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Abstract: Problems with mixed integer-continuous design variables are a class of complicated optimization problems that 

commonly exist in practical engineering design work. In this paper, a hybrid algorithm combining metamodel-based Multipoint 

Approximation Method (MAM) and Hooke-Jeeves direct search technique is presented to efficiently seek the optimum solutions 

for mixed integer-continuous optimization problems. First, optimal continuous values are obtained by the Sequential Quadratic 

Programming method (SQP) on the approximated functions in a current trust region. Then, continuous values are rounded to the 

nearest integer values for discrete variables. Utilizing integer values as a starting point, the Hooke-Jeeves assisted MAM is 

applied to search for the discrete optimal solution in the sub-space of discrete variables as well as accordingly update the 

sub-optimal values for continuous design variables by SQP. The proposed hybrid algorithm is examined by the well established 

benchmark example and the obtained results demonstrate the superiority of the developed algorithm over GA in terms of 

computational cost and the quality of solutions. 

Keywords: Integer-Continuous Optimization, Multipoint Approximation Method, Metamodel, Direct Search,  

Hybrid Algorithm 

 

1. Introduction 

Many non-linear optimization problems share the common 

features: the objective and constraint functions are 

computationally expensive using numerical methods (e.g., 

finite element method) or could be impossible to evaluate at 

some combinations of design variables (e.g., nodal values of 

displacements, stresses). In order to improve computational 

efficiency and accuracy of solving such structural 

optimization problems, the Multipoint Approximation 

Method (MAM) was developed for this purpose [1, 2]. The 

advantage of the MAM technique is presented to replace the 

original optimization problem with a succession of simpler 

mathematical programming in a scalable trust-region of 

design space and utilize high-quality explicit approximations 

to reduce the total number of calls for analyses needed for the 

complicated optimization problems. Details on the 

development of the MAM technique for various applications 

are discussed in [3-6]. To enhance the accuracy of metamodels 

used to approximate the real responses, metamodel assembly 

approach is implemented in MAM to construct an assembly of 

multiple surrogates into a single surrogate using linear 

regression [7, 8]. 

In practical engineering designs, some or all of the design 

variables have discrete or integer values because the available 

values for those design variables are limited to a set of standard 

sizes, for example, the thickness of a steel plate, the diameter of 

the cross-section in a truss structure, etc. In general, it is only 

allowed to perform response function evaluations for points that 

have discrete values of the design variables [9]. New 

procedures for sampling, metamodel building, their use for 

solving an optimization problem with continuous and discrete 

properties within a trust region, and the trust region adaptation 

strategy have been developed to enhance the MAM with the 

discrete capability by authors [10, 11]. 

In current research, a discrete form of Hooke-Jeeves direct 

search method [12] is implemented within the MAM to search 

for the optimal solution in the sub-space of the discrete 

variables only starting from the optimal continuous values 

obtained by the Sequential Quadratic Programming method 

(SQP) on the approximated functions in a current trust region. 



108 Dianzi Liu:  Development of a Hybrid Algorithm for Efficiently Solving Mixed Integer-Continuous Optimization Problems  

 

This developed hybrid algorithm combining the 

metamodel-based MAM and Hooke-Jeeves direct search 

technique aims at efficiently seeking the best solution of 

mixed integer-continuous optimization problems. The 

enhanced discrete capability and efficiency of the hybrid 

algorithm are examined by the well-established benchmark 

ten-bar truss example [13] and the obtained results are 

compared with the ones by a binary Genetic Algorithm (GA). 

2. Multipoint Approximation Method 

The MAM is based on the building of mid-range 

approximations [4-5] and is suitable to solve large-scale 

optimization problems by producing better quality 

approximations that are sufficiently accurate in a current trust 

region and inexpensive in term of computational costs 

required for their building. These approximation functions 

have a relatively small number (N+1 where N is number of 

design variables) of regression coefficients to be determined 

and the corresponding least squares problem can be solved 

easily. This feature of such approximations allows applying 

them to large scale optimization problems with the number of 

design variables in the order of hundreds. 

In general, an optimization problem can be formulated as 

( ) ( ) ( ) ( )0min , 1 1,..., , 1,...,j i i iF F j M A x B i N≤ = ≤ ≤ =x x     (1) 

where x refers to the vector of design variables; iA and iB

are the given lower and upper bounds on the design variable 

ix ; N is the total number of the design variables; ( )x0F
 

is 

an objective function; ( )xjF  is the constraint function and

M is the total number of the constraint functions. 

In order to present the detailed model of a structure by the 

response functions and reduce the number of calls for the 

response function evaluations, the MAM replaces the 

optimization problem by a sequence of approximate 

optimization problems: 
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and ( )xjF  of the initial 

optimization problem defined in Eq. (1), 
k
iA  and 

k
iB  are 

the side constraints of a trust region when searching the 

solution of the approximate optimization problem, k is the 

iteration number. 

The selection of the approximate response functions

( ) ( )MjF
k
j ,...,0

~ =x  is such that their evaluation is inexpensive 

as compared to the evaluation of the response functions 

( )xjF , although they are not necessarily explicit functions of 

the design variables. The approximate response functions are 

intended to be adequate in a current trust region. This is 

achieved by appropriate planning of numerical experiments 

and use of the trust region defined by the side constraints 
k
iA  

and 
k
iB . 

3. Design of Experiments and Trust 

Region Strategy 

Metamodels built in MAM are used to approximate the 

objective and constraint functions in a trust region at each 

iteration of the optimization process. The quality of the 

metamodels strongly depends on an appropriate choice of the 

Design of Experiments (DoE) type and sampling size, since 

DoE could have a direct impact on the efficacy of 

metamodels. In the MAM technique, DoE should generate 

sampling points taking into account the discrete nature of 

some of (or all) the design variables. This ensures that the 

calls for the response function evaluations are only made for 

the points that have discrete values of the design variables. 

The added points are checked for calculability of the 

response function and, if the check fails (i.e. the simulation 

software did not return the response function values), a new 

set of points is generated until a required number of sampling 

points (all passing the check) are obtained. A strategy to 

improve the quality of sampling points - constraint assisted 

DoE rather than random DoE - is applied in this paper. The 

assisted DoE generates the sample points with a constraint 

on the minimal distance between the points using the 

following expression: 
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Diag is a characteristic size of the trust region, e  is a 

number of a new sampling point, p  is a number of a 

previously generated point, P  is the total number of 

sampling points in the trust region, N  is the total number of 

the design variables, k
iA  and k

iB  are the side constraints 

of a trust region when searching the solution of the 

approximate optimization problem, k is the iteration number. 

The parameter r is initially set to 0.9 and if the assessment on 

Eq. (3) fails after a prescribed number of random generations 

for a new point, the value r will be iteratively reduced by 

multiplying a positive constant ( coeffrr ∗= , 19.0 <≤ coeff ) 

until the Eq. (3) is satisfied. Imposing such a mechanism on 

the selection of points, the uniform distribution of sampling 

points across the space is guaranteed. As an example, a 

30-point pattern with a constraint imposed on the minimal 

distance for design variables only taking discrete values is 

shown in Fig. 1. 
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Fig. 1. 30-point patterns with (top) and without (bottom) a constraint imposed 

on the minimal distance when design variables only take discrete values. 

The aim of the trust region strategy [14-16] developed in the 

MAM technique is to control the quality of a metamodel in 

terms of the quality of fit. When the approximation gets better, 

the trust region will be further reduced. The track of the trust 

regions also indicates a path of the direction from the initial 

starting point to the optimum over the entire searching domain. 

At each MAM iteration, a new trust region must be defined, i.e. 

its new size and its location have to be specified. It should be 

noted that if the sub-optimum point does not pass the check for 

calculability of the response functions, the trust region is 

reduced and the approximated problem is solved again. The 

only essential assumption here is that all functions of the 

optimization problem exist at the starting point. Note that for 

the discrete variables there is a restriction on the trust region 

size reduction, i.e. the corresponding size of the trust region 

has to contain at least three levels of a discrete variable. 

4. Using an Assembly Technique to Build 

Approximations 

Based on the research on multiple metamodels [6-8], a 

two-step regression procedure is applied to build the 

metamodel represented by the assembly of different 

approximations. This was introduced in the form 

),(bF
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l

ll xx ∑
=

=
1

)(
~ ϕ             (4) 

where )(xlϕ  means different approximate models, which are 

assembled into one metamodel; NF is the number of 

regressors in the approximate models { )(xlϕ }; lb is the 

corresponding regression coefficient and reflects the accuracy 

of the individual surrogates on a set of validation points. 

In order to build the expression in Eq. (4), the optimization 

of the minimization of the expression 

( )[ ]∑
=

−
P

p

jpjpjpj FFw

1

2~
)(min b,xx     (5) 

is formulated to determine the regression coefficients jb . 

This weighted least squares problem leads to solving a linear 

system of NF equations with NF unknowns jb . Here the 

regression coefficients jb should not be considered as weight 

factors, e.g. could be either positive or negative. The 

parameters pjw refer to the weights that reflect the inequality 

of data obtained at different sampling points [4, 5]. 

The functions lϕ  in (4) are determined in the similar 

manner 
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where the minimization is carried out with respect to the 

tuning parameters ja , p means the number of points used in 

a specified DoE (see Section 3). Note that the tuning 

parameters ja in Eq. (6) should be determined before the 

procedure (5) has been applied. 

The evaluation of the regressors lϕ  is based on the data 

from the sampling points currently located in the trust region. 

In the mid-range approximation framework, inexpensive 

approximate models for objective and constraint functions are 

built using minimum required number of sampling points. The 

simplest case is a linear function and more complex ones are 

intrinsically linear functions [17] that have been successfully 

used for a variety of design optimization problems. 

Intrinsically linear functions are nonlinear but they can be led 

to linear ones by simple transformations. In this paper, the 

intrinsically linear functions considered in the model bank 

{ )(xlϕ } are: 
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5. Hooke-Jeeves Search Technique for 

Discrete Optimization 

The strategy for discrete optimization performed in the trust 

region can be described as follows: In each iteration of MAM, 

a continuous solution is initially sought in a current trust 

region using the SQP method applied to the approximated 

optimization problem formulated in Eq.(2). The discrete 

values are then obtained by rounding the continuous variables 

to the nearest discrete ones. Fixing these rounded values for 

discrete design variables, a continuous optimization is 

performed again with the reduced number of design variables, 

which include only continuous variables. Then, a discrete 

form of Hooke-Jeeves direct search technique is implemented 

within the MAM to search for the optimal solution for mixed 

integer-continuous optimization problems at the current 

iteration. This temporary optimal solution becomes a starting 

guess for the next iteration of the optimization process until 

the final optimum is found. 

The Hooke-Jeeves direct search technique [12, 18-19] 

examines points near the current point (having the rounded 

values for discrete design variables) by perturbing design 

variables - one variable at a time - until an improved point is 

found. There is a similarity between Hooke-Jeeves technique 

and the coordinate search algorithm previously suggested in 

[11] in terms of the determination of the optimal search path 

for the solution. The Hooke-Jeeves search technique begins 

with the starting point, as well as 2Nd coordinate points, where 

Nd is the number of discrete design variables. The ith pair of 

coordinate points differs from the starting point only in the ith 

coordinate. The next test point will be places by a perturbation 

∆i (positive or negative) along the ith coordinate. The size of 

∆i is determined by the spacing of the ith discrete design 

variable. The point with the lowest objective function value 

(that is penalized in case of violated constraints) along ith 

coordinate will be saved and then, a further perturbation ∆i 

along the preceding direction is taken into account as well as 

optimal values for the continuous variables are updated 

accordingly. This search process will terminate when a worse 

objective function value is identified. Finally, the latest saved 

optimum is assigned to the ith discrete design variable. This 

search strategy are repetitively applied for the next (i+1) th 

coordinate search until all the coordinates representing 

discrete design variables are considered. 

As direct search algorithms [12] are known as 

unconstrained optimization techniques, an exterior penalty 

function is used to accommodate the constraints by penalizing 

unfeasible solutions as follows: 

∑
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where )(xf  is the objective function penalized is case any of 

the constraints is violated, 

)(0 xF  is the objective function, 

*
0F  is the initial value of objective function at the starting 

point, 

βα ,  are the penalty parameters, here 5.0=α and 1=β
are suggested, 

)(xFi  is the ith constraint function, mi ⋯,1= , 

m  is the total number of constraints. 

Every time when the discrete variables are modified by the 

discrete optimizer, it is necessary to make an adjustment of the 

remaining, continuous design variables so that the optimal 

values for both discrete and continuous design variables are 

achieved at the current iteration. This is carried out by the use of 

SQP in the space of continuous variables while the discrete 

variables are assigned by the current discrete optimum. 

Therefore, the overall local optimization process that is carried 

out on the approximated response functions, is performed in 

two levels. The outer optimization loop deals with the discrete 

variables only and is based on the Hooke-Jeeves direct search 

technique, and the inner optimization loop adjusts the 

continuous design variables using SQP. 

6. Ten-Bar Truss Structure 

6.1. Example 1 

The developed hybrid algorithm is tested on the well known 

ten-bar truss benchmark problem [13] shown in Fig. 2 that has 

been used by many authors. The minimum weight design is 

obtained by changing the cross-sectional areas (from 0.1 in
2
 to 

12.7 in
2
 with the increment of 0.2) of the truss members 

subject to stress constraints and minimum gage constraints of 

0.1in
2
. The allowable stress in each truss member is the same 

in tension and compression and is set to 25 кsi for all members 

except member 9 for which it is 75 кsi. The density of the truss 

material is 0.1 lb/in
3
, the member size L=360 in, the loads P1 = 

P2 = 100 Kips and P3 = 0. 

 

Fig. 2. Ten-bar truss structure. 
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The results for weight optimization of the ten-bar truss 

structure are presented in Table 1 and information on the 

constraint values for the optimal design is listed in Table 2. 

The number of sampling points used in each iteration is 15. 

In the discrete optimization of ten-bar truss, the obtained 

results were compared to the results obtained by a binary 

genetic algorithm (GA). Since a GA is naturally suitable to 

the discrete optimization and it is also a global search 

algorithm, a better result from GA could be expected. On the 

contrary, optimization by the hybrid algorithm (MAM with 

the implementation of Hooke-Jeeves search technique) has 

achieved the lighter weight (1546.0) than the result (1560.4) 

by GA, that is the best result out of five separate GA runs. As 

expected, a large number of iterations and response analyses 

in the optimization by binary genetic algorithm are required. 

The number of iterations (11) for the hybrid algorithm is 

reduced to 20% of the total number required by GA (57). 

Hence, the computational efficiency of the hybrid algorithm 

is higher than GA. Both of optimal designs are feasible 

solutions with no violation of constraints (see Table 2). 

Table 1. Optimal results of discrete optimizations. 

Design variables Discrete variables, in2 (GA, [20]) Discrete variables, in2 (MAM with Hooke-Jeeves technique) 

x1 7.7 7.7 

x2 0.5 0.3 

x3 8.5 8.3 

x4 3.7 3.9 

x5 0.1 0.1 

x6 0.5 0.3 

x7 6.3 6.1 

x8 5.1 5.5 

x9 3.7 3.7 

x10 0.7 0.5 

Obj. (lb) 1560.4 1546.0 

No. of iterations 57 11 

No. of response analyses 7157 166 

Table 2. Constraints results of discrete optimizations. 

Constraints (ksi) Discrete variables, in2 (GA, [20]) Discrete variables, in2 (MAM with Hooke-Jeeves technique) 

G1 24.5 25.0 

G2 22.6 25.0 

G3 24.8 25.0 

G4 24.0 23.7 

G5 1.0 2.0 

G6 22.6 25.0 

G7 25.0 25.0 

G8 24.6 23.8 

G9 33.9 35.4 

G10 22.8 21.2 

 

6.2. Example 2 

In this example all the design parameters are the same as 

the ones in Example 1, but the allowable stress for the 

member 9 is set to 25 кsi. The optimal results and constraint 

values for weight optimization of this ten-bar truss structure 

are presented in Table 3 and 4, respectively. Results from the 

discrete optimizations of this ten-bar truss structure using the 

hybrid algorithm have been compared with the ones in 

[20-22] in Table 3. Optimization by the hybrid algorithm has 

achieved the best result (the lightest weight, 1610.1) and it is 

much better than the discrete results by GAs. The number of 

response analyses for the hybrid algorithm (406) has been 

reduced by at least an order magnitude as compared to the 

results from other published paper in Table 3. It is concluded 

that the computational efficiency of the Hooke-Jeeves search 

technique implemented in MAM for the discrete optimization 

are quite higher than GA. All the optimal designs obtained by 

discrete optimizations are feasible solutions with no violation 

of constraints (see Table 4). 
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Table 3. Optimal results of discrete optimizations. 

Design variables Discrete variables, in2 (GA, [20]) GA, in2 [21] Discrete variables, in2 [22] 
Discrete variables, in2 (MAM with 

Hooke-Jeeves technique) 

x1 7.7 N/A 8.1 7.9 

x2 0.5  0.1 0.1 

x3 8.5  8.1 8.1 

x4 3.7  4.1 4.1 

x5 0.1  0.1 0.1 

x6 0.5  0.1 0.1 

x7 6.3  5.9 5.7 

x8 5.1  5.7 5.7 

x9 3.7  5.7 5.7 

x10 0.7  0.1 0.1 

Obj. (lb) 1627.5 1635 1627.5 1610.1 

No. of iterations 57 N/A 120 27 

No. of response analyses 7206 17906 5190 406 

Table 4. Constraints results of discrete optimizations. 

Constraints (ksi) Discrete variables, in2 (GA, [20]) Discrete variables, in2 [22] Discrete variables, in2 (MAM with Hooke-Jeeves technique) 

G1 24.5 24.5 25.0 

G2 15.1 15.1 14.9 

G3 24.9 24.8 24.9 

G4 24.0 24.0 24.0 

G5 0.1 0.14 1.1 

G6 15.1 15.1 14.9 

G7 24.3 24.3 25.0 

G8 24.4 24.4 24.5 

G9 24.4 24.4 24.4 

G10 21.3 21.3 21.0 

 

6.3. Example 3 

A mixed integer-continuous design problem has been 

solved in this example. The optimization formulation has 

been defined as: 

Objective: Minimize Weight 

Constraint: The allowable stress iG , 10,,1,25 ⋯=≤ iksiGi  

except for ksiG 759 ≤ ; 

Design Variables: Cross-sectional areas are changing from 

0.1 in
2
 to 12.7 in

2
; Continuous cross-sectional areas for truss 

member 1 to 6 (horizontal and vertical members); Discrete 

cross-sectional areas for truss member 7 to 10 (diagonal 

members) with the increment of 0.2. 

Table 5. Optimal results of the mixed integer-continuous optimizations 

(discrete design variables shown in bold). 

Design variables 
Discrete variables, 

in2 (GA, [20]) 

Discrete variables, in2 (MAM 

with Hooke-Jeeves technique) 

x1 7.75 7.81 

x2 0.21 0.21 

x3 8.25 8.19 

x4 3.80 3.83 

x5 0.22 0.10 

x6 0.27 0.22 

x7 (discrete) 6.7 5.9 

x8 (discrete) 5.3 5.5 

x9 (discrete) 4.3 3.5 

x10 (discrete) 0.3 0.3 

Obj. (lb) 1583.3 1506.7 

No. of iterations 114 32 

No. of response 

analyses 
14901 481 

Table 6. Constraints results of the mixed integer-continuous optimizations 

(discrete design constraints shown in bold). 

Constraints 

(ksi) 

Discrete variables, 

in2 (GA, [20]) 

Discrete variables, in2 (MAM 

with Hooke-Jeeves technique) 

G1 25.0 24.9 

G2 24.6 24.9 

G3 25.0 25.0 

G4 25.0 24.8 

G5 5.1 1.7 

G6 19.0 24.6 

G7 22.4 25.0 

G8 25.0 24.4 

G9 31.2 38.3 

G10 24.4 25.0 

In Table 5, the optimal designs of the ten-bar truss 

structure by GA and the developed hybrid algorithm are 

presented. Since the optimal design obtained by the hybrid 

algorithm (1506.7) has reduced the weight by 5% as 

compared to the one by GA (1583.3), more constraints have 

been activated or become critical in the converged solution 

shown in Table 6. As expected, the number of iterations and 

response analyses in the mixed integer-continuous 

optimization by the hybrid algorithm are significantly 

reduced. The number of response analyses for GA (14901) 

has been reduced by 96.8% as compared to the result by the 

hybrid algorithm (481), while the lighter weight is also 

achieved by the latter. In terms of the computational 

efficiency, the hybrid algorithm for the optimization of this 

truss structure is much higher than GA. MAM, enhanced by 



 Applied and Computational Mathematics 2016; 5(3): 107-113 113 

 

the discrete optimization capability, outperforms a GA not 

only in the efficiency but also in the quality of the obtained 

solution. In Table 6, optimal solutions are feasible and no 

constraint violation happens in these two discrete 

optimizations. 

7. Conclusions 

The proposed hybrid algorithm in this paper, combining the 

metamodel-based MAM and the Hooke-Jeeves search 

technique, has successfully solved the benchmark problem of a 

ten-bar truss structure. It indicates that MAM with the 

implementation of the Hooke-Jeeves search technique is a 

robust method and it outperforms a GA not only in the 

efficiency but also in the quality of the obtained solutions. 

Since it requires much fewer response analyses and less 

computational cost, the developed hybrid algorithm as an ideal 

tool can be used to solve the complicated industrial projects 

where it is essential to consider the mixed integer-continuous 

problem formulations in the optimization design process. 
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