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Abstract: In this paper, exact solutions of two-dimensional nonlinear Schrddinger equation with kerr, saturable and quintic
type of nonlinearities are studied by means of the Homotopy analysis method (HAM). Linear stability properties of these
solutions are investigated by the linearized eigenvalue problem. We also investigate nonlinear stability properties of the exact

solutions obtained by HAM by direct simulations.
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1. Introduction

In recent years, there have been so many mathematical
methods to find approximate solutions of non-linear
problems which come from various field of science and
engineering [1]-[5] [6]-[14]. One of them is Homotopy
analysis method (HAM). Homotopy analysis method,
originally presented by Liao in 1992, has embedding
parameters p and non-zero auxiliary parameter s which
provides us with a simple way to adjust and control the
radius of convergence of series solution. Later, this
parameter h is called convergence-control parameter.

Solitons are localized nonlinear waves and occur in many
branches of physics. Their properties have provided
fundamental understanding of complex nonlinear systems.
In recent years there has been considerable interest in
studying solitons in system with periodic potentials or
lattices, in particular, those that can be generated in
nonlinear optical materials ([15]-[18]) in order to get stable
solitons. In two-dimensional geometry, fundamental solitons
are unstable in two-dimensional NLS equation with cubic
nonlinearity. The Optical lattices such as periodic and
quasicrystal lattices, are not necessary for stability of the
solitons in the self-focusing cubic media [19].

The purpose of the paper, we obtain explicit series
solutions of nonlinear Schrodinger equations with an
external potential under kerr, saturable and quintic
nonlinearities by Homotopy analysis method. The nonlinear
stability of the exact solutions of NLS equation with kerr,

cubic and saturable nonlinearities under the external
potential are studied by direct computations. We also
investigate the linear spectrum of the exact solutions by
using the Fourier Collocation method ([20]).

2. Homotopy Analysis Method

In this section, we apply the homotopy analysis method to
two-dimensional nonlinear Schrédinger equation with kerr,
saturable and quintic nonlinearities under the external
potentials.

In order ro show the basic idea of HAM, let us consider
the following nonlinear differential equation

Nlu(r,t)]=0 (1)

where N is a nonlinear operator that represents the whole
equation, 7 and ¢ are independent variables and u(r,t)
is an unknown function respectively. By means of
generalizing the traditional homotopy, Liao constructs a new
homotopy which is called zero-order deformation equation
([11,[10], [11]). This homotopic equation is the following

(1= pIL(P) = L(u,)] = phH(r, O)N(®), (2

where p[[0,1] is an embedding parameter, 27Z0 is a
convergence control parameter, H(r,t) # 0 is an auxiliary
function, L

is a linear operator, u, is the zeroth
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approximate function and ®(r,#;p) is an unknown

function. Obviously, when p =0 and p=1, it holds
D(r,1,0) = uy(r,1) (3)
D(r,1;1) = u(r,t) “4)

respectively. So, as p increases from 0 to 1, ®(r,t; p)

varies from the initial guess u, to u. Expanding

®(r,t; p) in Taylor series with respect to the p, we can

write
O(r, 15 p) = ug(r,0) + puy (r, ) + puy (r, )+ (5)
where
1 0%
uk(r’t)zﬁap_k |p=0 . (6)

If the auxiliary linear operator, the initial guess, the

convergence control parameter /1 , and the auxiliary
function are properly chosen, then the above series
converges at p =1, which is proved by [1]. So we can find

infinite series as

u(r,t)= 1jm1 D(r,t; p) =uy(r,t) +u (r,t) +uy(r,t) +.... 7
p—

3. The Exact Solution of NLS Equation
with an External Potential

In this study, we investigate the exact solutions of
two-dimensional NLS equation with external potentials by
using the HAM method. The generalized NLS equation we
consider is

iu, +Du+ F(|u|*,u)=0. (8)
Here F(? is a real function, and we assume
F(0)=0 .This equation describes nonlinear light

propagation in a non-Kerr medium. u(x,y,f) corresponds
to the complex-valued, slowly varying amplitude in the

Xy plane propagating in the ¢ direction, Au =u,, +u,,

corresponds to diffraction. In this paper, F(ju |2,u)
function will be taken in the following form:

(@If we take F(lul*,u)=|ulPu+V,(x,y)u the
Nonlinear  Schrodinger equation  describe  soliton
propagating along the ¢ direction in optical medium with
spatially Kerr-type nonlinearity.

(b) If we take F(lu|*,u)=|u|* u+ V,(x,y)u , the quintic
nonlinear Schrodinger (QNLS)equation is obtained and
V,(x,y) is an external potential .

(c) If
governing equation
nonlinearity. Here E, is a constant.

F(lul,u)=Eu!(1+V,(x,)*[uf)  the
is NLS equation with saturable
V,(x,y) is the
external potential.

We will give the exact solutions of  Nonlinear
Schrodinger equation with external potentials under the kerr,
saturable and quintic nonlinearities respectively.

3.1. Nonlinear Schrodinger Equation with Kerr type
Nonlinearity

We analyze two-dimensional nonlinear Schrodinger
equation based on a type of non periodic modulation of
linear refractive index in the transverse direction. We obtain
an exact solution in explicit form for (2 + 1)D nonlinear
Schrodinger equation with the non periodic modulation [5].

. 1 2
lut+5(uxx+uyy)+Vd(xay)U+|u| u=0 ©))
with the initial condition

u(x, y,0) =& exp[%k (x> + 7). (10)

We consider the non periodic modulation of the linear
refractive index in the transverse direction under a parabolic
and Gaussian distribution, i.e.,

V(xy) = "7"<x2 £y = Eexpl-k( + )] (1D)

We apply HAM to the Eq.(9) with initial condition
u(x, y,0)= ﬁexp[_?k (x2 +y2 )] In order to solve Eq.(9),
we construct the homotopic equation. If we substitute
H(r,t)=1 into Eq.(2), then we obtain

(1= PIL(P) — L(u, )] = pHIN(P)] (12)

0P

L(CD):? and N

where is the whole operator

N(CD):iCD,+%(¢'H+<D )+Vd(x,y)¢'+\<D|2¢'and u,

W
is the zeroth order approximate function which we take

ug = u(x,y,0)= ﬁexp[_?k (x* +y?)]. If we substitute L,

N ,and u, into the Eq.(12), then homotopic equation

becomes

h
i(h+1)® +—(d _+d )+
i® =p 2 ? (13)
BV (x, )@ +h|P| P

Substituting Eq.(5) into Eq.(13) and equating coefficients
of p, we obtain
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P -k
S0 e 0) = E expl (7 + 7))

p‘:%:l’(h+1)%+ﬁ auo +au0 +
ot or 2\ ax* 9

h[/d(x7y)u0 +h | u() |2 u())

P’

Ou Ou, h
T =i(h )+ —
P . )az 2(

+h(2|u, [ u, +ui),

0’u,  0u
— = |AV,(x,y)u,
axz ayz j d('x y)u

. +1)—=+
P ot )at

+h(2|u, [ u, +ua,

, Ou, Ou, h(0u, 0u
-1 _[ ax22 + ayzz]-'-th(xfy)uz

+2|u1 |2 u, +M§L72),

with the initial conditions u; =uy =u3 =...... =0. If we

solve above equations for unknowns ui's , We obtain
k. 2 o
u =& expl (7).
u, = ihkt Eexp[_?k(xz +y7)]
i -k
Uy = ihkA[E (ht + 1 + hik )expl—- x>+ )],

u, = hk\/?[i(h +1)t = hk(h+1)¢° —thzi%Jx
expl (e +37)]

As a result, if we sum up the terms u;'s for A=-1 and
p =1, we can get the solution in Taylor from as

u(x,t)= \/_[l+ﬁ+ (ik)”

-k 2 2
Y +..}eXp[7(x +3)]

(14)

The closed-form solution is
_k .
u(x,0) =& expl—- (% + ylexp(-ikn.  (19)

3.2. Saturable-Nonlinear Schrodinger Equation

The propagation of a polarized probe beam is governed by
a generalized NLS equation with saturable nonlinearity. The
model can be given as follows

_ Equ
1+V,(x, p)* | ul’

i, *uy, tuy, =0 (16)
with the initial condition u(x, y,0) = /& exp[%k (x> +y9)].

Where (x,y)

slowly-varying amplitude of the probe beam, E, is a

are transverse coordinates, u is the
constant and V; is a lattice intensity function as following

2
% Fexpl~k(:* +yD)]. (17)

we apply HAM to the Eq.(16) with initial condition
u(x, y,0)= ﬁexp[_?k (x2 + y2 )] . In order to solve Eq.(16),

Vd(st’) =

we construct the homotopic equation. If we substitute
H(r,t)=1 into Eq.(2), then we obtain

(1= PL(P) = L(u,)] = pAIN(P)] (18)

o

where L(®P)= o and N is the whole operator

EOCD

N(®) = i®, +
"1V ()| O]

(P, +D,,)

and u, is the zeroth order approximate function. If we

substitute [, NV ,and u, into the Eq.(12), then homotopic

equation becomes

E,®

i®, = plith+ 1), + —
Y SRETREY:

_(q)xx +¢)yy):| (19)

Substituting Eq.(5) into Eq.(19) and equating coefficients
of p, we obtain

P) -k

P2 ey P Ot O
ot ot ox’ 0y’

Pl

_ Euh
TV, (e )+ uy [

2
R AN L A a”;
ot o oy
E()ulh + E()u()h(ullj() +u017])
1+I/d+u()ﬁ() (1+Vd+uoﬁo)2
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2 2
RN TN T AN
az ot Ox 9y’
_ Eu,h EhQuuu, +uu, tugu, +ugi,)
(I+V, +u,it,) (1+V, +u,ir, )’

u,h(u,, +ui,)’
(1+V, +u,ir,)’

with the initial conditions u; =u, =uz =...... =0. If we

solve above equations for unknowns #,'s , we obtain the
following functions

u(x,t) = uy(x, ) +u (x,t) +u, (x, ) +...= {1 -

u(x,t) = \/?exp[_?k(xz +) +4i)].  (22)

3.3. The Quintic-Nonlinear Schrodinger Equation

We obtain the exact solution of the nonlinear Schrodinger
equation with quintic nonlinearity. The mathematical model
can be given as

u, +§(uxx b ) VGt lufu=0  (23)
with the initial condition
-k
u(x, y,0) = e><p[7(x2 +37)]. (24)

We consider the external potential as the non periodic
modulation of the linear refractive index in the transverse
direction which is a parabolic and Gaussian distribution, i.e.,

2
Vy(ray) = o (32 + %) —exp[2k(x2 + %)) (25)

We apply HAM to the Eq.(23) with initial condition
u(x, y,0)= exp[_?k (x2 + yz)] In order to solve Eq.(23), we

construct the homotopic equation. If we substitute
H(r,t)=1 into Eq.(2), then we obtain
(1= p)IL(P) — L(u,)] = ph[N(P)] (26)

where L(®P)= %;? and N is the whole operator

N(®) = i, +%(¢xx F D)+, () OF | D B

2ike | Qike)*
noo2 3!

uy (x, y,t) = \/EGXP[_?]C(XZ +37)],
u, = 2hkit Eexp[_?k x> +3M)]

w, = 2[~W k6 + hk(h+ )it |J& e)cp[%k(x2 +y9),

(20)
137343
u, =[KL g ke 1)+ 20k 1))
k., 2
VEexpl— (7 + )]
As a result, if we sum up the terms u;'s for j=—1

and p =1, we obtain the exact solution of the nonlinear

Schrodinger equation under the saturable nonlinearity with
an external potential as

~ (2ikt)3

}/? expl—- £ +37)] @1

and is the zeroth order approximate function which we take
—k .
Uy :exp[T(xz +y2)]. If we substitute L, N ,and U,

into the Eq.(12), then homotopic equation becomes
. . h
i®, = p[z(h +1)o, +5(<Dxx +® )V, (x, )P +h| D * q)} 27

Substituting Eq.(5) into Eq.(27) and equating coefficients
of p, we obtain

0 -k
po :{%:Oa u(xsyso):exp[_(x2+y2)]a
t 2
2 2
o Ou, _ —ih+ )Ouo +_ 0u 6 u20
ot ot Ox Oy

+hV, (e, y)uy +hu, | uy,

ou ou 0’u, 0u
i =i(h+1)—+— +—L
P TS, (az ayz]

+hV, (x, y)u, +hQugu, i, + i uy),

P :aa&=i(h+1)a“2 +ﬁ[62u2 +_‘32“2j

ot ox’ 0y’
+hV,(x,y)u, +h(6u0u0u1u1 +3uu'u,’
+3ulu,u,’ +ulu] + 2uuu,
with the initial conditions u; =u, =uz =...... =0. If we

solve above equations for unknowns ;'S , we obtain

-k
tg = expl—- (x> + 7)1,
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u, = ihkt exp[%k (x2 + )]

W2 k2t?

uy = [~ + Wit (h +1)] exp[_?k o2+ 2],
u, = —_ihek Lk (h+1)

+hkit(h + l)z]exp[%(x2 + v,

With the same manipulating as we did above examples,
summing up the termsq u;'s for A=-1 and p=1, we
obtain the exact solution of the Nonlinear Schrodinger
equation in the following form

u(x,t) = exp[_?k (x> +y* +2ikt)]. (28)

4. Linear and Nonlinear Stability of the
Exact Solutions

4.1. Linear Stability

Now we address the critical question of linear stability of
these exact solution under kerr, saturable and quintic
nonlinearities. To obtain the whole spectrum of these
solutions, we will use the Fourier collocation method ([20]).

We consider NLS equation with general types of
nonlinearities and potentials

iU, +AU+ F[|U |*,x]=0 (29)

Here F(|U |2, x) is areal-valued function. This equation
admits solutions of the form

U(x, 1) = u(x)e™ (30)

where M is the propagation constant, and u(Xx) is a

general real-valued function. To study the spectrum of the
exact solutions we assume that [20]

U(x,t) = [u(x) +[v(x) + wx)]e™ +[v" (x) - w*(x)]e”*']e”" (31)

where v(x), w(x) <<1

Eq.(24) to Eq. (22) and linearizing, we obtain the following
linear-stability eigenvalue problem as

. Inserting this solution given in

0 L_\v %

ilL, O|w|=Aw (32)

where L_ and L, are defined as

Lo=-p+A+F(ul’,x)

L=+ D+ F(luPox)+2u? -2

olul®

(33)

Eigenvalues with positive real parts are unstable
eigenvalues. The other eigenvalues are stable ( purely
imaginary eigenvalues are often called internal modes). We
checked the linear eigenvalue problem for these exact
solutions obtained by the use of the homotopy analysis
method.

The linear spectrum of the exact solutions of nonlinear
Sherodinger equation for kerr and quintic nonlinearity under
the parabolic and gaussian distribution are shown in Fig. 1.

@ (®) ©
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-1 i -10 : 20 :
-5 D 0.5 -1 0 - ]
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Figure 1. Linear-stability spectra of the exact solutions (15) (28) and (22)
(with k= -1) in the generalized NLS equation under three different
nonlinearities (a) Kerr nonlinearity (b) Quintic nonlinearity (c) Saturable
nonlinearity.

As it seen from this figure the spectrum of the exact
solutions of NLS equation with kerr and quintic nonlinearity
contains a pair of real eigenvalues. So these solutions are
linearly unstable while the exact solution of NLS equation
for saturable nonlinearity under the parabolic and gaussian
distribution is linearly stable.

4.2. Nonlinear Stability

In order to study the nonlinear stability, we directly
compute the (2+1) dimensional NLS equation with kerr,
quintic and saturable nonlinearities over a long time, (finite

. and u,,,

and fourth-order Runge-Kutta method to advance in ¢) for
periodic and gaussian distribution potentials. The initial

difference method was used on derivatives U

conditions were taken to be an exact solutions with %1
random noise in the amplitude and phase. First we consider
the direct simulations of the exact solution of NLS equation
with kerr nonlinearity. As can be seen from Figure. 2 the

peak amplitude of the exact solution A(7)=max,  |u]

oscillate with ¢ . This suggest that the exact solution
obtained by HAM is nonlinearly stable.



Applied and Computational Mathematics 2013; 2(6): 152-158 157

{a)
1.4 1
_ 1o 08
Z 1m Eo.s
5 .
e
= 1.008 £ o4
5 z
£
1.008 o2
1.004 °
b 5 10 % s

Figure 2. (a) Peak amplitude A(t ) =max, | u | of the exact solution

of NLS equation with kerr nonlinearity as a function of the propagation time.
The initial condition is taken as the exact solution with 0.01 noise. in the
amplitude and phase. (b) On the axis mode profile for exact solution for

kerr nonlinearity along the diagonal axes with t =0 and t =20 .

The second case we plotted the maximum amplitude of
the exact solutions for quintic and saturable nonlinearity.
Figure 3 and Figure 4 show that the maximum amplitude for
both cases oscillate with . The exact solutions appear to be
nonlinearly stable.
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Figure 3. (a) Peak amplitude A(t) =max_, |u| of the exact solution of

NLS equation with quintic nonlinearity as a function of the propagation
time. The initial condition is taken as the exact solution with 0.01 noise in
the amplitude and phase. (b) On the axis mode profile for exact solution for

kerr nonlinearity along the diagonal axes with t =0 and t =20 .
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Figure 4. (a) Peak amplitude A(t) = max, |u| of the exact solution of

NLS equation with saturable nonlinearity as a function of the propagation
time. The initial condition is taken as the exact solution with 0.01 noise in
the amplitude and phase. (b) On the axis mode profile for exact solution for

kerr nonlinearity along the diagonal axes with t =0 and t =20

5. Conclusion

In this paper, using different types of nonlinearities, we
found the exact solutions of two-dimensional nonlinear
Shrodinger equation with the parabolic and gaussian
distribution by using Homotopy analysis method (HAM ).
We also investigate the nonlinear and linear stabilities of the
exact solutions. We show that all exact solutions for kerr,
quintic and saturable nonlinearities are nonlinearly stable

but for kerr and quintic nonlinearity the exact solutions are
linearly unstable. Also we investigated the linear stability of
the exact soliton for saturable nonlinearity. We found that
this solution is linearly stable.
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