —1x4 sintcost + 125374 - lm?’ sintcos®t + 13:3 sint (72)
12 8 8 9 9
1 1 1 141 1
B cos® 18 5
=0
So
t s
N (u' (z,1)) = //Nu1 (z,v)dvds =0 (73)
0 0
(67) gives :
ug(x,t) = xt
9 t s 5 (74)
uZ g (x,t) = — [ [ul (z,0)dvds,¥n >0
00
Thus, we get :
ud(x,t) = at
1
ul(x,t) = —gl‘t?’
u3(x,t) = iwt‘r’ (75)
S 120
D" o
t) = gt
Un(@,?) (2n + 1)!ng
We have :
2 _ 2 _ — (=" 201 | 6
u(xz,t) = nz:%un =z ;mt = xsint (76)
Using the same procedure , for £ > 3, we obtain : integro-differential equations and two  other integro-
differential equations. The numerical results found show
wW=ul=.. =ul=..=zsint (77)  that these methods a re simple, more efficient and does
. . not rely excessively on computer processing, as is the case
Therefore, the exact solution of (55) is with the Galerkin method and the collocations method.
w(z,t) = lim uF () = wsint (78) However, Laplace-SBA method applied to our integro-

k—+oo differential equations gives exact solutions. The Laplace-
SBA method therefore represents a particular interest by
its rational and logical conception of a numerical model
for solving integro-differential equations.  Therefore, it
can be used by researchers in engineering and physics for
other equations or systems of Volterra differential equations.

4. Conclusion

In this work, we applied the SBA and Laplace-SBA
methods to solve one mixed Volterra-Fredholm non-linear
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