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Abstract: In this paper, we investigate the
¢ b b
T =P ez, maxi—— e, ——p

i=1

where

n—n, n—n

{m m,,---;m } N {n n,,

stability

of following max-type difference equation

0<m <m, <--<m,0<n <n < <n R with

nt=¢, a >0 (i=12-1), b} >0 (j=12--r) and p>max{bl7~~~,by}~ZaL , the initial
i=1

values are positive. By constructing a system of equations and binary function, we show the equation has a unique positive
equilibrium solution, and the positive equilibrium solution is globally asymptotically stable. The conclusion of this paper extends

and supplements the existing results.
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1. Introduction

In mathematics, recursive relation, which is difference
equation, is a kind of recursion formula to define a sequence:
the sequence of each item is defined as a function. Difference
equation is the discretization of differential equations. The
difference system is described the mathematical model of
discrete system, it is an important branch of dynamical system,
the application of its theory is rapidly broadening to various
fields, such as economics, ecology, physics, engineering,
control theory, computer science and so on (see [1-4]). The
stability and global behavior is one of the hot spots in
researches about difference equation model, the conclusion
has a certain guiding role to production practices.

In recent years, more and more researches on the dynamic
behaviors of higher order nonlinear difference equations have
been studied (see [5-19]). One of the classes of such difference
equations are max-type difference equations (see [10-19]).

In [16], Amleh studied the nonlinear difference equation

X, =p+ X1 | showed that the unique positive equilibrium
X

n

solution x = p +1 is globally asymptotically stable:
In [17], Fan studied the higher order difference equation
X, = f (xn,xn_k), and gave a sufficient condition for its

global asymptotical stability, these results are applied to the

. . T
difference equation “n+1

In [18], Sun studied global behavior of the max-type
difference equation =z, ., =max{l/z,_ , A /z } .

proved that if A €(0,1) and supA <1 is a periodic
sequence, then every positive solution of this equation is
eventually periodic with period 2m.

In [19], Stevi¢ studied behavior of positive solutions of the
following max-type system of difference equations,

yP II’

— n — n

In+1 —HlaX{C, p }7 yn+1 HlaX{C, p }7
n—1 yn—l

proved that if p,c € (0,1) then every positive solution of the
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system converges to (1,1).
In this paper, we investigate the global stability of following
max-type difference equation

i=1

! b b

1 T
T, =p+yem, maX| —} (1)
where n=012,, 0<m <m <--<m, 0<n <n, <
o <n with  {m m - m }N{nn,

(Z = 1727t)

=9, a >0

b >0 (j=12--r) and P >max{b,

>

t
SN E Z a_, the initial values are positive. By constructing a

i=1
system of equations and binary function, we will formulate and
prove the equation has a unique positive equilibrium solution,
and the positive equilibrium solution is globally asymptotically
stable. The conclusion of this paper extends and supplements
the existing results, this conclusion has a certain guiding role to
production practices as a mathematical model.

t
For convenience, we denote [ =max{m,,n,}, A= Z a,,

i=1

B =max{b,,---,b,} .So p>AB.

2. Some Definitions

In this section we will introduce some definitions (see [20])
which will be needed.

Definition A. [20] Let I be some interval of numbers and let
f:IxI — I be a continuously difference function.

A difference equation of order (k+1) is an equation of the
form

Lo = f(znazn,17“'7xn,k)7 n = 0717"'

A point =z e is called equilibrium solution of the
difference equation if = = f(z,z,---,7), that is ¥ =7 for
all n > —k.

Definition B. [20] The equilibrium ; is called locally
stable if for every &£>0, there exists § >0 such that if

{z }> . is a solution of difference equation with initial
values satisfied |m7k — E| + |a:H, — ff| +---+ |m0 — I| <6,

then

|:cn ,§| <e foralln > —k.

Definition C. [20] The equilibrium ; is called a global

oo

attractor if for every solution {z_ of difference equation,

n=—k

we have lim T =T.

n— o0

Definition D. [20] The equilibrium ; of difference
equation is called globally asymptotically stable if z is

locally stable, and ; is also a global attractor of the
difference equation.

3. Main Results

In this section we formulate and prove some lemmas and
main theorems in this paper, obtain that every positive solution
of (1) has to be the ultimate form of globally asymptotically
stable.

Theorem 1. Equation (1) has a unique positive equilibrium

solution x = p+ AB.
Proof. Since

x =p+2aixmax{bl,---,b’}

i=l X X
we have }=p+A}£=p+AB>p, so equation (1) has a
X

unique positive equilibrium z= p+AB. #
Equation p+ Zt:aix Hnax{bl e ,b»} = that is
p p

p+ Ax gli = x, the only fixed point for the solution of this
p

i=l

2

equation is x = , denote by D, thatis

p—AB
. Because

2 2 _ _
__P _p —p(p=-4B) __p4B _,

D-p= -
P p—AB P p—AB p—AB

so D>p.
Lemma 1. For any real number H > D, if initial values

z,,x o2, €[p H], then z €[p,H] (n21).
2 2
. ABH
Proo f Since H>D = P ,SOHZL,
p—AB p
foranyx ,z -,z , €[p,H], we have
! b b
<z, =p+)» ar max{i—, ... —
p 1 p ; i—m, Iin Iin
2
<, ABH _p o ABH _
p p
! b b
pgxzzp+2aixlw max | ——, -, —~
i=1 ' Ilfn,l Ilfn
2
o, ABH _p o ABH

p p
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suppose for every n<k,thereis z & [p,H], then p=h <h <h <--<h §~--<;<

n

t b b < H <.-..<H <H <H =H.
p < Ty = p+ g ar,. . max{ ! 7"'7_T] < S TorT T
' -t z Z .
! kom ko According to the monotone bounded theorem, we know the
limits of {r}{H} are existence. Let #=1limh
ABH '+ ABH " " ’
<p+ _rt <H.

P p H = lm #_. Take limits on both sides of (2-3), then

By induction, for every n 21, we have z € [p, H]. #

- L~ b b
Let hy=p, H =H>D, for any {20, define the h:p—i_zaih.max[:l?.“?ﬁ]
system of equations as follows: -
b br Ezp+id.§~maxb=lmb=r
—p—|—Zah max Hl, HE 2) i N Iy
! b b that is E:p+AE-£ , E:p+AE-£ , therefore
H . =p+Y aH ma h—l oY 3) I5 L
i=1 ; J— — — — —
hH = PH + ABh = Ph+ ABH o) (p—4B)
thatis h_ = p+ Ah .5, H. =p+AH .hﬁ_ (h—H)=0.Since p>AB,so h=H=p+AB,thatis
i i — . _ - ) #
Lemma 2. For every n =0, there is }Ll—%lc H, 711151;10 h, =z
- Theorem 2. The unique equilibrium x = p+ AB of
h, <h,, <z<H, <= H, equation (1) is locally stable.
2
—p=_2PF i
and hm H = hm h — Proof. Set H=D = , b, and H asdefined in

p—AB
Proof. Obtamed by above definition (2-3), we have Lemma 2. Forevery € >0 with 0 < e < min{D — ;7; -},

B B B according to Lemma 2 and local boundedness, there exists
hnShl=p+AhO-F:p+Ap-E<p+AB::E o

n >0 suchthat v —e <h <;<Hn <;+5.
0 — — —_ —
Take 0< ¢ =min{z —h ,H —x},thatis (z—0,2+0)
B B
H >H =p+AH - h—:erAH ;>P+AB—I C|[h ,H ].Then forevery z,z_,---,z_, € (T -6, T +6),

we have
SO p:ho§h1<a:<H1§H0:H.Because

= x_, x_,
h1:p+Ah0-H£0<h2:p+Ahl-§ 1 1 '
3 3 <p+ZalH max[: ,Z—T} < H,
<p+Am-§=p+AB:m, i=1 n n
B B L b b | _
H1:p+AH0 h_OZHg :P—l—Ath— T 2p+;aihn maX{H_n"“’H_n}_hnH zhn’

>p+AE-£:p+AB:; : thatis z €[h ,H |C (v —¢c,x+¢).
z Similarly, by induction, there is x €[h ,H ]C

(x— 5,; +¢) for every n > —I. According to theorem B,

By induction, there is h <h < ©<H o < H, for the equilibrium x = p+ AB is locally stable. #
every n=0. Thatis

$0 h0§h1§h2<;<H2§H1SHO-

Theorem 3. The unique equilibrium solution ; =p+ AB
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of equation (1) is globally asymptotically stab_le. limx, = . By Definition C, we know = p+ AB is

Proof. In Theorem 2, we have proved z=p+ AB is "7
_ global attractor.
locally stable, then we will prove = =p+ AB is global According to Definition D, it is obviously that the

attractor.
Set H = max{z,,---,7,,,,D}, h and H_ asdefinedin

equilibrium z =p+ AB of equation (1) is globally
asymptotically stable. #
Lemma 2. Following Lemma 1, for every n=1, there is

z €[h,H]=[pH].So 4. Example

Consider one of example of differential equation (1):

B
hy=7p +Ah0 ’ H ST
0 05 3 15

5 ;
Tz Vo g

} n=0L- (4)

z . =20+ 2z, ,+05z, , +3.5z, ) max{

t
= erZaiprm max R where the initial values z,z -
i—1 ! o X, . . . L. .
' Hl-n, Hl-n, it satisfies the conditions of Theorem 3, so the unique

&, € (0,+00) . Obviously,

equilibrium ;: 38 of equation (4) is globally

<p+AH, h_ =H, asympton(.:ally stable. By giving the initial value a.ss1gnrrlle.nt,
0 the following figures 1-2 show the global asymptotic stability.
If initial values z =2 =---=z =10, equilibrium z =38
B 0 -1 -9
h = p+ Ah, N7 ST is glo.b.al.ly asymptotically stable (see Figure 1).
0 If initialvalues + =& =o =005, x=x,=x,=x,=x,=
. b ; ¢, =z =10, equilibrium z =38 is globally
=p+ Z az, ,  max L. asymptotically (see Figure 2).
=1 ' xl+2—nl xl+27n,
120
B
<p+AH, -—=H,.
h ! 90
0
By induction, there is z €[h,H ] for every = 60
n2(l+1)+1, X ‘
( ) 38 W\N\l‘ MMM A A A~~~
Similarly, we have 2z €[h,H] for every 301
n>2(l+1)+1. By induction, z, €[h H,] for every
0 . . . .
n>k(l+1)+1 where k=01, 0 40 80 ., 120 160 200
Following Lemma 2, we know lim H =limh =z, S0  Figures 1. The solution of equation (4), when initial values
nno - t— —ma =10,
18000, T T T T T T
300 T T T T T T T T
16000 1
14000 -
200} l .
12000 b
T
e 10000 x A b
8000} \ | MI | 4
| i f
6000} 38 N ‘ \1LUb\'il"‘.ﬂ:‘v’\jh\)\,ﬂ‘\,'V'u\fq‘ﬁ.fwwmmw~.v SUUUUUUUUNSSE B
4000+ %80 100 50 200 0 50 100 150 200 0
A n
enlargement
2000 / -
i l“ t’u« 1 L L L L !
bR DU e e 100 """ ) R 200 250 300 350
n



55 Han Cai-hong et al.:

5. Conclusion

In this paper, we investigate the characters of positive
solution of the max-type difference equation (1).
First, we showed equation (1) has unique positive

equilibrium z =p+ AB.

Then, we proved two useful lemmas. By citing lemmas we
showed the main theorems in this paper, that is the equilibrium
solution z=p+ AB
asymptotically stable.

At last, we give an example of difference equation (1), draw

the trajectory of the solution by giving two different initial
values, thus intuitively reflect the global asymptotic stability.

of equation (1) 1is globally
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