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Abstract: According to different conditions, researchers have defined a great deal of coloring problems and the corresponding
chromatic numbers. Such as, adjacent-vertex-distinguishing total chromatic number, adjacent-vertex-distinguishing proper edge
chromatic number, smarandachely-adjacent-vertex-distinguishing proper edge chromatic number,
smarandachely-adjacent-vertex-distinguishing proper total chromatic number. And we focus on the smarandachely
adjacent-vertex-distinguishing  proper edge chromatic number in this paper, study the smarandachely
adjacent-vertex-distinguishing proper edge chromatic number of joint graph C,,V K,..
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1. Introduction

Coloring problem in graph theory, is one of the most
famous NP-complete problems. Four color conjecture which
is one of the world’s three major mathematical conjecture says
that each map can be used only four colors to dye, and no two
adjacent areas dyed the same color. In the spring of 1976, with
the help of the computer, the four color conjecture was proved.
The conjecture finally became a theorem. The significance of
graph coloring theory is much more than that. Known to all,
coloring problems can solve many problems such as
scheduling problem, time tabling, transportation, arrangement,
circuit design and storage problems.

In recent years, more and more coloring problems was put
forward by experts of graph theory, such as proper-adjacent-
vertex-distinguishing edge coloring, proper -adjacent-
vertex-distinguishing total coloring, smarandachely adjacent-
vertex-distinguishing proper edge coloring.

2. Smarandachely
Adjacent-Vertex-Distinguishing
Proper Edge Coloring

Definition 1[1] A k-proper edge coloring of a graph G is

a mapping [ from E(G)to{l,2,..., k}that satisfies the
condition described as below:

ForlUe,e, UE(G) e e, , if ¢,e; have a common end
vertex, then f(¢) % f(e;) .

The number min{k |G has a k-proper edge coloring of
graph G} is called the proper edge chromatic number of G’
denoted by X(G).If f(e)=1,then we call the number /to
be the color of edge e;

Definition 2[1] A k-proper edge coloring f is called a
k-proper-adjacent-vertex-distinguishing proper edge coloring,
short for k-AVDPEC when f satisfies condition described as

below:
Denote C(u) ={f(uv)|vOV(G)ODuvOE(G)} for every

vertex u IV (G), if for Ou,vOV(G),uv O E(G), we have
Cu)2C(>v).

The min{k|G has a
vertex-distinguishing proper edge coloring} is called the
adjacent —vertex-distinguishing proper edge chromatic
number and denoted by x',(G). Set C(u)is called the color
set of the vertex.

Definition 3[1] A k-proper edge coloring f is called a

number k-proper-adjacent-

smarandachely adjacent- vertex-distinguishing proper edge
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coloring, short for k-SA when f
described as below:

Denote C(u) ={f(uv)|vOV(G)DuvUE(G)} for every
vertex uOV(G) , if Ou,vOV(G),uvOE(G) , we have
Cu)OC(v)and C(v) OC(u) mean well.

The number min{k |G has a k—SA} is called the

smarandachely adjacent-vertex-distinguishing proper edge
chromatic number of G, denoted by x'_ (G).

satisfies conditions

It’s obviously of below conclusion: when G have a vertex
who’s degree equal to 1, then G have no k-SA for all nature
number k.

The paper use C,, to denote the graph of circle with m
vertices and K, to denote the complete graph with 7 vertices,
use C, UK, to denote the joint graph of C, and K,. We
denote the vertex sets and the edge set of the graphs such
that:

V(C,) = {u,u,, M, }
V(K,)={v,v,,[0Iy,}.

d(u) is the degree of the vertex %, A is the maximum
degree of the graph discussed, S is the universal set of the

§= uDVD(G)C(“) ,C(u) is the complement of

EC,)={(u_u)|2<i<m}O{(u,u)} ,

i

color used, that
C(u).

Lemma 1 [1] If Gdenote the graph have no one degree
vertex, then

) X.(G)zx',(G), if G is a regular graph then
X' (G)=x'(G).

2) X' (G)=A+1,

Lemma 2 [1]If K, is the complete graph with vertices 7,
n=3, then

n, n is odd.
n+l,

X'.(K,)= { . :
n is even
Lemma 3[2] If K, is the complete graph with vertices 7,
n=4and 7iseven, then X(K,)=n-1.

3. Smarandachely
Adjacent-Vertex-Distinguishing
Proper Edge Coloring of C,,\V K,

Theorem 1 If M23 ,nz 3 , m,n are both even, then
C, 0K, haveno M*n=54

Proof Suppose that C, 0K, have a m+n—S54, then
S ={1,2,n + n} . Be aware of the facts that:
dv)=d@,) =0Fdy,)=m+n-1

Then | C(v) [= C(v,) = B C(v,) [=m+n—1

| C(v) [ C(v,) |= O C(v,) | =1 (1)

Smarandachely Adjacent-Vertex-Distinguishing Proper Edge Chromatic Number of C,,\V K,

Ui#j, 1<i<n, 1<j<n , v, is adjacent to v

' S0
C()#2C(v,),s0

Oi#j 1<i<n, 1<j<n,Cr)#C(,)  (2)

Inferred from (1) and (2), then each vertex v,(1<i< n) has
one different color from each other.

Then we may as well suppose that | DE(V,.) , for
Oi<i<n.

Then it must have the result such as {1,2,[lk} U C(u,),
1< j<m (otherwise, if there exists a color k,1<k<n,
and exists a vertex u, satisfies kLJC(u,) , then we can
deduce the result such as C(u;) U C(v,),Ul<i<n, but the
vertex u; is adjacent to the vertex v, , this result is in
contradiction with the definition of k-S4 ). Now we
consider all vertices of the whole graph C, UK, who satisfy
f(u)=1, according to previous discussion, except vertex v, ,
all the remaining m+n—1 vertices of the graph C, UK,
satisfied the condition f(u)=1, that is to say, except the
vertex v, , the remaining m+n—1 vertices form a matching,
this result is in contradiction with the fact such as that
m+n—1lis odd.

So, C, UK, haveno m+n—_S4.

Theorem 2 Ifn= 6,7 is even, then

X’sa(cn*Z DK}I) = zn_l .

Proof Be aware of the fact that the maximum degree of
graph C,_, 0K is A=2n-3, by the 2) of Lemma 1, we get
the result suchas x' (C,_, UK )=2n—2,also because of the
fact that nis even, then by theorem 1, the graphC,_, UK,
have no (2n—2)—SA , so we get the result such as
X' (C_,0K)=2n-1.

For the subgraph K, , by lemma 3, there is a n—1-proper
edge coloring on K, | that is to say, there is a mapping & from
E(K,) to {,2,..., n—1} satisfied that Ue,e; HE(K,) ,
, if e,e; have a common end vertex, then
gle)# gle).

Now we define a mapping [ from E(C, ,0K,) to
{,2,..., n—=Lnn+Ln+2,0I2n -1} described as below:

If edK, , then f(e)=g(e) , then {1,2,..., n—1}
HCW), for mi<i<ns

e,.;tej

Sy,)=n+j-1, 1<j<n,
f(u2vj):n+j’ 1S]Sn_1, f(MZVn):ny

Suv,))=n+j+l, 1<j<sn-2,
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Slugv, ) =n, fluy,)=n+l X'W(C,n OK,)=2n-1.
Swy)=n+j+2, 1<j<n-3, Example 1 For n=6, then X', (C, OK()=11.
In fact, for the subgraph K, of C, K, we defined a
Sy, ,)=n, f(upy,,)=n+l, 5-proper edge coloring g such that:
Sfluy,)=n+2, gwv,) = g(vyvs) = g(vyvs) =1,

g(v1v3) = g(v2v4) = g(VSV()) =2 s
f(un—Zvl) = 2” _37 f(un—zvz) = 2” _2 .

S, ,v)=2n-1,

gvv,) =gvvs) =g(vv) =3,

gvs) =gvvs) = g(v,v;) =4,

Y=n+j-— <j< — — —
S ov)=ntj=4, d<j<n, gvy) = g(nyv) =g(vv,) =5.

S u)=i, 2<isn=2, f(u, u)=1. Obviously, every adjacent edge have different colors, so g

- is a 5- d loring of K .
By the definition of ', we get the C(u)and C(u) of every 188 o°propet eqge COToTing of R

vertex of the graph such as below:
Cv)={,23UMk-1}0{n,n+1,n+2,0002x -3}
C(v)={2n-2,2n-1},C(v,) ={n,2n -1},

Then, for graph C, UK, we define the mapping f from
E(C,U0K,) to {L,2,,3,...,10,11} described as below:
For edge viv;, f(vv;)=g(vy,), 1<i#j<6,

i jo

Sy,)=n+j-1, 1</<6
C(vy)={nn+1},C(v,)={n+1,n+2}, ’
Sy)=ntj, 1sj<5, f(uvg) =6

Cv,)={2n=3,2n-2}, Sluy)=n+j+l 1< <4
C(uy) = {n,n+1,n+2,[M2n -1} 0{1,2} Fy) =6, fuy)=T,

C(u,) ={3,4, M —1} = {1,2,[h - 1}\{1,2} , fuy)=n+j+2, 1<j<3

Cu;) = 1,2, MM~ 13\ {2,3}, FWw) =6, ) =T, fuv) =8,

Sfu_u)=i, 2<i<4, f(u,_,u)=1.

C(u,)={1,2,3,Mh -1\ {i,i+1} , (D <i< -3 We can see that the C(u) and C(u)of every vertex for
_ graph C, UK are described as below:
Cu,,)={L2,0Mh-1}\{n—-2,1} .
C(v,)=11,2,3,4,5}0{6,7,8,9},
We can see that

_ _ C(v) =1{10,11},
Cw)UC(v)), 1sisn=2, 1<j<n,

S C(ry) ={6,11}.C(v;) ={6.7} ,
Cv)UOCw), 1sisn-2, 1<j<n,
_ _ C(v,) ={7.8},C(v;) = {8,9}, C(vy) = {9,103,
Cu,)0C(u,), 1<i,jsn=2]i-j]=1,
— — —_ —_ C(ul) = {3’475} b C(uz) = {1’495} s
C(u,)dCu,_,), Cu,,)0Cu,), B B
. _ C(uy) ={1,2,5},C(u,) ={2,3,5} .
Cv)UC()), I<isn, Isj<n, i#].
‘ We can see that the color set of the adjacent vertices meet
So the given fisa (2n—1)=S4 for C,, 0K, . the requirements of definition[3], so f is a 11-S4 for
That is to say C, UK, then ', (C, DK) =11.
Theorem 3 Ifn=4,n is even, then
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X' (C_0OK)=2n-1.

Proof Because of the fact that the maximum degree of the
graphC,_, UK is A=2n-2, by the 2) of Lemma 1, we get
the result suchas x' (C,, 0K, )=2n-1.

For the subgraph K, ofthe graph C,_ 0K, , by lemma 3,
there is a n—1-proper edge coloring on K, | that is to say,
there is a mapping & from E(K,)to {1,2,..., n—1} that is
satisfied the conditions such as:

Ue,e, UE(K,) ,e #e, , if €,e, have a common end
vertex, then g(¢) # g(e,).

Now we define a mapping f from E(C,_, 0K,) to
{,2,..., n—=Lnn+Ln+2,0I2n—-1} asbelow:

If e0K, , then f(e)=g(e) , then {L2,...., n-1}
OCM).m<i<n>

Sy)=n+j-1, 1< j<n,
f(u2vj):n+j9 ls.jsn_lf f(MZVn):na

Sy)=n+j+l, 1<j<n-2,

Sy, _)=n, f(uy,)=n+l

f(un—lvl) = 2” _27 f(un—lvz) = 2”! _l ’
flu, v,)=n+j=3, 3<j<n,
fu_u)=i, 2<isn-1 f(u,_u)=1, 2<isn-1.

By the definition of f , we get that the C(u)and C(u)of
every vertex as below:

C(v)=1{.,2,0lk -1} O {n,n +1,0I2n - 2} ,
Cw)={2n=1},C(v,) ={n},
C(v,)={n+j-2}, 2<j<n’
C(u)={n,n+Ln+2,0M2n-1}0{1,2},
Clu) = {12,k - 13\ {1,2},,

Clu) = {12, -1\ 2,3},

Cu,) ={1,2,3,Mn — 1} \ {i,i +1} ,
2<i<n-2-

Cu, ) =1{1,2,3, -1 \{n-1,1} .

Smarandachely Adjacent-Vertex-Distinguishing Proper Edge Chromatic Number of C,,\V K,

We can see that

Clu)0C,), 1si<n-1, 1< j<n,
Cv)OCw,), 1si<n-1, 1< j<n,
Cu)OC,), 1si#j<n-1| |i-jI=1,

C(u,)0C(w,)” Clu,,)0Cw)’
Cv)OCW,)), 1<isn, 1< j<n, i#].

That is to say, all the vertices have color sets that are not
contained in other color set of the adjacent vertices. So the
given fisa (2n-1)-84 for C_ UK, .

So x' (C_0OK)=2n-1,

Example 2 For n =4 then X', (C,0K,)=7.

In fact, we defined the mapping f from E(C,UK,) to
{1,2,3,4,5,6,7} as below:

SOW) = f) = fuu) =1,
oW = F ) = fluu,) =2,
0w = F ) = fuwu) =3,
Swyv)=4, fuv,)=5  f(uv)=6, f(uv,)=7,

S@y) =5, f(u,)=6,

fy) =7, f(uy,)=4,

f@m)=6, f(uy,)=1,

fu,v,) =4, f(uy,)=5.
We can see that

Cm) =167}, C(v,) = {7,4},

C(v) ={4,5},C(v,) = {5,6} ,

Clu) = {3}, Cu,) = {1} , Cluy) = {2}
Obviously, f isa 7-S4 for C,0K,.

SO /Y’sa(CS DK4) :7 .

4. Conclusion

Coloring problem is a classical difficult problem of graph
theory. Smarandachely adjacent- vertex-distinguishing proper
edge coloring was first put forward by Zhang Zhong-fu in
2008. A lot of problems need to be solved urgently, such as
finding out the smarandachely adjacent-vertex-distinguishing
proper edge chromatic number, such as how smarandachely
adjacent-vertex-distinguishing proper edge chromatic number
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changes when the vertices n grows.

In the paper, we deduce the smarandachely adjacent-vertex
-distinguishing proper edge chromatic number of the joint
graph C 0K, by the methods of combination analysis and

reduction to absurdity, also the method of apagoge.
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