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Abstract: Several ecological studies have tried to model the population dynamics of the ungulate migratory animals
individually without including the food and predation factors in the models. In this paper, we analyze the population
dynamics for herbivores, carnivores and the grass volume using the secondary data from the years 1996-2006. The lions’ data
didn’t correlate with the model. Due to that, the sensitivity analysis was carried out for the parameters. The herbivores
predation on grass reduces the volume of grass. The crocodile predation on herbivores decreases the population of
herbivores. Then the crocodile population increases, when its’ natural death rate in the absence of prey decreases. The
herbivores population increases as its’ intrinsic logistic rate increases. There is a trend of Grass periodic increase and
decrease as the rainfall constant value changes periodically. The herbivores population decreases as the lion predation on
them increases. And lastly, the lions’ population decreases as the natural death rate of lion in the absence of prey increased.
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1. Introduction

There is nowhere else in the world where there is such a
movement of animals as immense as the wildebeests
(Connochaetes taurinus), zebras (Equus burchelli) and
Thomson’s gazelle (Gazella thomsoni), migrating from
Serengeti National Park in Tanzania to Masai Mara National
Reserve in Kenya and back. The wildebeest (Connochaetes
taurinus) migration in the Serengeti/ Mara ecosystem of
Tanzania and Kenya represents an iconic example of
ungulate migration and constitutes one of the most
thoroughly documented animal migrations in one of the
most intensively studied ecosystems on earth [13, 8, 2, 9,
16, 17, 15, 10]. The migration is driven by a marked,
highly seasonal rainfall gradient, increasing from South
East to North West, coupled with strong differences in soil
fertility and plant nutritional content between the grassland
and savanna habitats [8, 6, 5, 11]. Speaking of population
trends and predation, by using a logistic model equation for
estimating the wildebeest’s population, from 1960s to
1980s, the Serengeti-Mara ecosystem witnessed dramatic
changes. By mid-1970s, the wildebeest population

increased by a factor of five, and remained at
approximately 1.3 million with slight variations [14, 3, 12].
Reconstruction of 100 years of the vegetation dynamics in
the Serengeti ecosystem gives an insight of what might
happen if the wildebeest population is reduced to about
200,000, as it is believed to have been following the
Rinderpest epidemic in the early 1900s [4].

The Thomson’s gazelles population has been declining
almost two thirds over a decade ago. This decline has been
due to: predation, interspecific competition and diseases.
Predation has been found to be the main factor preventing
the increase of the Thomson’s gazelles population at the
Serengeti National Park [1].

Imposing seasonal variation to multispecies models that
in a constant environment tend towards a stable equilibrium
can lead to cycles and even chaotic dynamics [7], with
overcompensating density dependence leading to low
population densities where extinction may be risked.

In this paper we formulate and analyze a population
dynamics model that depicts the food chain relationship
between: grass; herbivores (wildebeest, zebra and
Thomson’s gazelles); carnivore predators (lions and
crocodiles); thus reflecting on grass food factor, the
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herbivores population size as well as the impact of
predation at the Serengeti ecosystem.

2. Model Formulation

In the formulation of the model we make the following
assumptions:

2.1. Assumptions

1) All the herbivores
non-residents.

2)  All the herbivores factually considered were from
Tanzania.

3)  All the herbivores considered were diseased free.

4) There was no climate change during the research
time.

5) There was no drought during the research time.

6) There was no poaching.

7)  The predators considered were lions and croco diles.

considered were adults

2.2. The Variables

The following variables represent the sub-populations of
the ecosystem as described in section 2.1:

Gr = grass vegetation

W, = wildebeest

Zp = zebra
A; = Thomson’s gazelles
Ly = lions

C = crocodiles
2.3. The Model

Applying the assumptions in Section 2.1 and the variables
defined in Section 2.2 we derive the model for the ecosystem
to consist of the following six ordinary differential
equations: (1) - (6):

ZST = ko cos(wt) Gy — aroWrGr — aryZyGr — gy ApGr (1)
CZVT = NoGrWr + ApoWr — proWr — wroLyWr — BroCWr (2)
%= MGrZr + ApZr — prZy — wpiLpZy — BriCZp (3)

% = 03GrAr + ApyZy — Ay — wppLpAr — BroCAr (4)
dstT =—@¢Lr + voWrLly +viZrLy +V,ArLr (5)
% = —eC + §oWrC + 8,Z7C + 8,ArC (6)

In which T stands for Tanzania and the parameters are
defined as follows:

Parameter Abbreviation

ko the rainfall constant ratio
W angle in radians
the efficiency rate of wildebeest predation on
@ro grass

arq the efficiency rate of zebra predation on grass
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the efficiency rate of Thomson’s gazelles
predation on grass
the efficiency rate of grass prey by wildebeest

Ao the natural birth rate of the wildebeest
u the natural mortality rate of the wildebeest
T0
the efficiency rate of lion predation on the
wildebeest
the efficiency rate of crocodile predation on
Bro the wildebeest
M1 the efficiency rate of grass prey by zebra
Arq the natural birth rate of the zebra

Wro

Ur1 the natural mortality rate of the zebra

the efficiency rate of lion predation on the
@r1 zebra

the efficiency rate of crocodile predation on
Pri the zebra

the efficiency rate of grass prey by Thomson’s
2 gazelles
1 the natural birth rate of the Thomson’s
T2 gazelles

the natural mortality rate of the Thomson’s
Hr2 Gazelles

the efficiency rate of lion predation on the

@r2 Thomson’s gazelles
the efficiency of crocodile predation on the
Br2 Thomson’s gazelles
natural death rate of lions in the absence of
¢ prey
y the efficiency rate of the lion in the presence
0 of wildebeest
v the efficiency rate of the lion in the presence
1 of zebra
v the efficiency and rate of the lion in the
2 presence of Thomson’s gazelle
c natural death rate of crocodiles in the absence
of prey
the efficiency rate of the crocodiles in the
% f wildebeest
presence of wilde
5 the efficiency rate of the crocodiles in the
! presence of zebra
5, the efficiency rate of the crocodiles in the

presence of Thomson’s gazelle
2.4. Model Analysis

To analyze the model, MAPLE software was used.
MAPLE was used to find the equilibrium points,
Jacobian matrices, the eigenvalues as well as the stability
of the equilibrium points.

2.4.1. Equilibrium Points
Some of the equilibrium points were:

{€=0,4;=0,G;=0,L,=0,W;=0,Z,=0},
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2.4.2. The Jacobian Matrices
Jacobian matrices were then found using the same

MAPLE software.
Some of those matrices were:
ky cos(@ 1) 0 0 0 0 0
0 Ay =My, O 0 0 0
. 0 0 Ay—H, O 0 0
0 0 0 A,—m, 0 0
0 0 0 0 -6 0
0 0 0 0 0 -¢
o | P (rry—Hp) O (A —Mpy) O (A —Hp)
m, M, ‘ N,
0 o],
Ny (M — M)
0 - —,00.00]
M,
y (sz —ly)
0.0, B Ay = 1y, 0.0.0]
B
N,k cos(o 1) o, kycos(wr) B, kycos(w1)
Oy Or) Or)

v, kg cos(w1)
0,0,0,0,-¢ + ——,0|,
)
8, kg cos(w?)
0,0,0,0,0,-¢ + ——

Ory

ool

0, -

|

0,0,0, -

Mo (}‘n — “n)
n
M, kg cos(o1) 0.0.0

+ A 0,0.0,0|,

70~ M0

o kg cos(® 1) B By, ko cos(wr)

aT] aT] OLTI

N, (7‘T1 - “n)
m
v, kycos(w1)

+ }”TZ — My 0,0‘,

0,0,0,0, -0 +
aTl

8,k cos(w )
0,0,0,0,0, ~e + ——

Oy

2.4.3. The Eigenvalues

Using MAPLE we get twenty eigenvalues for the
equilibrium solution (of which only one equilibrium point
was stable).

The eigenvalue for the first equilibrium point is:

-€
kg cos(w?)
My = By
A

A

1~ B

" Hp

-0

-“This is a stable equilibrium point iff: € > 0 and ¢ > 0,
cos(wt) < 0,

Meaning: in the absence of prey, crocodiles should
naturally die, lions should also die naturally and rainfall
should vary periodically respectively.

(Aro — Hro) <O,

Meaning: the Wildebeest birth rate should be less than its
mortality rate.

(Ar1 — ur1) <0,

Meaning: the Zebra birth rate should be less than its
mortality rate.

(Arz — ur2) <O0.

Meaning: the Thomson’s Gazelles’ birth rate should be
less than its mortality rate.

All these conditions are not likely to occur
simultaneously. Hence we may conclude that it is very
unlikely for the Serengeti ecosystem will go to extinction at
any time unless disaster enforces the conditions occur.
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3. Simplification of the Model

We had to simplify the model due to the MATLAB
software failure in finding the exceeding large number of
parameters.

This was done using the following steps:

From the system of equations (1) — (6), for example the
birth and mortality rates are combined together to form the
intrinsic rates of growth:

Thus, dropping the subscript “T”, we have equations

Refer to equations (2) — (4);

Let the intrinsic rates of growth be:

(Ao — o) =0
A —m)=n
A=) =7,

for the herbivores equations respectively.
Let the effect of grass prey on Wildebeest, Zebra and
Gazelle Thomson’s respectively be the same as 1, thus:

Mo =M =M2=1M
Wy=w; =Wy =w; Po=p=PF=p
Yo=Y1 =Y2=Y-

Let H=W+Z+ A
(H = Herbivores)

dH dw  dZ . dA
Hence: —= —+ —+ —
dt dt  dt = dt

Let ag =0y = a, = a;

U0=U1:U0=U; 80:81:8226
After the simplification of the model, the simplified
system becomes:

= = kocos(0t)G — aHG )

S = nGH +yH — wLH — BCH  (8)

&= _pL+vHL )
dt
& = —eC + 6HC (10)

The variables are:

G = grass
H =herbivores
L = lions

C = crocodiles
The parameters are now eleven, where:

Parameter Abbreviation
ko the rainfall constant
the efficiency rate of herbivores

a .
predation on grass

the angle in radians

the interaction rate of grass prey on
herbivores

the intrinsic logistic rate

the efficiency rate of lion predation on
herbivores

the efficiency rate of crocodile predation
on herbivores

the natural death rate of lions in the
absence of prey

the efficiency rate of lion in the presence
of herbivores

the natural death rate of crocodile in the
absence of prey

the efficiency rate of the crocodile in the
presence of herbivores

g = 3 o

S ™

)

Only three graphs (for Grass, Herbivores and Crocodiles)
fit the model, while the one Lions does not, this means the
data does not correlate with the model. Sensitivity Analysis
is then applied.

4. Sensitivity Analysis

For this analysis the eight estimated parameters were
altered and observed.
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Figure 4.1(a). As the effect of herbivores predation on grass increased,
the volume of grass decreased from 1996 to 2010.
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Figure 4.1(b). As the effect of crocodile predation on herbivores increased,
the population of herbivores decreased from 1996 to 2004. But the
population increased afterwards from 2004 to 2010 as the predation rate
decreased.
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Figure 4.1(c). As the effect of crocodile predation on herbivores increased,

the herbivores population decreased from 1996 to 2004, but then the
population increased from 2004 to 2010 as the rate decreased.
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5. Conclusion

In this study, the sensitivity analysis was carried out from
1996 to 2010 because the lion’s population didn’t fit the
model due to scarcity of data. Eight sensitive parameters to
the model were analyzed. The interaction between the
herbivores and grass as food, resulted into the decrease of
the volume of the grass. The predation on herbivores by
crocodiles decreased the population of the herbivores. The
crocodile population increased as its natural death rate
decreased. The herbivores population increased as its
intrinsic logistic rate increased. The grass grew periodically
due to rainfall seasons. The existence of lions depended
much on their predation on herbivores.
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