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Abstract: In this paper, we extend the work of Kalita et al. [11] to solve the steady 3D convection-diffusion equation
with variable coefficients on non-uniform grid. The approach is based on the use of Taylor series expansion, up to the
fourth order terms, to approximate the derivatives appearing in the 3D convection diffusion equation. Then the original
convection-diffusion equation is used again to replace the resulting higher order derivative terms. This leads to a higher
order scheme on a compact stencil (HOC) of nineteen points. Effectiveness of this method is seen from the fact that it can
handle the singularity perturbed problems by employing a flexible discretized grid that can be adapted to the singularity in
the domain. Four difficult test cases are chosen to demonstrate the accuracy of the present scheme. Numerical results show

that the fourth order accuracy is achieved even though the Reynolds number (Re) is high.
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1. Introduction

We are concerned with numerical solution methods for
solving convection-diffusion equation as it plays an
important role in computational fluid dynamics (CFD). In
the last two decades, a variety of specialized techniques
were developed based on high order compact (HOC) finite
difference (FD) schemes, which are computationally
efficient. Several authors developed a number of fourth-
order compact (40C) finite difference schemes for
convection diffusion equations on uniform grids for two
dimensional space [1-3] and three dimensional space [4—
7].These schemes have good numerical stability and

provide high accuracy approximations for smooth problems.

However, for singularly perturbed problems, if uniform
grids are employed, the grids have to be refined over all
computational domains. That leads to expensive and
wasteful computations. Hence a non-uniform grid
discretization is used to solve these problems by making
grid points concentrate in the regions of singularity. One
practice of non-uniform grid discretization is achieved with
different mesh size in x-, y- and z-directions however the
grid is still uniform in each of these directions. Using this
approach, Ge [8] solved the 3D Poisson equation and Ma
and Ge [9] solved 3D convection diffusion equation.

Another practice of non-uniform grid discretization is space
transformation. Ge and Zhang [10] solved singularly
perturbed problems by discretizing the computational
domain on a non-uniform grid to resolve the boundary
layers, and then a grid transformation technique is used to
map the non-uniform grid to a uniform one. The solution
procedure of this method is complicated, expensive and
sometimes error-prone.

In a departure from these two practices, a
transformation-free HOC finite difference solution
procedure was proposed for the steady 2D convection
diffusion equation on non-uniform grid by Kalita et al. [11].
Ge and Cao [12] developed a multigrid method based on
[11] to solve the 2D convection diffusion equation.
Recently, Ge et al. [13] proposed a multigrid method for
solving the 3D Poisson equation, which is a convection-
diffusion equation with zero convection and constant
diffusion coefficients.

This paper extends the work of Kalita et al. [11] to solve
3D convection diffusion equation with variable coefficients
on a cubic non-uniform grid. Our approach is based on the
use of Taylor series expansion, up to the fourth order terms,
at a particular point with arbitrary mesh sizes in each of the
three directions to approximate the derivatives appearing in
the 3D convection diffusion equation. The original
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convection diffusion equation is then used again to replace
the resulting higher order derivative terms. This leads to a
higher order scheme on a compact stencil of nineteen
points. The present scheme makes it possible to use
whatever non-uniform pattern of spacing one chooses in
either direction. We introduce an algebraic multigrid solver
for the first time, to the best of our knowledge, as an
attractive tool for solving the 3D convection diffusion
problem on non-uniform grids with transformation-free
HOC scheme.

The paper is organized in five sections. Section 2
presents the basic formulations and derivation of the

proposed HOC scheme for variable convection coefficient
case. Section 3 describes the Algebraic Multi-Grid (AMG)
method. The numerical results for four boundary layers test
cases are presented in Section 4. Finally, Section 5 contains
the conclusions.

2. Basic formulations and numerical
procedure

Consider the 3D convection diffusion equation in the
form

—(%+i+—)+p(x y,Z)—+q(x y,z)—+r(x y,z)——f(x Y, 2) inQ (1)
with proper Dirichlet boundary conditions on 6Q. Here the  points a; = X, X1, X2, o, Xm—1, Xm = a3 b, =
coefficients p, q, r and forcing function f, as well as the Yo, Y1, Y2, ) Yn-1, ¥Yn = b3

unknown function u are sufficiently smooth functions, and
have the required continuous partial derivatives. Q is a
cubic region in R3 defined by a; < x < a,, b; <y <b,,
CL < Z <G,

The discretization is carried out on a non-uniform 3D
grid. The intervals [a;,a,], [b;,b,] and [ cq,c,] are divided

into sub-intervals by the

: . _ ou xf *u X; a3u X}lﬂ o*u
u(l + 1']' k) - ul'J'k + xf o0x ijk to 2! sz ijk 3! 9x3 ijk 4! ox*|l;;
Similarly at (i —1,j,k)

. , _ ou x§ 9%u x; 93u xp 9%u
u(l 1']' k) = Uijk = Xp oxlijk 2! 9x? ijk 3! 9x3 ijk 4! 9x*

From Eqgs (2) and (3), we have
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and ¢, = zg, Zq, Zy, ..., Zk—1, Zx = Cy. In the x-direction,
the forward and backward step lengths are respectively
given by Xf=Xj;1 —Xj , Xp = X —Xj_1, 1 <i<m-—-1
and in the y- and z-directions, Vs, ¥y, Zf, Zp, can be defined
similarly.

For a function u(x,y,z) assumed smooth in the given
domain, Taylor series expansion at point (i + 1,j, k) (Fig. 1)
gives:
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Figure 1. Non-uniform HOC stencil

In the x-direction, the first- and second-order central difference operators are defined by

Uit1,j,k—Ui-1,jk
Xptxp

2 _ 2 Uit,jk | Ui-1,jk 1 1
and 6)( Ujji = [ + — (; + ;)ui,j,k

Solls o =
xMijk xptxp | xf Xp

With these notations, (5) becomes

0%u o2 1 d3u 1/ 2 2 *u x?+x,§

e Ox Uijk —g(xf _xb)ﬁ ik _E(xf + X —xfxb)ﬁ ik (xf —xp) (%} +xb)axs —xf+xb (6)
From Eqgs (4) and (6), the first derivative may be approximated as
W s My — 62w, Y 1 )2 xjag
axliji - 6xu”k 2 (xf xb)dx Uijk 6 ax3lij 24 XrXp (xf xb) ax*lyji 0 (xf+xb ™
Similar expressions can be derived for the y — and Now, we proceed to derive the HOC scheme for the 3D

convection diffusion equation on non-uniform grids.
In view of Egs (6) and (7), Eq. (1) may be approximated
at the point (i, j, k) as
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It is important to note that, if Ty in Eq.(9)
approximated by the first six terms while neglecting the
remaining terms then its truncation error is at least third
order if the grid is nonuniform but fourth order for uniform
grids.

Ty = (Hap + Hop? + 2H, ) 2+ (Kyq + Ky q? + 2K, )

+ (Lar + Lor? + 2L, az)

2.1. Derivation of HOC

The third- and fourth-order derivatives of u in Ty (Eq.
(9)) are derived by differentiating the original Eq. (1) with
respect to X,y and z. Using these derivatives, (9) can be
written as

0
+{(Hy + Hyp) 2 +

P ) a

(K1+K2q) p+(L1+L2T) p+HZax2+K2 +L2 } ::+{(H1+H2p)£+(K1+K2q)a_q+(L1+L2r)£+
2
HZ 9x2 +K2 +L2 } {(H1+H2p) +(K1+K2q) +(L1 +L2T) +H2E+K2 ay LZ 922 }a:
ap) 92
{(Hy + Hyp)q + (K, + Koq)p + 2H, 52 4+ 2K, }axay {(Hy + Hyp)r + (Ly + Lyr)p + 2H, 55+ 2L, ”} —
(10)
(s + Lor)q + (K + Koq)r + 2L, 30 + 2K, ay} e = (Hy o+ Hop — Kop) 57z — (I + Koq — Haq) 5550~
{H, + Hop — LZP} axazz —{Ly + Lor — Hz’”} axzaz —{K; + Kq — qu} ayazz —{Ly + Lr - Kz’”} ayzaz —(H +
Ko) s = (Ha + 1) 350 = (s + L) g0y — {(Hy + Hop) 3=+ (K + Ko@) g+ (Ly + Lor) o+ Hy o+ Ky +
Xrt+x

Lo} = Gy = ) (af + 8)6s + O = 1) OF + ¥8)a + (o = 2) (2 + 28)bs + 0 (£2)
From Egs (8) and (10), we have the following HOC scheme on non-uniform grids for Eq. (1)
[~A4jk6% — Bijic63 — Ciji8Z + Pijic 85 + Qujic 8y + Rijyc 8, + Dijie 528, + Eyjye 8.8, + Gijye 5,8, — Hyjye 5,65 — Liji6% 6, — an
Miji 856% — Nijie8% 8, — Oijic 8,67 — Sijic85 8, — Tiji62 65 — Viju6267 — Wij 8562 | ugjie = Fijc
where the coefficients Aijk, Bijk, ---» Wy are given by
Aijk =1- HZ(Z p,+ pz) —Hip+ O.S(xf - xb)p
Bijr=1-K, (2 q, + qz) —Kiq+05 (yf —yb)q
Cijkg =1— L2271, +7°) —Lir + 0.5(Zf - zb)r
Pijk =p +H1 Px +K1 py + L1 Pz +H2 (pr + pxx) +K2(q py + pyy) +L2(T Pz + pzz)
Qijk =q+Hiax +Ki gy + L1 @z + Hy (0 Gx + Gxx) + K2(q ay + ayy) + La(r q; + 422)
Rijjg=r+H nn+Kir+Lin,+H (pry+ 1) + Ki(q n + ryy) +Ly(r r,+ 13,) (12)
Dijk = Hiq + Kip + Hy (pq + 2q,) + K2(pq + 2 p))
Ejy =Hir+Lip+H, (p+ 27 )+ L,(rp + 2 p))
M;j = Hy + p(Hy — L), Nij = Ly + (L, — Hp)
Oijk = Ky + q(Ky — L), Siji = Ly +7(L2—K3)
Tiji = Hy + K3, Vijie = Hy + Ly, Wy = K + Ly
And
Fije = f+ (Hy + Hop)fe + (K + Ko@) fy + (Ly + L) f + Hofir + Kofyy + Lofy (13)

The expressions for T in Eq. (10) clearly indicate that
the local order of accuracy of the scheme is four or three
depending upon the grid spacing. The order of the
truncation error is four on uniform grids (when x; = xy, ,
V¢ =ypand z¢ =z, ) and at least three when the grid
spacing is non-uniform (when X¢ # Xy, V5 # Vp OF Zg F Zyp,).
In system of Eqs (12) and Eq. (13), we can use either exact

derivatives or second order finite difference for the
convection coefficients and the source term without
reducing the order of approximation.

Substituting the finite difference formulas (see Appendix
A) in Eq.(11) in view of the node numbering shown in
Fig.(1), the 19 point high-order compact (HOC) scheme
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The coefficients oq(1=0,1,2,...,18) are given as:

and Fjj is given by Eq.(13).

The overall matrix and the source vector corresponding
to the finite difference Eq. (14) are constructed using
assembly process. The coefficients from o to ;g and Fjjy,
are computed for all grid points according to the nodal
stencil scheme shown in Fig. (1). Then after boundary
conditions are incorporated, we obtain the system of linear
equations Au = b.

3. Algebraic Multigrid (AMG)

The solution of the system of linear equations arising
from the HOC scheme of 3D problems tends to be
computationally intensive because it requires much more
memory space and CPU time to obtain solutions with the
desired accuracy. So, iterative solution methods are
considered as the best choice rather than the direct methods
in such situations. Multigrid methods (MG) [14-17] are
among the most efficient iterative algorithms for solving
linear systems associated with partial differential equations.

> = Fye a4
1=0
qo = Ak (2t ) Bue(1 1) Cakf1 1) 4Tuk Vi AW i
0 h \xf Xp k \yr Yb l zf Zp XFXpYfYb XfXpZfZp YFYbZfZp
—Aijk |, Pijie | Hijie (1 1 ijk (1 1 Tijr (1 1 Vije (1 1
= Yo Y\, T ) T G ) e s ) T g T
o = By | Qijk | Lijk i+i +0ijk i+i +Tll 1 " 1 +Wijk 1 + 1
2 kyf 2k 2hk xXf Xp 2kl zZf Zp hk XfYf XpYf kl YrZf YfZp
= ZAuk _ Pujle _Hige (1 1\ Mige(t 1) Tge( 1 1) Ve 1, 1
3 hxp 2h 2hk \yr = ¥p 2hl \zf  zp hk \xpyf = xpYp hl \xpzy = xpzp
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ay = kyp - 2k _ﬁ Xf+; - 2kl ;+Z +F Xfyb+xbyb + kl bef+beb
Cijk | Rijie |, Sije(1 |, 1 k(1 1 Vi [ 1 1 Wik {1 1
as =—L+=+L(—+—)+Z(—+=)+-F +—)+== +
lzg 21 2kl \yr b 2hl \x¢ Xp hl \xfzf XpZf kl \yrzf YpZf
a. = Cijk_R‘_]k_S‘_]k 1+i _ Nijk i_l_i ML.F 1 +M L+ 1 (15)
6 lzp 21 2kl \yr  ¥p 2hl \xf Xp hl \xfzp XpZp kl \yfzp YbZbp
_ 1 (pn.. _ oLk __ Huk lek _ o Luk Hijk  , Tijk
ar = (Dl]k 2 2—= fo/f Qg = v Dljk 2—+2— Ve 4bef
1 Lz)k Huk lek) _ Lijk Hijk 5 Tijk
ay=— (Dz]k t2- oo gl g, = (=D + 2 - 2T - g
p 1 E.. Mij ZNijk _4 Vijk o 1 G 2 Oijk ZSii _ 4Wijk
11 4hl ) zf Xf Xfzf Gz = 4kl gk — zf Yr Yrzf
1 Ml]k Nijk  , Vijk _ 1 Ol]k Sijk _ , Wijk
@13 = 4hl( Elfk +2 -2 Xp 4xbzf e = g Gl]k +2 -2 Vb 4ybzf
1 M Nij Vii 1 0 Si: Wi
Qs = _(_Eijk —2 uk + 2 Nijk ijk 4L")’ A = _<_Gijk — o dijk uk 4 ik ijk 4 l}k)
4hl xXf XfZp 4kl YVr YfZp
_ L ML}k Nt}k Vijk) _ i( Ouk SL}k Wijk)
a1 _W(E,jk+2 +270 =47 g = o (G + 27 220 g

The basic idea of MG is to damp errors by utilizing
multiple resolutions in an iterative scheme. Oscillatory
components of the error are reduced through a smoothing
procedure on a fine grid, while the smooth components are
tackled using an auxiliary lower-resolution version of the
problem (coarse grid). Two types of multigrid approaches
may be distinguished: geometric multigrid (GMG) and
algebraic multigrid (AMG) [18]. However, for convection-
dominated problems, choice of the smoothing procedure
and inter-grid operators are nontrivial for GMG method.
Since a standard relaxation smoother may fail to achieve
the optimal grid-independent convergence rate for solving
convection diffusion equations with a high Reynolds
number, the plane relaxation smoother or semi coarsening
can be implemented to achieve better grid
independency[1,6]. This requires special treatments of
transfer operators and data structure.

On the other hand, for AMG, the coarsening process is
fully automatic. Despite of the extra computation costs of
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this automation phase [19, 20], the most important strength
of AMG is its flexibility and robustness in adapting itself to
solve large classes of problems despite using very simple
point-wise smoothers.

Thus, to solve the arising system, we choose to apply
AMG. The efficiently implemented amg_grids_setup.m
function by J. Boyle, D.J. Silvester [21] is used as a black
box for construction of the coarser grids and computation
of prolongation operators. This algorithm is based on [22—
24]. Our AMG method is based on the standard multigrid
V-Cycle. The V-Cycle is the computational process that
goes from the fine grid down to the coarsest grid and then
comes back from the coarsest grid up to the fine grid. We
apply V (0, 2) cycles with a classical Gauss-Siedel
smoother. The results of AMG solver is illustrated in
Appendix B.

4. Numerical Results

Four test problems, with both constant and variable
convection coefficients, are considered to demonstrate the
accuracy of the present method. The first three of these
problems are convection diffusion equations and the results
of the present method on nonuniform grids are compared
with those obtained using the most recent similar work
which is available only for uniform grids [4-7]. For the
purpose of comparison with 3D nonuniform grid, we
consider the recent work of Ge et al. [13] that proposed a
non-uniform HOC scheme to solve the 3D Poisson
equation. So, our last test problem is a Poisson equation
that can be obtained from Eq. (1) as a special case with
zero convection coefficients.

The errors reported are the maximum absolute errors
over the discretized grid. The accuracy order of a

Table 1. Comparison of errors on uniform

difference scheme is evaluated by the following
formula Order = -2&1/¢2)
log(N2/N1)

where e, e, are the maximum absolute errors for two
different grids with (N;+ 1)3 and (N, + 1)3 nodes,
respectively.

The non-uniform grids are constructed easily. The
interval 0 <x <1 can be divided uniformly into iy
intervals by nodes: x; = — ,i=0,1, < ipax. However a
stretched grid can be obtainad by:

i A . i . .
+—Xsm(, ), i=0,1, iy

Xj =
Imax L Imax

where A is a stretching parameter, —1 < A, < 1. Similar
grid stretching functions can be applied in y- and z-
directions.

4.1. Problem 1

Consider the following differential equation:

—e(uXX +uy, + uZZ) + ﬁuy =f(x,y,2), 0<
x,y,z <1

The Dirichlet boundary condition and source function f
are determined such that the analytic solution is

u(X, Yy, Z) = 7. (ey—x + 2—1/6(1 + y)1+1/e)

This problem has a vertical boundary layer alongy = 1.
Therefore, a non-uniform grid along the y —direction with
clustering near y = 1 is used while keeping uniform grids
along the x and z directions.

Table 1 gives the maximum absolute errors and the
convergence order on uniform and non-uniform grids for
€ = 0.1, 0.05 and 0.01. Although both uniform and non-
uniform HOC produces the fourth order accuracy for this
range of €, the values of errors are much less for the non-
uniform scheme specially as € decreases since the boundary
layer becomes more effective.

and non-uniform grids for Problem 1.

N uniform Non-uniform
Error Order Error Order
Ay, =01
17 5.89E-06 1.23E-06
e=0.1 33 3.67E-07 4.00 7.57E-08 4.02
65 2.29E-08 4.00 4.72E-09 4.00
Ay, =02
17 1.25E-04 1.58E-05
€ = 0.05 33 7.95E-06 3.97 9.37E-07 4.08
65 4.95E-07 4.01 5.79E-08 4.02
Ay, =0.55
17 5.59E-02 1.24E-03
e =0.01 33 5.82E-03 3.26 6.08E-05 435
65 3.59E-04 4.02 3.86E-06 3.98
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Figure 2. Results of Problem 1 for € = 0.01 on grid 323 in plane z = 0.5625 (a) Non-uniform grid (A, =1, =0, Ay = 0.55),; (b) exact solution; (c)

absolute error on uniform grid; (d) absolute error on non-uniform grid.

In order to demonstrate the efficiency of the proposed
non-uniform HOC, we plot results, at plane z = 0.5625
and for e = 0.01, showing the exact solution in Fig. 2(b),
the absolute error distribution on uniform grids in Fig. 2(c)
and on non-uniform grids Fig. 2(d). We can see that the
absolute error on non-uniform grids in the boundary layer
is much smaller than that on uniform grids.

4.2. Problem 2

Consider Eq. (1) with: p=—-x(1-y)2—-2), q=
-y1-2)2-%), r=-z2(1-x2-y),

The boundary conditions and source function f are given
by the analytic solution.

eX/€yeY/etet/e_p
el/e—1

u(x,y,z) =

Here the solution is almost zero everywhere except near
x =1,y =1 and z = 1, where it has thin boundary layers.
Most numerical methods have difficulty in accurately
resolving the solution of such problems. To solve this
problem, a non-uniform grid along the three directions with
clustering near x = 1,y = 1 and z = 1 is used by suitable
grid stretching parameters. For instance, when A, = A, =

A, = 0.8 the grid distribution in the xy-plane on grid 323 is
shown in Fig. 3(a).

Table 2 gives the maximum absolute errors and the
convergence order on uniform and non-uniform grids.

We select different stretching parameters according to
the value of €. As € decreases, the boundary layer becomes
thinner and nodes have to be more clustered to capture the
singular behavior in the boundary layer. It can be observed
that for € = 0.1 and 0.05, the computation on both uniform
and non-uniform grids can keep fourth order convergence.
But when € decreases to 0.01, the convergence rate on
uniform grids decreases to third order while fourth order
convergence still maintained on non-uniform grids. And
the computation on non-uniform grids achieves
significantly better accuracy than on uniform grids. In order
to illustrate the accuracy of the proposed scheme, results of
plane z = 0.8125 ,on uniform grid and plane z = 0.8123,
on non-uniform grid, for e = 0.01, are presented in Fig. 3
for the exact solution (b), the absolute error distribution on
uniform grids (c), and on non-uniform grid (d). We can see
that the absolute errors on non-uniform grids in the
boundary layer are much smaller than that on uniform grids.
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Solution
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Figure 3. Results of Problem 2 at plane z = 0.8125 (uniform grid) and plane z = 0.8123 (non-uniform grid) for € = 0.01 (a) Non-uniform grid
Ay=24,=1,=08, 323), (b) exact solution, absolute error on (c) uniform grid, and (d) non-uniform grid.

Table 2. Comparison of errors on uniform and non-uniform grids for € = 0.1,0.05 and0.01

N uniform Non-uniform
Error order Error order
Ay=21,=21,=04
e = 17 6.17E-04 3.13E-05
— o1 33 3.91E-05 3.98 1.97E-06 3.99
: 65 2.46E-06 3.99 1.23E-07 4.00
Ay=21,=2,=06
17 9.90E-03 2.28E-04
€ = 0.05 33 6.48E-04 3.93 1.40E-05 4.03
65 4.10E-05 3.98 8.68E-07 4.01
Ay=21,=2,=08
17 2.67E+00 5.54E-03
e =0.01 33 3.02E-01 3.14 3.37E-04 4.04
65 2.35E-02 3.68 2.11E-05 4.00
4.3. Problem 3

u(x,y,z) = —tanh(x/2¢€)tanh(y/2€)tanh(z/2¢€)

Consider the following differential equation: .
The solution has steep boundary layers alongx = 0,y =

—€(uyy + uyytu,,) +uy +uy +u, = 0 and z = 0. Therefore, a non-uniform grid along the three
=f(x,y,z), 0<xy,z<1 space directions with grid clustering near x = 0,y = 0 and

z = 0 is used.
Fig. 4 depicts the grid distribution in the xy-plane when

The Dirichlet boundary condition and source function f the mesh is 323,A, = A =2, =085 (a). Next, the

are determined such that the analytic solution is
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results for € = 0.01 on plane z = 0.1250 are plotted: the
exact solution (b), computed solution on uniform grid (c);
computed solution on non-uniform grid (d); absolute error
on uniform grids (e), and absolute error on non-uniform
grids(f).

Table 3 gives the maximum absolute errors and the
convergence order on uniform and non-uniform grids.

Solution

Absolute Error

(e)

Solution

Solution

We can see that the computed accuracy on uniform grids
deteriorates for € = 0.01, a poor solution is obtained on
uniform grids while considerably accurate solution is
obtained and third or fourth order convergence is
maintained for all values of € on non-uniform grids.

Absolute Error
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Figure 4. Results of Problem 3, € = 0.01 on plane z=0.125 (a) Non-uniform grids (A, = 1, = A, = —0.85, 32%); (b) exact solution; (c) computed
solution on uniform grid; (d) computed solution on non-uniform grid; (e) absolute error on uniform grids; (f) absolute error on non-uniform grids.
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Table 3. Comparison of errors on uniform and non-uniform grids for Problem 3 for € = 0.1,0.05 and 0.01

N Uniform Non-uniform
Error Order Error order
Ay=21,=1,=-05
17 4.00e-04 9.87¢-05
e=0.1 33 2.46e-05 4.02 6.10e-06 4.02
65 1.54e-06 4.00 3.81e-07 4.00
Ay =21, =21, =-065
17 7.61e-03 4.52e-04
€ =0.05 33 4.28e-04 4.15 2.69e-05 4.07
65 2.64e-05 4.02 1.69e-06 3.99
Ay=21,=21,=-085
17 3.52¢-01 6.57e-03
e =0.01 33 2.27e-01 0.63 4.22e-04 3.96
65 1.99¢-02 3.51 2.69e-05 3.97

4.4. Problem 4

For the purpose of comparison with existing numerical
results, we consider the recent work by Ge et al. [13] that
introduced HOC scheme for solving the 3D Poisson
equation on non-uniform grids. In this problem, we
consider the special case of the convection diffusion
equation (1) when p=q=r=0 to reduce it to 3D
Poisson equation.

—Uygx — Uyy — Uy, =f(xy,2), 0<xy,z<1

The Dirichlet boundary condition and source function f
are determined such that the analytic solution is

(1_e(x—1)/e)(1_e(y—1)/e)(1_e(z—1)/e)
(1—e~1/€)°

u(x,y,z) =

Here the exact solution has boundary layers along x = 1,
y =1and z = 1. Therefore, a non-uniform grid along all

Solution

()

three directions with clustering near x =1, y=1 and
z = 1 is used.

When A, , A, and A, are more close to 1, more grid
points are clustered nearx = 1,y = 1 and z = 1. For A, =
Ay = A, = 0.8 on grid 323%and € = 0.01, the grid in the xy
plane is shown in Fig. 5(a). Results in plane z =
0.8125 (for uniform grid) and z = 0.8123 (for non-
uniform grid) are shown in Figs. 5(b), (¢), (d), (e) and (f)
for: exact solution, computed solution on uniform grid,
computed solution with the proposed scheme on non-
uniform grid (A = A, = A, = 0.8), absolute error on
uniform and non-uniform grids, respectively.

Table 4 gives the maximum absolute errors and the
convergence order on uniform and non-uniform grids.

It is observed that the convergence on uniform grid
cannot reach fourth order but non-uniform grid, with
suitable stretching parameter A, = A, = A, = 0.8, is more
accurate and fourth convergence order is achieved. The
case when € = 0.01 is recently solved by Ge et al. [13], the
results in our present work is identical as in [13].
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Solution
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Figure 5. Results of Problem 4,on grid 323,e = 0.01 in the plane z = 0.8125 (for uniform grid) z = 0.8123 (for non-uniform grid) (a) Non-uniform
grid (A, = A, = 1, =0.8); (b) exact solution; (c) computed solution on uniform grid; (d) computed solution on non-uniform grid; absolute error
distribution (e) on uniform grids, and (f) on non-uniform grids.

Table 4. Comparison of errors on uniform and non-uniform grids for Problem 4.

N Uniform Non-uniform
Error Order Error order
Ay=24,=21,=03
17 3.28e-04 5.05e-05
e=0.1 33 2.13¢-05 3.94 3.19¢-06 3.98
65 1.36e-06 3.97 2.00e-07 4.00
Ay=4y,=2,=05
17 5.01e-03 3.60e-04
€ = 0.05 33 3.26e-04 3.94 2.24¢-05 4.01
65 2.12e-05 3.94 1.39¢-06 4.01
Ay=21,=2,=08
17 6.65E-01 8.46e-03
€ =0.01 33 1.45E-01 2.20 5.06e-04 4.06
65 1.38 e-02 3.39 3.12¢-05 4.02
Ay =21, =21,=095
17 10e-01 2.48e-01
e =0.001 33 10e-01 0.00 1.19¢-02 4.38
65 10e-01 0.00 6.95¢e-04 4.10
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5. Conclusions

We have proposed a transformation-free HOC finite
difference scheme on non uniform grids for solving the 3D
convection-diffusion equation. Generally, this scheme is
third- to fourth- order accuracy and makes it possible to use
whatever non-uniform pattern of spacing one chooses in
either direction. Fourth-order accuracy, for boundary layer
problems, is achieved on non-uniform grids with suitable
stretching parameters as more grid points are clustered in
the boundary layer. This scheme can solve 3D convection-
diffusion equation with constant, variable and zero
(Poisson equation) convection coefficients. AMG method
is applied to solve the resulting linear system from HOC
scheme without need to specify special relaxation schemes
and transfer operators as required in GMG method.

Numerical results show that both uniform [4-7] and non-
_ Uijrrk~Uij-1k
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uniform HOC schemes produce very accurate solutions for
smooth problems. But for boundary layer problems, the
uniform HOC scheme gives poor solutions while non-
uniform HOC scheme maintains accurate solutions.

The present method can be extended to solve other 3D
partial differential equations, such as Navier-Stokes
equations, problem involves Neumann boundary conditions
as well as partial differential equations with irregular
domains. The benefits of employing the HOC schemes and
extrapolation can be also a future extension.

Appendix A: Details of the finite
difference operators

The expressions for the finite difference operators
appearing in Eq. (8) and (11) are as follows:

Ujjk+1~Uij k-1

21

1 1 Ujj-1k
Yr Vb Yb

_ Uitk Ui-1,jk =
OxUiji = — on Syuj = Py s O U =
2 — ¥y (1 1Y Micujk| g2, 1fUijrik
5xuijk - h{ X (x +x ul]k X 5 5yuuk Tk
f f b b Yr
1\Ujjk+1 1 1 Ujj k-1
S Ui = ‘{L - (— + —) Uj — L}
l zf zr Zp Zp
8.8 Ui = —
xOyUijk = o (ui+1,j+1,k — Uiy, j-1,k — Ui-1,j+1k T ui—l,j—l,k)
8.8 Ui = —
x0zWiji = m(ui+1,j,k+1 —Uir1jho1 ~ Uicgjrs T Ui jk-1)
8,8, Uik = —
yO0zUiji = m(ui,jﬂ,kﬂ —Ujjr1k-1 — Uij-1k+1 T ui,j—l,k—l)

5x5§uijk = ;{

2 _ 1
5x5yui]-k =

(ul+1 jrLk — Ui-1,j+1, k) (yf + i) (ui+1,j,k - ui—l,j,k) + i (ui+1,j—1,k - ui—l,j—l,k)}

xb)(uuk+1 u”k 1)+ (‘U.L 1]k+1_uL 1jk— 1)}
+ i) (ui,j+1,k - ui,j—l,k) + i (ui,jﬂ_k_l - ui,j—l,k—l)}

) (ui,j,k+1 - ui,j,k—l) + i (ui,j—l,k+1 - ui,j—l,k—l)}

1 1 1 1 1 1
( +_>ui+1jk+< + + +—)uijk_
XfYyf  XfYVb 7 XfYf  Xf¥Ybp  XpYf  XpYb

2 1 (1 1,1
067 Uijic = E{; (Wirsjpers = Uimgjper) = (; +
2 1 (1 1,1
5x5zuijk = ont _(ul+1] k+1 — ul+1] k 1) —\=t=
2hl Xf Xf
2 1 (1 1
5y5zuijk - ﬁ{; (ul.]+1k+1 — U;j 1k+1) - (;
2 N _ (A r
Oy 0,U;jx = Py {J’f (ui,j+1,k+1 ui,j+1,k—1) (w + -
Uit+1,j+1,k u‘—1, j+1,k 1 1
T VSV S W
kh xpyg XpYf Xgyg o xXpyg) TV
1 1 Uit1,j-1k | Yi-1,j-1k
( ) l.]—lk_( + )ui—ljk+ . . }
XfYp beb ’ XpYf  XbYb i XfYb XpYb
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1 Uitk Ui-1,jk 1 1 1 1 1 1 1 1
6262y = oSkt p Mkt (g )y (ot Ju g+ (S e e o e —
J hl Xfzf XpZf XfzZf XpZf 28 Xfzf XfzZp ) Xfzf XfZp XpZf XpZp J

1 1 1 1 Uit1,jk-1 , Ui-1,jk-1
( +_)uijk—1_(_+_)ui—1jk+ T }
XfZp XpZp I XpZf XpZp e XfZp XpZp

1 JUij+1k Ui j-1,k 1 1 1 1 1 1 1 1
6;62211.”-]( =—{ Lt +1+ S +1_(_+_)uijk+1_( +_)ui]'+1k+< + + +_)ui]'k_
kL( yrzp YbZf YfZf  YbZf et YfZf  YfZp e YfZf  YfZp  YbZf  YbZb

1 1 1 1 Ujj+1,k—1 Ujj-1,k—1
( +_>uijk—1_< +_)uij—1k+ - +— }
YfZb  YbZb i YbZf  YbZb SO YfZp YbZp

where x;, yr, Z¢, Xp, ypand z,, are defined in section 2 and h = (x; +x,)/2,k = (yf +yp)/2and l = (27 + 2,)/2

. 10 T T
Appendix B: Results of AMG solver N N
N
N N=33
Table B1 shows the number of constructed AMG grid N N=65
levels for e = 0.01 on non-uniform grids for: problem 2, 10° ¢ \\\ 1
and 4 that represent problems with variable and zero \\\
convection coefficients, respectively. § I
s 10} g .
Table (B1) Number of constructed AMG grid levels on different grids é \\\
173,333, and 65°. & g
N
N
N AMG grid levels non-uniform el Ny
Problem 2 Problem 4
17 11 12
-20 L L L L L L L L L
33 13 13 10 0 2 4 6 8 10 12 14 16 18 20
65 17 17 AMG-V(0,2)-Cycles
(B1) (B2)

The convergence behavior (Residual Norm versus
AMG-V(0,2)-Cycles) for problems 2 and 4 are shown in
Figs. (B1 and B2), respectively. It is concluded that good
convergence rates with slight dependence on mesh sizes is
satisfactory even for the non-uniform grids and presence of ~ References
boundary layers.
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