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Abstract: In this paper, we develop the meshless local Petrov-Galerkin formulation of the scattering from rectangular
cavities embedded in a ground plane. The electromagnetic scattering by the cavity is governed by the Helmholtz equation along
with Sommerfeld's radiation conditions imposed at infinity. The MLPG method is a truly meshless method wherein no elements
or background cells are needed, in either the interpolation or integration. Based on local weak form and the moving least square
(MLS) approximation, this truly meshless method is applied to solve the scattering problem. The results of numerical
experiments have shown the efficiency and accuracy of the proposed method.
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1. Introduction

The electromagnetic scattering by open cavities has
attracted much attention by both engineering and
mathematical community due to its important industrial and
military applications. Examples of cavities include jet engine
inlet ducts and exhaust nozzles, cavity-backed antennas, and
cracks and gaps in the metallic skin of the aircraft. Because a
cavity residing in a scatter can significantly contribute to the
overall Radar Cross Section (RCS) of the target, the accurate
prediction of the RCS of the cavity is necessary. There is a
large literature available on computation electromagnetic
scattering of open cavities, see for examples [1-4], and
references cited therein.

In this paper, we focus on the RCS of open cavity as
shown in Fig. 1. The ground plane and the wall of the open
cavity are assumed as perfect electric conductors (PEC), and
the interior of the open cavity is filled with non-magnetic
materials which may be inhomogeneous. The half space
above the ground plane is filled with a homogenous and
isotropic medium with its permittivity &, and permeability
M, . In this setting, the electromagnetic scattering by the
cavity is governed by the Helmholtz equation along with
Sommerfeld's radiation conditions imposed at infinity.
Classical transparent boundary condition is introduced at the

aperture, and the cavity problem defined in an infinite
domain is reduced to a Helmholtz equation with simple
boundary conditions on the wall of the cavity and a nonlocal
boundary condition on the aperture.

The development of new numerical methods for the
approximate solutions of Helmholtz equations is an
interesting research area of many engineers and
mathematicians. Meshless methods, as alternative numerical
approaches to the classical numerical methods such as the
finite element and boundary element method, have attracted
much attention in recent years, because of their flexibility
and simplicity. Unlike the conventional numerical methods,
meshless methods require neither domain nor boundary
discretization and consequently no information on the
connectivity between nodal points and elements is needed. In
the two last decades, many types of meshless methods have
been proposed. Among these meshless methods, the meshless
local Petrov-Galerkin method (MLPG) proposed by Atluri
and his team in [5-6] is a truly meshless method since it does
not need a background mesh for numerical integration. Based
on the local weak form of governing equations over small
subdomains specified for each nodal point, all integrals can
be easily evaluated over the regularly shaped, overlapping
subdomains of arbitrary shape and their respective
boundaries. Therefore no elements or background cells are
necessary either for interpolation or integration. In this paper
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we apply the MLPG method to solve the scattering of
electromagnetic plane waves by a two-dimensional (2-D)
rectangular cavity filled with the homogeneous medium.

The rest of the paper is organized as follows. In the next
section, the governing equation of scattering model from
open cavity is described and further is reduced to a bounded
domain problem. In the third section, the MLPG method is
applied to solve the scattering problem. Numerical
experiments are presented to illustrate the competitive
behavior of the method in section 4. The paper ends with
some conclusions in the last section.

2. The Electromagnetic Scattering Model
by the Rectangular Cavity

In this paper, we consider the electromagnetic scattering of
an incident plane wave by a two-dimensional open rectangular

cavity embedded in an infinite ground plane as shown in Fig.1.

Throughout the paper, the medium and material are invariant
in the z-direction. As shown in Fig. 1, an open cavity QIR’,
enclosed by the aperture [ and the wall 0Q\[l , is
embedded in the perfectly electric conducting ground plane
. The medium is assumed to be non-magnetic and has a
constant magnetic permeability, which equals to the magnetic
permeability of vacuum. The medium in the half space above
the ground plane is assumed to be homogeneous with positive
electric permittivity & . The interior of the cavity is filled
with homogeneous medium, which have relative electric
permittivity &£.(x,y).

(Eg. Hg )
(Eg, Hg)

E Mo

Y

Figure 1. The model geometry of rectangular cavity scattering.

In TM case, the magnetic field is transverse to the invariant
direction. The incident and the total electric fields are parallel
to the z-axis. Assume the incident and the total fields are

E,(0,0,u") and E,, =(0,0,u) respectively. By the perfectly
electrical conduct condition, the total field u vanishes on the

wall and . The Maxwell equations are reduced to the
two-dimensional Helmholtz equation

Du+ku=f(x,y) inQOR;

u=0 on (AQ\M)Or¢ 1)
Ou .

u,— are continuous on I,
on
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where k> =w'gl, , w is the angular frequency and k is
called wave number.

Let an incoming plane wave u' = "™ *9 pe incident
on the cavity from above space, where @0(—77/2,77/2) is
the angle incidence with respect to the positive y-axis, and
k, = a\J €14, is the wave number of the free space. Assume
u’ be the tangential component of the scattered field
E =(0,0,u'). u' =u—u' +&""779 which satisfies

Mu+kju=0 inR;. ()

In addition, the scattered field satisfies the radiation
condition

tim /7 (2 —iku')=0. 3)
roe on
Using the upper half-plane Green’s function for the

Helmholtz equation, we can get the so-called transparent
boundary operator

I(u)(x):= ﬂ !

—H" (k, | x =x"u(x',0)dx".  (4)
2 Tix—x|

The scattering problem is reduced to the following bounded
domain problem.

Au+kleu=f(x,y) inQ

L(;: 0 on 0Q\I' 5)
“=Iw)+gx) o,

on

iax

where g(x) = -2i B¢ .
In the TE case, the formulation process can be similarly
deduced. The total field satisfies

0 [ﬁgi Du] +ku=f(x,y) inQ

6
% =0 on 0Q\I ©
on
u=1I(u)+g(x) onTl,

=_1r 1y INCCND) .
where [(u)(x):= EIFEHO (ko [ x—x Da—y' dx’,

»'=0

iax

2(x)=2e"".

3. The MLPG Method for the Cavity
Scattering Problem
In this section, we apply the MLPG method for the

electromagnetic scattering problem by open rectangular
cavities in the case of TM polarization. The algorithm in TE
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case can be similarly formulated.
3.1. Moving Least Square (MLS) Approximation

In order to approximate the trial functions over the
solution domain, a meshless interpolation scheme is required.
The moving least square (MLS) is widely used to interpolate
random data with appropriate accuracy in many types of
meshless methods for constructing meshless shape functions.
The property of MLS has been discussed in many literatures.

In a 2-D domain Q, we consider a function u(x) with a
set of nodes {x, =(x,,,)},i =1,2,...,n, and the parameter

associated with the approximation at node i is denoted by u; .

The MLS approximation u”"(x) of u(x) canbe defined by
u'(x) = p,(®a, () =p’ (x)ax), (7)
j=1

where p(x) =(p,(x), p,(X),..., p,(x)) is usually chosen as
complete monomial basis of order ;. For example,

p’(x)=p"(x,y) ={l,x,y}, (linear basis, m=3)

P’ x) =p"(x,y) ={l,x,y,xy,x>,y*}, (quadratic basis, m=6)
in a 2-D model. The coefficient functions in (7)
a(x) = (a,(x),a,(x),...,a,(x)) are determined by minimizing

a weighted discrete L, norm, which is defined as follows,
n h . 2
J(x) = Zw(x— xf)(u (x,) —ul.)
i=1

=3 we=x) (0" ()20 -4, ) ®
=(Pax)-1)" W(Pa(x)-a).

Here w(x—x,) isthe weight function associated with node

i, and it usually has a local compact support with
w(x—x;)#0, and W =diag(w(x—x,), (X=X, ),.... w(x=X,))>
P = (p(x,),p(xX, ), p(x,)) and &= (i, d,,...5,) , 4, is
the fictitious nodal value associated with x, . Note the
stationarity of J with respect to a(x) leads to the following
linear relation between a(x) and U:

oJ .

— =A®X)a(x)-Bx)u =0, )

da
where the matrices A(X) and B(x)
A(x)=P" WP, B(x) =P" W.Thus a(x) can be solved, and
we substitute it into (7) and obtain

are defined by

W)=Y ®,00 = P, (10)

where

Px)=p’ (A (x) B(x). (11)

In Eq. (10), ®,(x) is usually called the nodal shape
function of the MLS approximation corresponding to the
nodal point X, . It can be easily seen that ®,(x) equals zero
when xis not in the support of the nodal point X, , which
preserves the local character of the moving least squares
approximation. Furthermore, ®(x) is well defined only if the

matrix A is not singular, which means P must consist of
linearly independent row vectors. In addition, a fact is that the
smoothness of the shape functions is influenced by the weight

functions and basis functions. Let C*(Q) be the space of k-th
continuously differentiable functions. If w(x—x,)0C*(Q),
and p,(x)0C"(Q) , j=12,..m , then
@ .(x)UC"(Q), r =min{k,/} . Many kinds of basis functions
and the weight functions can be chosen for implementing the
MLS approximation in MLPG method, see [6]. In this paper, a

spline weight function with compact supports is taken as
follows,

2 3 4
-6/ 9| wg| D] —3[ 9| | 0<a <i,
w(x—x,) = 7, 7 r (12)

0, d zr,

i=12,...n

where d, =|x—xi| is the distance from node x, to the point
x, and 7 is the size of the compact support for the weight
function w(x—x;) associated with the node i. Here, it is

obvious that the spline weight function is C'(Q) continuous
over the entire domain. In order to ensure the regularity of A,
7, should be chosen as large enough parameter so as that
sufficient number of nodes is covered in the domain of
definition of every sample point. However, on the other side,
7, should also be not too large so as to maintain the local
character of the MLS approximation.

The partial derivatives of the shape functions @ (x) is
given by the following

¢, x)= z (., A"B+p,(A"B,+ATB),),

J=l

(13)

where A;l = (A‘l)’s represents the derivative of the inverse
of Awithrespectto x ,anditisgivenby AT =-AA A,
where the index ( ) indicates a spatial derivative.

From the above discussion it can be seen that the MLS
shape functions do not possess Kronecker delta property. This
will cause the difficulty to impose the essential boundary
conditions. Many techniques have been proposed to deal with
the difficulty. Lagrange multipliers and penalty methods are
two kinds of widely used methods for imposition of essential
boundary conditions. However, the use of the Lagrange
multipliers will increase the size of linear system and, more
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seriously, the choice of interpolation for the system of
multipliers can lead to a singularity in the system, which is
hard to predict a priori, see [7]. Though the penalty method
requires only a minor modification of the weak form with the
introduction of a scalar parameter that controls the imposition
of essential boundary conditions, a suitable value for the
penalty parameter is not easy to choose in advance. The
method presented in [8], by coupling the meshless method and
the conventional finite element along the essential boundary,
avoid the above drawbacks, and it will be used in this paper.

3.2. Local Petrov-Galerkin Integral Equation

Instead of using the global weak form, the MLPG method
constructs the weak form over local cell Q_, which is a

small region taken for each node in the global domain Q.
The local cells overlap each other and cover the whole global
domain Q. The local cells could be of any geometric shape
and size. In this paper, for simplicity, we take them as
circular shapes. The local weak form of the government
equation in TM case can be written as follows,

J‘Q\- (Au +k2u—f)v dQ=0, (14)

where Q is a local sub-domain associated with any node,

and v is a test function. Using the divergence theorem, the
above formula yields the following equation

- J.Q,\ Oullv dQ + jﬂ}\ Kuv dQ +Im I(u)v ds+'[rw ‘;—zv ds "
J, paae] o

Where T intersection of O0Q\[ and the

su

boundary 0Q_, which is the boundary of Q , and I, is

is the

the intersection of the aperture I and the boundary 0Q,.

Different local test functions can be used in the weak form
Eq. (15), which leads to different ways to construct the global
stiffness matrix, see [6]. Here in Eq. (15), the term

jr I(u)v ds needs to be specially considered. Note the

definition of /(u), and we can rewrite Eq. (4) as

k "O T U
fwxm=—§iﬁfifﬁx%h—xbw
. , (16)
ik U(X,O) ' '
+7O ] |x—x'| Jl(k0|x—x|)dx,

where J(z) and Y,(z) are the first and second Bessel
functions  separately, and the Hankel function
H"(z)=J,(z)+iY,(z) . Note Y,(z)is hypersingular, so the
first part in the above equation denotes a Hadamard principle
value integral. By using Toeplitz type approximation in [9]
and the classical Toeplitz rule, /() in the nonlocal boundary
condition (5) can be approximated as
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TU)(%X,4poyg-0) = D" Gl 0). (17)

Here we assume that M denotes the number of
discretization nodes in the horizontal direction of the cavity,
and N is the number of nodes in the longitudinal direction of
the cavity, thusn = N XM . Here G is a complex matrix, and
it is defined as

G, =G;*+G", (18)

Where G,is the real part, and G, is the imaginary part,

ko |Xisnns = Xpane
Gillle :_til 0 |Vi+n-M I+n M|Yl(k0
2

Xisn-m = Xin-m |)’

ko

Im _ —
G” - 2 Xisn-m _x/+n—M| Jl (ko Hrer xH"_M|)’
(1-In2)/h, li-1|=1,
t, =1-Vh, i=l,

(1n((i—1)2)/((i—1)2—1))/h, otherwise.

Applying the MLS approximation for the unknown
functions, and choosing ®(x) as the test function v(x), we
can transform the local integral (15) to a system of algebraic
equations with unknown quantities at nodes used for spatial
approximation as follows,

Ki=F (19)
where
0g 0¢ 0g oy .,
= L+ T+ - (dQ
K JQ.s [( Ox Ox dy Oy e
20)
0@ 0@ (
+er (g@ +$¢jjds+.|.rw[(¢g(x))¢j ds,
Fi :-[Q; f(q.dQ—.[rw g@ds, j=12,..n. 1)

As for the enforcement of the essential boundary condition,
we apply the coupling between the MLPG and finite element
method to impose the essence boundary condition, see [8] for
detail.

4. Numerical Test and Discussion

Several numerical experiments have been performed, in
order to illustrate the effectiveness of the MLPG method in
electromagnetic scattering by open cavity in the ground plane.
For the tests we use the linear basis function and the
Gaussian weight function. In all computations, to ensure the
invertibility of the moment matrix 4, we put r =2xh,
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where h_=h, = h for simplicity. The calculations are run on

a Pentium 4 PC Laptop with 2.50 GHZ of CPU and 4 GB of
RAM.

4.1. Example 1

An artificial example defined by Eq. (5) with a cavity
a=b=1 to verify the accuracy of approximations. The
f(x,y) and g(x) are chosen such that the exact function is

u(x,y)=e" sin(kox/Z)sin((kO/Z+IT/4)y) , and g(x) is

computed by g(x) =g—u—l (u). Accuracy of the estimated
n

solutions can be worked out by measuring the |le,|, and
e,||, error norms which are defined by
1
2
||e" ||2 = (J-Q|u(x) —u(x)| a’xa’y)2 , (22)
¢,[.. = max{|uc)-aco}, (23)
where u(x) is the MLPG solution, and wu(x) is the

analytic solution. In fact, for obtaining the RCS we pay more
attention to the accuracy of the solutions at the aperture I,
so the error measures of the numerical solutions on [ are
defined by

leell, = (Irlu(x,O)—ﬁ(x,O)fdx)E, (24)
Jer . = max {Jue.0)=dicx. 0)} 25)

The geometry and node distribution (25%25) for the
cavity model in the present work are displayed in Fig. 2. We
distribute the uniform elements near 0Q\l so as to apply
the coupled technique between the MLPG and finite element
method for enforcing the essential boundary conditions. The
cavity considered is an empty cavity, i.e. & =1. When

149

ky, =2mand 477,25%25, 33%33, 49x49, 65x%65 nodes are

distributed separately. At normal incidence, the results in
terms of the errors in the domain and at the aperture are
reported in Table 1 and Table 2 respectively, which show the
errors become less when more nodes are set, and error
performance with different wave number k;, goes in a
similar manner. The numerical solutions gradually converge
to the exact values as the number of nodes increases.

yA

=

I
I

Figure 2. The distribution of nodes and elements for the cavity.

4.2. Example 2

A plane wave scattering from a rectangular cavity with 1
meter wide and 0.25 meters deep at normal incidence. We
applied the MLPG method to solve the cavity scattering in
the TM case. The magnitude of the field of the cavity filled

with the medium & =2.0 and & =8+iare given when
k, =2/ at normal incidence. The radar cross section is also

computed, and the results is shown in Fig. 3 and Fig. 4. In
these figures, the meshless solutions are compared with those
results, noted by ‘0’, solved by the finite element method in
[10].

Table 1. Errors of numerical solution for Example 1 when k, =21

Nodes €l ulles Her Hz Her Hw

25x25 2.411x107 4.032x107 1.058x10 3.472x107
33%x33 7.452x107° 9.891x107 6.478x107 8.774x107°
49x49 1.250x107 3.031x107 1.002x107 2.432%107
65%65 2.039%107* 4.013x10™ 1.876x10™ 2.363x107*

Table 2. Errors of numerical solution for Example 1 when k, =4

Nodes e, €l HerHZ lec]..

25%25 6.961x107 7.910x107 5.432x107 7.884%107
33x33 3.890%107* 4412%107 2.903%107 4.168x107
49x49 4312x107° 6.273x107° 1.643x107 5.422x107
65%65 5.143x107* 7.251x107* 3.284x10™ 5.293x107*
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Figure 3. The magnitude of the electric field at the aperture (left) and the RCS (right) for the cavity filled with the medium &, =2.0.
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Figure 4. The magnitude of the electric field at the aperture (left) and the RCS (right) for the cavity filled with the medium &, =8+1 .

5. Conclusion

The electromagnetic scattering problems from open cavities
have significant application in computational mathematics
and electromagnetism. Instead of traditional numerical
methods, avoiding reliance on elements or meshes, meshless
methods have attracted more and more attention in the
engineering and scientific modeling. The meshless local
Prtrov-Galerkin method is a truly meshless method in which
the trial and test functions are chosen from totally different
function spaces. By using local weak form and the moving
least square (MLS) approximation, we apply the MLPG
method to solve the scattering problem by rectangular
cavities in a ground plane in the paper. The results of
numerical experiments demonstrate the capability of MLPG
method for the scattering problem.
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